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PEEFAOE. 



In this work on the Elements of Algebra, the author has 
followed the same plan that was adopted in his works on 
arithmetic. He has endeavored to present the subject in 
such a manner as to make it simple and attractive by ren- 
dering the transition from arithmetic to algebra easy and 
natural, while he has preserved all the valuable features 
which give discipline and skill in algebraic processes. 

The method of teaching the subject, as given in this 
text-book, has been thoroughly tested in the class-room, 
and the results attained through its use have been more 
gratifying than could have been expected or hoped. The 
student is led, step by step, to a thorough and accurate 
comprehension of the principles of the science, and then 
they are fixed in the mind by abundant practice upon 
appropriate examples. 

The order and treatment of the subjects will be found to 
be different from that given by most authors, yet it is 
confidently believed that the candid instructor will find 
the changes introduced to be of great assistance in inter- 
esting his students, and in inspiring them with a desire 
to investigate the beauties of this most attractive science. 



iv PREFACE, 

The number of problems and examples given is unusu- 
ally large, and the variety great. The definitions, princi- 
ples, explanations, and demonstrations are brief, accurate, 
clear, and comprehensive, while they are free from the ver- 
bosity which commonly accompanies technical accuracy of 
statement. A cursory perusal of the work will disclose many 
new features, which the author feels sure will commend 
themselves to progressive and intelligent instructors. 

With the hope that this book may prove a valuable aid 

alike to student and teacher in the investigation of the 

Science op Algebra, the author presents his work to the 

public. 

W. J. M. 

Statb Nobmal School, 
Genicsso, N. Y., Januai-Vt 1881. 
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ELEMENTS OF ALGEBRA. 



ALGEBRAIC PROCESSES. 

Article 1. Example 1. Two boys had together $21. 
If the elder had twice as much as the younger, how much 
had each? 

ARITHMETICAL SOLUTION. 

A certain sum = what money the younger had. 

2 times that sum = what money the elder had. 

3 times that sum = what money both had. 
Therefore, 3 times that sum = $21. 

The sum = $7, what the younger had. 
2 times $7 = $14, what the elder had. 

The above solution may be abridged by using the letter s 
for the expressions, a certain 82im and Uiat sum. In Algebra 
it is common to use the letter x, or some other one of the 
last letters of the alphabet, for a number whose value is un- 
known, but is to be determined. Therefore, the following 
is the 

ALGEBRAIC SOLUTION. 

Let X = money of the younger. 

Then 2x = money of the elder. 

And Sx = money of both. 

Therefore, 3x = $21. 

X = $7, the money of the younger. 

2aj = $14, the money of the elder. 

(7) 
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DEFINITIONS. 

2. An Equation is an expression of equality between 
two numbers or quantities. 

Thus, 4 4- 7 = 11, and 2x = 16, are equations. 

3. A Problem is a question requiring solution. 

4. A Solution of a problem is a process of finding the 
result sought. 

6. A Statement of a problem is an equation which ex- 
presses the conditions of the problem. 

Solve algebraically the following: 

2. A man paid $30 for a coat and a vest. If the coat 
cost 4 times as much as the vest, what was the cost of each? 

3. Two boys earned together $36. If James earned 3 
times as much as Henry, how much did each earn? 

4. A farmer picked 24 bushels of apples from two trees. 
If one tree bore twice as many bushels as the other, how 
many bushels did each bear? 

5. A and B together furnish $800 capital, of which A 
furnishes 3 times as much as B. How much does each 
furnish? 

6. A man had 450 sheep in three fields. In the second 
he had twice as many as in the first, and in the third 3 times 
as many as in the second. How many were there in each 
field? 

7. Two boys together solved 350 problems, of which Will- 
iam solved 4 times as many as Charles. How many did 
each solve? 

8. A certain number added to itself is equal to 260. 
What is the number? 
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9. A farmer sold a horse and a cow for $250, receiving 
4 times as much for the horse as for the cow. How much 
did he receive for each? 

10. A has 3 times as many sheep as B, and both have 
420. How many has each? 

11. A farm of 480 acres was divided between a brother 
and a sister, the brother having 3 times as many acres as 
the sister^ How many acres had each? 

12. The greater of two numbers is 5 times the less, and 
their sum is 540. What are the numbers? 

13. A and B had a joint capital of $1750. A furnished 

4 times as much as B. How much did each furnish ? 

14. A farmer raised 1320 bushels of grain. If he raised 

5 times as much corn as wheat, how many bushels of each 
did he raise? 

15. A farmer raised 1350 bushels of wheat, corn, and 
rye. If he raised twice as much corn as rye, and 3 times 
as much wheat as corn, how many bushels of eacli did he 
raise? 

16. A, B, and C contributed $560 for the relief of the 
sick. A gave a certain sum, B gave twice as much as A, 
and C gave twice as much as B. How much did each give? 

17. The number 169 cah be divided into three integral 
parts such that the second part is 3 times tiie first, and the 
third 9 times the first. What are the parts? 

18. The profits of a business for 3 years were $10890. 
The second year the gain was twice the gain of the first 
year, and the gain the third year was twice as much as 
that of both previous years. What was the gain the third 
year? 

19. The expenses of a manufactory doubled each year 
for three years. The third year they were $13800. What 
were the expenses for each of the other years? 
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20. A lecturer received $300 for 2 lectures. For the 
second lecture he received 3 times as much as he did for 
the first. How much did he receive for each? 

21. A, B, and C own 10000 head of cattle. B owns 3 
times as many as A, and C owns J as many as are owned 
by A and B. How many does each own? 

22. A number plus twice itself, plus 3 times itself, plus 
4 times itself, equals 30. What is the number? 

23. John has 5 times as many hens as ducks. He has 
in all 12 fowls. How many ducks has he? 

24. A man has two daughters and one son. He wishes to 
divide $6000 among them so as to give the elder daugh- 
ter twice as much as the younger, and the son as much as 
both the daughters. How much must he give each? 

25. Walter has 3 times as many slate-pencils as Albert 
has lead-pencils. The lead-pencils cost 3 cents apiece, and 
the slate-pencils 1 cent apiece, and together they cost 30 
cents. How many slate-pencils has Walter? 

26. Divide 36 into 4 parts so that the second shall be 8 
times the first, the third shall be J of the first and second, 
and the fourth shall be ^ of the other three. 

27. What number added to 5 times itself equals 90 ? 

28. What number added to twice itself, and that sum 
added to 4 times the number, equals 28? 

29. What number added to 7 times itself equals 104 ? 

30. A and B enter into partnership to do business. A 
furnishes 4 times as much of the capital as B, and both 
together furnish $15500. How much does each furnish? 

31. A gentleman dying, bequeathed his property of 
$14400 as follows: To his son 3 times as much as to his 
daughter, and to his widow twice as much as to both son 
and daughter. What was the share of each? 

32. A farmer bought some grain for seed — in all, 32 
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bushels. He purchased 3 times as many bushels of oats 
as of barley, and as many bushels of wheat as of oats and 
barley. How many bushels of each kind did he purchase? 

33. A merchant bought three pieces of cloth which to- 
gether measured 144 yards. The second was 3 times as 
long as the first, and the third was 8 times as long as the 
first. What was the length of each piece ? 

34. A farmer had an orchard containing 560 trees. The 
number of peach trees was 3 times the number of cherry 
trees, and the number of apple trees 8 times the number 
of peach trees. How many were there of each? 

35. James has 6 times as much money as John. He 
finds also that he has 30 cents more than John. How 
much has each? 

36. A library contains 10000 volumes. The books of 
fiction are 9 times as many as the scientific works, the 
books of travel and biography each one-third as many as 
the books of fiction, and all the other works 4 times as 
many as the scientific works. How many books of fiction 
are there in the library? 

37. Mary has 40 cents more than Sarah, and Mary's 
money is 5 times as much as Sarah's. How much money 
has each? 

38. A farmer had 217 cattle in three fields. The first 
field contained twice as many as the third, and the second 
twice as many as the first. How many were there in each 
field? 

39. The earnings of a manufactory doubled each year. 
If, at the end of four years, they amounted to $15000, 
what were the earnings the first year and the fourth year? 

40. Three men engaged in business with a joint capital of 
$6000. A furnished three times as much as C, and B fur- 
nished \ as much as A and C. How much did each furuisK? 
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INDUCTIVE EXERCISES. 

6. 1. How many cubic feet are there in a. block of mar- 
ble containing 1 cubic yard? 

2. What do the expressions 1 cubic yard and 27 cubic 
feet tell about the block of marble? 

3. A cask was found to contain 35 gallons of water. 
What does the expression 35 gallons tell about the water? 

4. When it is said that a room contains 2000 cubic feet 
of space, what does the expression 2000 cubic feet tell about 
the space? 

5. When it is said that two places are 5 miles apart, what 
does the expression 5 miles tell about the distance apart? 

6. What may the amount or extent of any thing be called ? 

7. Name something that can be measured. Express some 
quantity of that thing. 

8. In the expression 5 acres of land, what expresses that 
which is measured ? What expresses the quantity of land ? 
What is that called which expresses the quantity or acres of 
land? 

9. When any thing is measured, by what is the quantity 
expressed ? 

10. How will the price of any number of acres of land, 
at $10 per acre, compare with the number of acres? What 
expresses the quantity of land ? What is that called which 
expresses the qiuintity or acres of land ? 

11. How do the expressions 5 acres and any number of 
acres compare in definiteness? 

12. In the problem, **How many dollars will 3 yards of 
cloth cost at $4 per yard," how many numbers are referred 
to? What numbers are given or known? What is the 
number sought or unknounif 
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DEFINITIONS AND SIGNS. 

7. Quantity is the amount or extent of any thing. 

Numbers are used to express quantity. In Algebra, however, 
the word quantity is frequently used for the word number, 

8. Known Numbers, or Quantities, are such as have 
definite values, or those whose values are given, or to which 
any value can be assigned. They are represented by figures 
and the fird letters of the alphabet. 

Thus, 6, 8. 215, representing given numbers, and a, 6, c, etc., 
representing any numbers, are known numbers, or quantities. 

9. Unknown Numbers, or Quantities, are those whose 
values are to be found. They are represented by the last 
letters of the alphabet. 

Thus, X, y, 2, ?:, tt>, etc., are used to represent unknown numbers, 
or quantities. 

10. Algebra is that branch of mathematics which treats 
of general numl)ers, or quantities, and the nature and use 
of equations. 

The Sigiis in Algebra are, for the most part, the same 
as those used in Arithmetic. 

11. The Sign of Addition is an upright cross: -}-. It 
is called Plus. Placed between quantities, it shows that 
they are to be added. 

Thus, a -f- 6 is read a plus 6, and means that a and b are to be 
added. 

12. The Sign of Subtraction is a short horizontal 
line: — . It is called Minus, Placed betweetv \.\nq cj^^w^v 
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ties it shows that the second is to be subtracted from the 
first. 

Thus, a — 6 is read a minus h, and means that 6 is to be sub- 
tracted from a. 

13. The Sign of Multiplication is an oblique cross: X* 
It is read mvUiplied by or times. Placed between two quan- 
tities, it shows that they are to be multiplied together. 

Multiplication may also be indicated by a dot (.), or by 
writing the literal factors side by side. 

Thus, ax 6, a.&, and a6, each shows that a is to be multiplied 
by 6. 

14. The Sign of Division is a short horizontal line be- 
tween two dots: -7". It is read divided by. Placed between 
two quantities, it shows that the one at the left is to be 
divided by the one at the right. 

Division may also be indicated by writing the dividend 
above the divisor, with a line between them. 

a 
Thus, a-i-b and — each shows that a is to be divided by 6. 

15. The Sign of Equality is two short horizontal lines: 
= . It is read equals, or is equal to. When it is placed 
between two equal expressions an Equatmi is formed. 

Thus, a-\-b = A is an equation. 

16. The Signs of Aggregation are : The Parenthesis^ ( ) ; 
the Virwulum, ; the Bracket^ [ ] ; and the Brace, \ ] . 
They show that the quantities included by them are to be 
subjected to the same process. 

Thus, {a-\-b)c, a-\-bXc, [a-{-b'\c, and { a-f 6 } c, each shows 
that the sum of a and 6 is to be multiplied by c. 

17. The Sign of Involution is a small figure or letter, 
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called an Exponent^ written a little above and at the right 

of a quantity to indicate how many times the quantity is 

used as a factor. 

Thus, a' shows that a is to be used as a factor 5 times, and is 
equal to aXaXaXaXo. 

When no exponent is written, the exponent is 1. 
• Thus, a is regarded as a^, 6 as b^. 

18. A Power of a quantity is the product arising from 
using the quantity a certain number of times as a factor. 

Thus, 4 is the second power of 2; a^ the third power of a, 

19. Powers are named from the number of times the 

quantity is used as a factor. 

« 

Thus, a* is called the fifth power of a, or a fifth. 
The second power of a quantity is also called the sqtuire, and the 
third power the cvhe of the quantity. 

20. A Root of a quantity is one of the equal factors of 
the quantity. 

Thus, 2 is a root of 4; a is a root of a^. 

21. Roots are named from the number of equal factors 
into which the quantity is separated. 

Thus, one of two equal factors is the second root, one of three 
equal factors the third root, etc. 

The second root of a quantity is also called the square root, and 
the third root the cube root of the quantity. 

22. The Sign of Evolution is i/~, called the Radical 
Sujn. When it is placed before a quantity it shows that 
a root of the quantity is required. 

When no quantity or Index is written at the opening of 
the radical sign, the square root is indicated; if 3, as f^, 
the third root; if 4, as i/ , the fourth root, etc. 

Thus, Va is read the fourth root of a; ^% the seveutVv TWi\. ^1 \>, 
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23. The Ambiguous Sign is ±, a combination of the 
sign of Addition and the sign of Subtraction. 

Thus, a =b 6 shows that h may be added to or subtracted from a, 

24. A Coefficient is a figure or letter placed before a 
quantity to show how many times the quantity is taken. 

Thus, in the expression 76, 7 is the coefficient of 6, and it shows 
that 76 is equal to 6 + 6 + 6 + 6 + 6 + 6 + 6. 

In the expression 3ax, 3 may be regarded as the coefficient of 
ox, or 3a may be regarded as the coefficient of x. 

25. Coefiicients expressed by numbers are called Nu- 
meral Coefficients ; those expressed by letters, Literal 
Coefficients; those expressed by figures and letters. Mixed 
Coefficients. 

When no coeflUcient is expressed, the coeflUcient is 1. 

AliGEBRAIO EXPRESSIONS. 

26. An Algebraic Expression is the expression of a 
quantity in algebraic language. 

£X£RCISi:S. 

1. Interpret in ordinary language a* -|- Sj/a^^-o;^. 

Interpretation. — The algebraic expression interpreted or read is, 
the sum of a square and 3 times the square root of the remainder 
when X square is subtracted from a square. Or, the sum of a square 
and 3 times the square root of the quantity a square minus x square. 

Copy and read the following expressions: 



2. a-\-h, 

3. 36 — a, 

4. a2 + 5. 



5. a — \/K 
7. A{a + h) — c. 



ALGEBRAIC EXPRESSIONS, 



17 



8. x^ + v^^^ — y- 

9. ^Ja + i/26 + c. 

jO a;4-4(a; — 3y) ^ 
2 — v'4a; — 2 



11. i/a+l + aj2 — 

12. \/a + x + y'^ ^ 
Va— {x 4- y) 

13^ Sx + y^ — V^ 
4y2 — 2 -|- 2a:y2 



When a = 1, 5 = 2, c = 3, d == 4, e = 5, find the nu- 
merical value of each of the following expressions by using 
the number for the letter which represents it: 

Thus, a + 6 + 3d— 6=1 + 2 + 12 — 5 = 10. 



1. Ba + b. 

2. 2c — 6. 

3. Sd -\- a — 5. 

4. 2c2 — a — 5. 

5. d + c — 2a. 

6. d—(ia + b). 

7. a^+b^ — d. 

8. (a + 6)d— c 

9. (a + 6)((i— c). 

10. (a2 + 62) -- (a + 6). 

11. 4(3a — 5). 

12. 7a(Sd — 2a). 

13. abcd(a + b + c + d). 

14. (a+5 + c)(a + 6 + c). 

15. (d + e — 5) — (c — 6). 



16. v'5c + a+— - 

^^ (a2 + 62)36 

2e + a 

19. a2 ^ 52 _!_ c2 ^ ^2 _ 

20. v''5"+(a + ft)^— e. 

21. (a + 6)(6 — a)4a. 



i 



22. a+3\2e+l/4e+3ci+26. 



23. (- 

\ a 



ae 



+ 



SdV 



24. 



+ c c 

3c(d8 __ c8) ^ q 

2rf + 6 



)'■ 



DEFINITIONS. 

27. The Terms of an algebraic expression are the parts 
connected by + or — . 

Thus, in the expression 2a + 3z — 2crf, there are three terms. 

28. A Positive Term is one that has the sign + before \i* 

2 
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When the first term of an expression is positive, the 
sign + is usually omitted. 

Thus, ill the expression a -f 3c — 2cZ + 5e, the first, second, and 
fourth terms are positive. 

29. A Negative Term is one that has the sign — be- 
fore it. 

Thus, in the expression 3a — 2d — 3c-f 26 — c, the second, third, 
and fifth terms are netjutive. 

30. Similar Terms are such as are formed of the same 
letters with the same exponents. 

Thus, 31* and 12aj* are similar terms, as are also 2{x-f y)^ 
and 4(x-f-y)^* ^^^ ^^'^ ^^^ ^^^ similar terms when a and b are 
regarded as coefficients. 

31. Dissimilar Terms are such as contain different let- 
ters, or the same letters with different exponents. 

Thus, ^xy and 2yz are dissimilar terms, a*; are also Znj and 3jy2. 

33. A Monomial is an algebraic expression consisting 
of one term. 

Thus, Tctfy 3a6, and 2t/ are monomials. 

33. A Polynomial is an algebraic expression consisting 
of more than one term. 

Thus, x-\-y-\-z and 3« + 26 are polynomials. 

34. A Binomial is a name applied to a polynomial of 
two terms. 

Thus, 2a + 36 and x — y are binomials. 

35. A Trinomial is a name applied to a polynomial of 
three terms. 

Thus, x + y-\-z and 2a + 36 — 2c are trinomials. 
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IXDUCTIVE KX£RCISES. 

36. 1. How many apples are 5 apples, 3 apples, and 7 
apples ? 

2. How many oranges are 5 oranges, 3 oranges, and 7 
oranges? 

3. How many things are 5 things, 3 things, and 7 
things ? 

4. How many ds are 5a, 3a, and 7a? 

5. How many Vs are 46, 36, 56, and 26? 

6. How many x^b are 3a:, bx, 9a;, 13a:, and 10a:? 

7. How many aUs are 2a6, 3a6, 4a6, 6a6, and 9a6? 

8. How many a^x^s are Za^x, la'^x^ 4a^Xf and 2a2a:? 

9. How many a^m^'g are 3a* w^, 2ahn^y 4ahn^y and 
9a8m2 ? 

10. James has no money, and owes one person 5 cents, 
another 3 cents, and another 2 cents. What is his finan- 
cial condition ? 

11. If the sign — is placed before each sum which he 
owes, what sign should be placed before the entire amount? 

12. What financial condition is represented by — 5 dol- 
lars, — 7 dollars, — 9 dollars, — 3 dollars ? 

13. What sign will the sum of negative quantities have? 

14. How many — a'.s are — 9a, — 3a, — 7a, — 8a? 

15. How many — a*a:*'ij are — 9a*a:*, — 7a%^, — Sa^x^? 

16. Asa owes one person 10 cents, another 12 cents, and 
another 15 cents. If James owes him 5 cents and Henry 

(10) 
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owes him 9 cents, what is Asa*s fiuancial condition? What 
is the value of — 10, — 12, — 15, 5, and 9? 

17. How much is the debt in excess in the following: 
— 8 dollars, — 7 dollars, — 9 dollars, 5 dollars, and 12 
dollars ? 

18. Which is in excess, and how much, in the following: 
3a, — 5a, — 2a, 7a, — 6a, 9a, — 2a? 

19. How many (a + &y« are 2(a-|-6), and 3 (a + 5)? 

20. When no sign is prefixed to a number, or quantity, 
what sign is it assumed to have? 

DEFINITIONS. 

37. Addition is the process of uniting several quantities 
so as to express their value in the simplest form. 

38. The Sum is the result obtained by adding. 

39. Principles. — 1. Otdy similar guaiUities can be united 
in one term. 

2. Dissimilar quantities are added by urriting tJieni one after 
{he other vrith iheir proper signs. 

CASE I. 

40. To add similar monomials. 

1. What is the sum of 3a, a, 4a, and 5a? 

PKOCESS. Explanation.— Since the quantities are dmilar-- 

oa that is, have the same letter and same exponents — 

a they are written in a column. The sum of 5a, 4a, 

4(j a, and 3a is determined hy adding the coefficierUSj or 

g^ numbers, which tell how many a^s there are. Hence, 

To" the sum is 13a. 
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2. What is the value of 2a + 4a — 2a + 3a — o — 3a? 



FBOCEBS. 

2a —2a 



Explanation. — Since the quantities are 
similar, they are written in columns. 
4a — a The sum of the positive quantities is 9a, 

3a — 3a and the sum of the negative quantities, or 

9^ Qd quantities to he subtracted, is 6a, 

Oj g^__-.Q^ 9a — 6a = 3a. Hence, the value is 3a. 

Find the sum of each of the following : 

(3.) (4.) (5.) (6.) (7.) 

46 Sax 4x^y — 4z^y^ — 2cx^ 

b 2ax Ix^y —Zz^y^ — cx^ 

76 ax Sx^y — z^y^ —Scx^ 

96 4ax 2x^y —Sz^y^ — cx^ 

56 ' 9aa dx^y — Iz^y^ — cx^ 

8. Find the sum of ax^ 3aa;, lax, 9aa;, %aXj and 2aic. 

9. Find the sum of 7mn, mn^ 27nn, 8mn, 3mn, and 5mn. 

10. Find the sum of — Sx'^y^f — «^y^, — dx^y^y — Ix^y^y, 
— ^x^y^y and — x^y^. 

11. Find the sum of 3a:^y^, 4x^y^, Sx^y^, x^y^, Ix^y^, 
and x^y^, 

12. Express 3a + 4a — 2a4-7a — 3a — 6a + a in the 
simplest form. 

13. Express 9a^a; — 3a^a; + <*'^ + ^a^rc — 7a'ic — a^x in 
the simplest form. 

14. Express 4\/xy + 2 [/^ — 3 \/xy -\- Vxy + 4Vxy — 
2\/xy in the simplest form. 

15. Express slxyy + 4Cxyy — S(xyy — (jcyy—7(xyy 
in the simplest form. 

16. Express 2(x+yy+6(x+yy—7(ix+yy—S(x+yy 
—^(p+yr + ^ix + yy-^dix + yy + SCx+yy^Cx + yy 
in the simplest form. 
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CASE n. 

41. To add when some terms are dissimilar. 

1. Find the sum o{ x-\-2y-\-z^ x — y, and x-\-Zy. 

Explanation. — For convenience in adding, 

PROCESS. similar terms are written in the same column. 

X -\-2y -\- z Since there are three different seta of similar 

X — y quantities, their sum, or the simplest expres- 

/g _|_ 3|. sion, is the sum of the different sets of quan- 

o^ \ An. I tities connected by their proper signs, for only 

similar quantities can be united in one term. 

2. Express in its simplest form the following: Zx-\-2xy 
-\-z — ^xy + 2x — Zz-{-Ax — ^xy — 2xy-\-&z — lx-\-2w. 

PBOCESS Explanation. — The quantities are 

Q ^ arranged so that similar terms are writ- 

' ^ •" * ten in the same column. Beginnin&: at 

£iji ojjy oz either hand, each column is added sep- 

4x — oxy -{- DZ arately, and the dissimilar terms of the 

— 7x — 2xy -\- 2w result connected by their proper signs, 

2x Qxu -f- 4a -f- 2w ^^^ *^® dissimilar terms can not be united 

in one term. 

Rule. — Write similar tenns in the same column. Add each 
column separately by finding the difference of the sums of Vie 
positive and negative terms. Connect the results with their proper 
signs, 

EXABIPIiES. 



(3.) 


(4.) 




(5.) 


3a + 26 


6x-{-Sxy 




3x + 42 — xz 


— 2a + 36 — c 


2x — lxy 




2a; — 42 


2o +2e 


— Zx — ^xy 




32 — 4xz 


36— 7c 


4xy- 


-32 


Bx + 6z — 4xz 


3a— 46 


Sx +42 


Ixz 
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Express in their simplest form the following: 

6. Sx + 2y—Sz — 2y-{-Sz — ^ + 4y+Sz + 3x + Sz'-^. 

7. ixy + z—y + Sz—y—Sxy + xy—y + z+ix—Sy + z. 

8. 3ac + 4ay + ^<^ — Say + 2ay + 2ac — 3ac + ay. 

9. 96 + 2cd — 3e — 3cd+96 + 3cd— 6e — 26-4e+3crf. 

10. Sx^y + Sxy — Sz + 6xy--Qx^y+2z — Sxy+Qz — 4z, 

11. a + 66 + 3c — 4a + 3c+ 3a— -66 + d + 2c— 3a+ 7d. 

12. x^y + y + w — Sy + 2w + 2x^y + z — Sx'^y—Sy + 2w. 

13. 9a262 _ 3c3y3 + 2(i2 — 4c3y3 ^ 4a262 _ 3^2 _|_ 2(^2 _ 

3a262. 

14. Add 3a5 + 3i/^+4, 4i/^— 2a6 + 7, 7a6 + 3 + 
2\/xy, 2i/xy + 4 — 4ah, and Sab — 2i/lcy + 7. 

15. Add 3a;8 — 4a;2— a;+7, 2a;3— a;2 + 3x— 10, 2a:2 — 
7a;8 — 2ic+4, 3a;« — 2a;2 + 12 — 3a;, lla:^ +5a:2 + 6a: — 7. 

16. Add faa;2 4-|a2^2x8y + 63, 3aa;2 -f Jx^y + 3a2 — 
26», 2aaj2+3a;3y— a2— 163, and ^ax^ +lx^y + Sa^ — ^^. 

17. Add ac2+a62 + ja3— a26 + fa6c + ^a2c, a26 + 68 
+ a62 4- 5c2 -I- 2a6c + ^^c, and a2c — ac2 + 62c _ 6c2 + c» 
+ a6c. 

18. Add 3(a; + y), 4(a: + y), 9(x + y), -10(x + y), 
3(a: + y), — 5(a; + y), 7(a; + y), and — 3(a; + y). 

19. Add 5(a— 6)2 + 3 (x — y)2, 4(a; — y)2 — 2(a — 6)2, 
7(a_6)2_3(aj_y)2^ and 5(x — y) 2 — 3(a— 6)2. 

20. What is the sum of 4x3 + aa;8 — 6a;3 + 2x^ ? 

PROCESS. 

Explanation. — Since the dissimilar terms 
"I"'**' have a common factor, x^, 4, a, — 6, and 2 may 

-j- oaj* be regarded as the coefficients of x^, and their 

— bx^ sum, which is 6 -\- a — 6, will be the coefficient 

_L 2x^ ®^ ^* i'^ *1*® ^"°^' 

(6 4- a — 6)x8 Therefore, the sum is (6 + a— 6)z». 



24 ELEMENTS OF ALGEBRA 

21. What is the sum of 2aX'-Zhx-\-icx^Zdx'i 

22. What is the sum of 2ax^ — 4bx'^ + Scx'^ + 4c2 ? 

23. Add 2 (a + 5), 3a (a + 6), 4 (a + 6), and 2a (a + 5), 

24. Add 5 (a + 3), 2 (a + 3), 3a (a + 3), and 26 (a + 3). 

25. Add SaVx + y, 2i/a; + y, 2ai/a; + y, and 3v/a;-f y. 



EQUATIONS AND PROBLEMS. 

42. Simplify the following and find the value of x: 

1. 3a; + 4fl; + 2aj — 3a; — 2a; + 4a; = 16. 

SOLUTION. 

3a; + 4a; + 2a; — 3a: — 2x + 4a: = 1 6 
Uniting terms, 8a: = 16 
Whence, x= 2 

2. 5a; + 2a; — 3a; + 4a: — 6a: + 7a; = 18. 

3. 5a: + 6a: — 9a: — 3a: + 2a: + 4a: = 20. 

4. 3a: — 2a; + 5a; + 7a: + 4a; — 3a: = 26 + 2. 

5. 3a; — 4a; + 2a: + 6a: — 4a: + x=15 + 3 — 2. 

6. a; + 4a; + 6x — 3a: + 7a; — 9a; = 21 + 7 — 4. 

7. 9a; — 2a: — 3a; + 7a; — 5a: + 4a: = 35 + 9 — 4. 

8. 8a; — 4a; + 7a: + 3a; — 6a; — 4a: = 37 — 3 + 2. 

9. 11a; — 3a; + 7a: — 4a; + 6a; — 3a; = 23 + 7— 2. 

10. 10a; — 4a: + 2a; + 7a;'— 6a; + 2a: = 35 + 6 + 3. 

Solve the following problems: 

11. James solved twice as many problems as Henry, and 
Henry solved 3 times as many as Harvey. K they aU 
solved 70 problems, how many did each solve? 
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12. A had twice as much money as B, and B had twice 
as much as C. K they all had $140, how much had 
each? 

13. William had twice as many marbles as Henry, and 
Henry had 3 times as many as Samuel. How many had 
each, if they all had 50 marbles? 

14. A merchant owes B a certain sum of money, and C 
twice as much. Various persons owe him in all 10 times 
as much as he owes B. After paying all his debts he will 
have $1400 left. How much does he owe B and C? 

15. After taking 5 times a number from 13 times a 
number and adding to the remainder 8 times the number, 
the result was 5 more than 155. What was the number? 

16. A circulating library contained 10 times as many 
books of reference and 3 times as many historical books 
as works of fiction. The works of reference exceeded the 
works of fiction and history by 12000 volumes. How many 
volumes were there of each? 

17. A merchant failed in business, owing A 10 times as 
much as B, C three times as much as B, and D twice the 
difierence of his indebtedness to B and C. The entire debt 
to these persons was $36000. How much did he owe each? 

18. At a local election there were three candidates for 
an ofiice who polled the following vote respectively: A 
received twice as many as B, and B 1^ times as many as 
C. The vote for all lacked 3 votes of being 1125. How 
large a vote did each receive? 

19. A man earned daily for 5 days 3 times as much as 
he paid for his board, after which he was obliged to be 
idle 4 days. Upon counting his money after paying for his 
board he found that he had 2 ten-dollar bills and 4 dollars. 
How much did he pay for his board, and what were his 

wages ? 

3 
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INDUCTIVE EXERCISES. 

43. 1. What is the difference between 5 dollars and 3 
dollars ? 

2. What is the difference between 7 miles and 9 miles? 

3. What is the difference between 9m and 3m? 

4. NVhat is the remainder when 8a is taken from 12a? 

5. What is the remainder when Sa^xy is taken from 
Sa^xy? 

6. What is the remainder when Sx^y^z^ is taken fix)m 
Ibx^y^z^? What is the sum of —Sx^y'^z^ and Idx^y^z^? 

7. What is the remainder when 9y^x^ is taken from 
ISy^x^? What is the sum of —9y^x^ and ISy^x^^ 

8. What is left when 3a25 is taken from 12a26? What 
is the sum of 12a26 and — 3a26? 

9. What is. left when dpq^ is taken from ISpq^? What 
is the sum of ISpq^ and — dpq^ ? 

10. What is left when S(x-\-y) is taken from 8 (re + j/) ? 

What is the sum of 8 (re + y) ^^^ — ^ (^ + y) ^ 

11. How much less than zero is — 2? — 4? — 9? 

12. When 8 is subtracted from 0, how is the result 
expressed? If 2 should be subtracted from that result, 
what would be the result? How many are — 8 less 2? 
— 8a less 2a ? What is the sum of — 8a and — 2a ? 

13. What is the result when Ix^y is taken from — Sx^y2 
What is the sum of — Sx^y and — 7xH2 

(26) 



SUBTRACTION. 27 

14. Instead of subtracting a positive quantity, what may 
be done to secure the same result? 

15. What is the result when 7 — 3 is subtracted from 13? 
7 from 13? 8a — 5a from 11a? 8a from 11a? 9a;2— 2»2 
from 12a;2? 9^2 from 12a;2? 

16. How does the result, when 7 — 3 is subtracted from 
13, compare with the result when 7 is subtracted from 
13? How does the result, when 8a — 5a is subtracted 
from 11a, compare with the result, when 8a is subtracted 
from 11a? 

17. What is the result when 7 — 3 is subtracted from 
8? What is the sum of 8— 7 + 3? 

18. What is the result when 6x2 — 3^52 jg subtracted from 
8a;2 ? What is the sum of 8a;2 — 6^2 -f 3aj2 ? 

19. What is the remainder when 6xy — ixy is subtracted 
from 9a:y? What is the sum of 9xy — Qxy-^-ixy? 

20. Instead of subtracting a negative quantity, what may 
be done to secure the same result? 



DEFINITIONS. 



44. Subtraction is the process of finding the difference 
between two quantities; or. 

The process of finding a quantity which, added to one 
given quantity, will produce another. 

45. The Minuend is the quantity from which another is 
to be subtracted. 

46. The Subtrahend is the quantity to be subtracted. 

47. The Difference, or Bemainder, is the result ob- 
tained by subtracting. 
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48. Principles. — 1. The difference between similar qwctnti- 
ties only can be expressed in one. tenn, 

2. Subtracting a positive quantity is tJie same as adding a 
numerically equal negative qtmntity, 

3. Svhtracting a negative quantity is the same as adding a 
numerically equal positive quantity. 

CASE I. 

49. To subtract when the terms are positive. 

1. From 9a subtract 3a. 

T>i>r./^c<oa ExPLANATiOK. — When 3 times any number is 

subtracted from 9 times that number, the remainder 

9a 

is 6 times the ntimber; therefore, when 3a is sub- 

*^ tracted from 9a, the remainder is 6a. Or, since sub- 

'X~ tracting a positive number or quantity is the same 

as adding an equal negative quantity (Prin. 2), 

3a may be subtracted from 9a by changing the sign of 3a and 

adding the quantities. Therefore, to subtract 3a from 9a, we find 

the sum of 9a and — 3a, which is 6a. 

2. From 13a take 15a. 

PROCESS. Explanation.— After subtracting from 13a as 

13(j much as we can of 15a, there will be 2a yet to be 

j^g^ subtracted, or the result will be — 2a, Or, since 

— subtracting a positive quantity is the same as add- 

— 2a ing an equal negative quantity (Prin. 2), 15a may 

be subtracted from 13a by finding the sum of 13a 
and — 15a, which is — 2a. Therefore, when 15a is taken from 13a, 
the result is — 2a. 



(3.) 


(4.) 


(5.) 


(6.) 


(7.) 


(8.) 


From 15a 


ISxy 


15x^y^ 


Idxyz 


Sz^y^z 


lOa^b^c 


Take 6a 


Sxy 


17x^y^ 


22xyz 


Idx^y^z 


ISa^b^c 
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Copy and subtract the following: 

9. 8x + 2y from 12a; + 6y. 

. 10. 9a +36 from 10a + 26. 

11. Ixy + 22 from bxy + 42. 

12. 3a;2t/2 >|_ 62 from 5a;2t/2 4. 3^. 

13. 8a^^2 + 3x1/ from ^xy^z + 2a;y. 

14. i'p'^qs + 3p5'28 from Sp^^g _j_ 6p^2g^ 

15. Sm^nx + Zmnx from 7m^nx + 2m72a;. 

16. 5a;2|/ + 2t/2 from 9a;2|/ + 7y2. 

17. Sxy^ + 42 from icy^ _|_ 2. 

18. 5p2^2 _j_ 5pg from p2^2 _|_ 4p^^ 

19. x^y^z^ + 4t/2 from Ibx^yH^ + 2y2. 

20. 82/2* + y^z from 32/2* + ZyH. 

21. 3p2^2 _|_ 4^3 from 9p2^2 _|_ 2^3. 

22. Kkcyz^ + 4a?^ from a^^ + xyz, 

23. 8a2ay + 5ax2 from 4a2a^ + 7ax2. 

24. 9r2822 + 8ra22 from 10r2«22 + 47.322. 

CASE II. 

50. To subtract when some terms are negative. 

1. From 6a subtract — 3a. 

PROCESS. ExPLAKATiON. — If were subtracted from Qa^ the 

g^U remainder would be 6a; therefore, when — 3(t, which 

Q- is 3a less than 0, is subtracted from 6a, the differ- 

+ ence, or remainder, is 9a. Or, since subtracting a 

9a negative quantity is the same as adding an equal 

positive quantity (Prin. 3), we may subtract by 
changing the sign of — 3a and adding the quantities, obtaining 
for a result 9a. 



30 ELEMENTS OF ALGEBRA. 

2. From 6a — 26 subtract 3a — 46. 

PROCESS. Explanation. — The subtrahend is written under 

/» njL the minuend, so that similar terms stand in the 

n A-L same column. Since the subtrahend Is composed of 

3a — 46 , , , , , 

two terms, each term must be subtracted separately. 



— + 



3a -j- 26 Subtracting 3a from 6a — 26 leaves 3a — 26, or the 
result may be obtained by adding — 3a to 6a — 26. 
But since the subtrahend was 46 less than 3a, to obtain the true 
remainder, 46 must be added to 3a — 26, which gives 3a-j-26. There- 
fore, the subtraction may be performed by changing the sign of 
each term of the subtrahend and adding the quantities. 

BuLE. — Write dmilar terms in the same column. Change 

the sign of each term of the mbtrahend from + to — , or 

from — to -f"> ^ conceive it to be changed, and proceed 
as in AddUi^m. 

Proof. — Add together (he remainder and the subtrahend. 
Iff the resuli is equal to the minuend, the vxyrk is correct, 

(3.) (4.) (5.) (6.) (7.) 

From 4a^a; Sx^y^ ^^-\-y % — 2z lax — 46y 

Take —2aH —bx^y^ —2x — 2y 8 y + 4z Sax—9by 

(8.) (9.) (10.) 

From 3a + 26 — 3c 4x + Sy^Sz 4xy + Sz + x^ 
Take 2a— 46 + 5c 2x—4y — 5z 2xy — Sz + 4x^—y 

11. From a + 6 + c subtract a + 26 — c. 

12. From Sx-{-2y — Sz subtract 2x — Sy-\-4z, 

13. From 6a2+262+3c2 subtract 3a2 — 362— 2c2. 

14. From 3a8— 2c8— 4^^ subtract 4c^—Sa^+2d^. 

15. From Sx^ — Sy'^+2z^ subtract 4y^—Sx^ + 2z^. 

16. From 9p^ + 4^2 ^ ^s subtract Sr^ — 4p2 _ 2q^. 

17. From aa; + 2ay + 2 subtract 2aa; — 2ay-\-z. 
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18. From 20^ + 5^2 + 3^ subtract 2xy — Syz — 4xz. 

19. From Sx^y^ + 16xy^ + lOxy subtract lix^y^ — Sxy^ 

— 4xy. 

20. From bx^y^ + lOx^y — Qyz^ subtract 10x^y — 4x^y^ 
+ 5yz\ 

21. From Sx^ + 2xy + z^ + w subtract 2x^—Sxy — 4z^. 

22. From Ibx^+lOy^+Sz^—r^ subtract 5y^+4z^+6r^. 

23. From 4sey^ +Sx^y + 4x—S subtract 4xy^ — Sx^7. 

24. From 4bx^ +3ay2 -|- 4 — hy subtract by — 5 — bx^. 

25. From Sx^y^+Sxy—5x subtract 2x^y^— 2xy + 4x—5. 

26. From 4x^y^ — Sxy^ — Iz^ subtract 2x^y'^ + ^xy^ + 
2z* + 9. 

27. From 7ar2 — 4683 + 3r« subtract Sar^ +p + 2h»^ + 7. 

28. From ISoj^ — 24a;y — 16t/* subtract lbx^y^-{-4z — 
5y^ + 2*. 

29. From 3af»—4af»tr+42/~ subtract 4x"»+2af»2/«— 4a;2"'. 

30. From 3^2*— 2a;»"y'» — jT"* subtract 3t/"-i + 2a;8"y"» 

— 4a;2'». 

31. From 3i/^H-22—#^y2- subtract 2i/^— 32— 2#^^. 

32. From 4(a + h)^—Sa+4c subtract a— 2(a + 6)2— 2c. 

33. From 5\/a + b^ —Sfx + y subtract 6fx~+y — 

7i/H^. 

34. From b\/a + P — S^c~+d subtract 4\/a + ¥ + 
2f^7+d. 

35. From ax -{-by subtract ex — dy. 

Explanation. — Since the terms, though 
•D-or^^rc^aa dissiniilar, have a common factor, a and 

c may be regarded as the coefficients of 
~T~ ^ Xf and b and d as the coefficients of y, 

^ ^y and the difference indicated by placing 

(^ — c)* H" (^ 4" ^)y the difference between the coefficients in 

parentheses. 



32 ELEMENTS OF ALGEBRA, 

36. From ay + 2x subtract cy — dx. 

37. From (cl -\- h) x -\- {c -\- d) y subtract 2{a -\- }))x — 
3(c + d)r/. 

38. From (a — h)x + (a + ^y subtract (a — c)x — (b—c)y. 

39. From ax-\-hy — z subtract bx — ay — cz, 

40. From bay -\-2cz — 6a; subtract cy — az — dx, 

41. From ax^ + 2cy + Sx^y subtract 2bx^ — Say — cx^y. 



THE PARENTHESIS. 

51. The subtrahend is sometimes placed in a parenthesis, 
or between brackets, and written after the minuend with 
the sign — between them. 

Thus, when 6 + c — d is subtracted from a -f 6, the result is some- 
times indicated as follows: a + 6 — (b-\-c — d), 

1. What must be done to the subtrahend to perform the 
operation indicated in the expression a — (6 -|- c) ? 

2. What must be done to the subtrahend to perform the 
operation indicated in the expression x-\-y — (c-\-d — e)? 

3. What must be done to the subtrahend to perform the 
operation indicated in the expression Sx — y — ( — 2x — y) ? 

4. What change must be made in the signs of the terms 
of the subtrahend in each of the last three examples when 
the parenthesis is removed? 

5. When a quantity inclosed in a parenthesis, in brackets, 
or similar signs, is preceded by the sign — , what change 
must be made in the signs of the terms when the paren- 
thesis or other similar sign is removed? 

52. Principles. — 1. A parenthesis, preceded by the minus 
sign, may be removed from a q^iantity by changing the sigm of 
all Hie terms of the quantity. 
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2. A parenthesis, preceded by the minus sign, may be used to 
inclose a quantity by changing the signs of all the terms of the 
quantity. 

When quantities are inclosed in a parenthesis preceded hy the 
phis sign, the parenthesis may be removed without any change of 
signs, and consequently any number of terms may be inclosed in a 
parenthesis with the j^vs sign without any change of signs. 

The student should remember that in expressions like — (x* — y 
-\-z) the sign of z^ is plus, and tli£ expression is the same as if 
written — (+a;*' — y + 2). 

Simplify the folio wing: 

1. a — (a + 6). 

2. X — (x — y), 

3. a-\-b — ( — a). 

4. a — ( — a — 6). 

5. a — (a — 6). 

6. y—i—x—y), 

7. 4a— (2a + y). 

8. Zx + 2y—(2x — 2y'). 

9. 5a:~3y — (— 2a; + 4y). 

10. 7x + 32— (x + y + 2). 

11. 2x — Zy'^z^(x + z^ — Zy^z). 

12. ^xy + 2x^y — (4:xy — x^y -\- a;^). 

13. 3aj2 4.22/2 — (--4a;2— 2y2— 22), 

14. 3a62_2ac2 — (— 3a62 — 6ac2). 

When the expression contains more than one parenthesis, they 
may be removed in succession by beginning with the outside one or 
inside one. 

Thus, a + 6 — (c-~rt-f-[f? + 6] — c+26 — d) = 
a-l-6— c + a — [d + 6]-f c— 26 + d = 
a-f6 — e-{-a — d — 64-c — 2b-\-d = 
2a — 26. 
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Simplify the following: 

15. a — 6 — c— ((i+2a+[3J — 2c + (q— 4a — 26). 

16. a;2 + 2y— (a;8 + [2y + 3a;2— 4a;»] — 6y + 3aj2)+4fl;^ 

17. — (z^y + 2y —3) — (x^y — [6t/ + 7 — 3aj2y] + 9). 

18. a6 + 6c— (3a6+ [36c + 26d — 3a6] + 2M) — 6c. 

19. — {3025— [2iBy + 32] + 2— (4fl:y+[3aa:+6z] + a8)|. 



TRAl^SPOSITION IN EQUATIONS. 

53. 1. If a certain number plus 10 equals 25, what is 
the number? 

2. If a certain number minus 5 equals 10, what is the 
number? 

3. A number — 6 = 13. What is the number? 

4. A number + 6 = 13. What is the number? 
6. If a? + 2 = 10, what is the value of a?? 

6. If a? — 2 = 10, what is the value of a?? 

7. If a; — 5 = 20, what is the value of a;? 

8. If a; + 5 = 20, what is the value of x? 

9. In the equation x — 5 = 20, what is done with the 5 
in obtaining the value of a;? In the equation a; = 20 -f 5, 
how does the sign of the 5 compare with its sign in the 
previous equation ? 

10. In the equation a? + 5 =20, what is done with the 5 
in obtaining the value of a?? In the equation a? =20 — 5, 
how does the sign of the 5 compare with its sign in the 
previous equation ? 

11. In changing the 5's from one side, or member, of the 
equation to the other, what change was made in the sign? 

12. When a number, or quantity, is changed from one 
member of an equation to the other, what change must be 
made in its sign? 
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13. If 5 is added to one member of the equation 2 4-3 
= 5, what must be done to the other member so as to 
preserve the equality? 

14. If 5 is subtracted from one member of the equation 
2 + 3 = 5, what must be done to the other member so as 
to preserve the equality? 

15. If one member of the equation 2 + 3 = 5 is multi- 
plied by 5, what must be done to the other member to 
preserve the equality? 

16. If one member of the equation 2 + 3 = 5 is divided 
by 5, what must be done to the other member to preserve 
the equality? 

17. If one member of the equation 7 + 9 = 16 is raised 
to the second power, or if the second root of one member is 
found, what must be done to the other member to preserve 
the equality? 

18. What, then, may be done to the members of an 
equation without destroying the equality? 



DEFINITIONS. 

54. Members of an Equation are the parts on each 
side of the sign of equality. 

55. The First Member of an equation is the part on 
the left of the sign of equality. 

56. The Second Member of an equation is the part on 
the right of the sign of equality. 

57. Transposition is the process of changing a quantity 
from one member of an equation to the other. 

58. An Axiom is a truth that does not need demonstra- 
tion. 
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20. 7a; — 5 = 19 + 4x. 

21. 9a;--3 = 30 — 2a;. 

22. 35 + 2a? = 5a; + 2. 

23. 25 — 10 = 24 + 3a; — 15. 

24. 10a; — 3a; = 13 + 4a; 4-38. 

25. 3a; — 6=a; + 14 — 4. 

Solve the following problems: 

26. What number increased by 9 is equal to 34? 

PBOCESS. 

Let X represent the number. 

Then, by the conditions of the problem, a; + 9 = 34 
Transposing, a; = 34 — 9 

Uniting similar terms, a; = 25 

27. What number diminished by 15 equals 31? 

28. What number increased by 9 equals 27? 

29. What number diminished by 10 equals 33? 

30. What number added to twice itself gives a sum equal 
to 45? 

31. What number added to three times itself gives a sum 
equal to 72? 

32. What number is there whose double exceeds the num- 
ber by 10? 

33. What number is there such that, if 10 be added to 
it, twice the sum will be 44? 

34. Twice a certain number increased by 4 is equal to 
the number increased by 15. What is the number? 

35. Three times a certain number diminished by 5 is 
equal to the number plus 21. What is the number? 

36. A man walked 71 miles in three days, walking 3 miles 
more the second day than the first, and 5 miles more the 
third day than the second. How far did he travel each day? 
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PROCESS. 

Let X = the number of miles he traveled the 1st day. 
Then, x-\-S= the number of miles he traveled the 2d day. 
And, x-{-S= the number of miles he traveled the 3d day. 
Therefore, a? + a; + 3 + a; + 8 = 71 
Transposing, x-\-x-{- x=^71 — 3 — 8 

Uniting similar terms, 3a; = 60. 

Whence, x = 20, the number of miles he 

traveled the 1st day 
x-\-S = 23, the number of miles he 

traveled the 2d day 
a? + ^ = 28, the number of miles he 
traveled the 3d day 

37. Three boys had together 85 cents. James had 10 
cents more than John, and Henry had 5 cents more than 
James. How much had each? 

38. A farmer remembered that he had 395 sheep distrib- 
uted in three fields, so that there were 20 more in the 
second than in the first, and 25 more in the third than in 
the second, but he could not tell how many there were in 
each field. Find the number in each field. 

39. A drover being asked if he had 100 head of cattle, 
replied that if he had twice as many as he then had and 
4 more he would have 100. How many had he? 

40. A gentleman left his estate, amounting to 66900, to 
be divided among his four sons, so that each should have 
$150 more than his next younger brother. How much was 
the share of each? 

41. The expenses of a manufacturer for 4 years were 
$9500. An examination showed an annual increase of 
$250. What were his yearly expenses? 
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INDUCTIV£ BXERCISBS. 

62. 1. If a man earns 2 dollars per day, how much will 
he earn in 5 days? 

2. If a man walks 4 miles per hour, how for will he walk 
in 3 hours? 

3. How many ttCs are 3 times 4m? 2 times 4m? 5 times 
6m? 

4. If a boy can gather 3 quarts of chestnuts per hour, 
how many quarts can he gather in 4 hours? How many 
^s are 4 times 35^? 

5. A vessel sails 6 miles north per hour, indicated by 
-|- 6. How far will she sail in 3 hours? What sign should 
be placed before the product to indicate the direction sailed ? 

6. How many are 3 times -|- 6? 3 times + 6a? 2 times 
+ 56? 3 timeg + Tx? 4 times + 3a2 ? 

7. If a vessel sails 5 miles south per hour, indicated by 
— 5, how far will she sail in 4 hours? What sign should 
be placed before the product to indicate the direction sailed ? 

8. How many — m's are 4 times — 5m? 3 times — 6m? 
How many are 5 times — 46? 6 times — 3aj? 

9. When a quantity is written without any sign before 
it, what sign is it understood to have? 

10. How many are 6 times + 4m, or + ^ times + 4m? 
5 times + 3a;, or -|- 5 times + 3a;? 8 times — 2y, or + 8 
times — 2^? 5 times —3a;, or 4"^ times — 3a;? 

(40) 
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11. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product? 

12. When a negative quantity is multiplied by a positive 
quantity, what is the sign of the product? 

13. Multiply -f 3 by 2 or + 2; + 3a by 6 or + 6; +5x 
ty +3; —3 by 6 or +5; —3a by 2 or +2; —6a; by 
+ 4; —bxy by +8. 

14. How does the product of 4 X 5 compare with the 
product of 5 X 4? 6x7 with 7X6? +4aX+5 with 
+ 5X +4a? — 4X +3 with +3X —4? What, then, 
is the product of — 4X +3a? Of +3aX —4? Of — 
6a;X +7? Of' + 7X —5a;? 

15. When a positive quantity is multiplied by a negative 
quantity, what is the sign of the product? 

16. What is the product of —3 X 6? 

17. Since —3x 6 is —18, if —3 is multiplied by 6 — 
2, how many times — 3 must be subtracted from — 18 to 
obtain the true result? 

18. If the subtraction is indicated, what are the signs of 
the remainder when — 6 is subtracted from — 18? 

19. What is the product of — 5 >< 4? 

20. Since — 5 X 4 is —20, if —5 is multiplied by 
4 — 3, how many times — 5 must be subtracted from 

— 20? If the subtraction is indicated, what are the signs 
of the remainder when — 15 is subtracted from — 20? 

21. Since, in the results just obtained, — 3 multiplied by 

— 2 gives +6 ^^^ — 5X — 3 gives +15, what may be 
inferred as to the sign of the product when a negative 
quantity is multiplied by a negative quantity? 

22. What is an exponent? What does it show? In the 
expression 5^, what does the 3 show? In the expression 
a^, what does the 5 show? In a^, what does the 6 
show? 
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23. When a^ is multiplied by a^, how many times is a 
used as a factor? How many times is a used as a factor 
when a^ is multiplied by a^? 

24. How, then, may the number of times a quantity is 
used as a factor in multiplication, be determined from the 
exponents of the quantity in the expressions which are 
multiplied? 

25. How is the exponent of a quantity in the product 
determined? 

DEFINITIONS. 

63. Multiplication is the process of repeating one quan- 
tity as many times as there are units in another. 

64. The Multiplicand is the quantity to be repeated or 
multiplied. 

65. The Multiplier is the quantity showing how many 
times the multiplicand is to be repeated. 

66. The Product is the result obtained by multiplying. 

67. The multiplicand and multiplier are called theJousUyrs 
of the product. 

68. The Signs of Multiplication. (See Art. 13.) 

69. Principles. — 1. Either factor may be used as rmdtir 
jMer or mvUiplicand when both are abstract. 

2. The dgn of any term of the product is -\- when its factors 
have LIKE signSy and — when they have unlike signs. 

3. The coefficient of a quantity in the prodiict is equal to the 
product of the coefficients of its factors. 

4. The exponent of a quantity in the product, is equal to the 
mm of its exponents in the factors. 
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70. The principle relating to the signs of the terms of 
the product is illustrated as follows : 

-f- a multiplied hy -\-h = -\- ah 

— a multiplied by + ^ = — ^ 
-f- a multiplied by — h = — ah 

— a multiplied by — 6 = -^-ab 

CASE I. 

71. To multiply when the multiplier is a monomial. 

1. What is the product of Sa^a; multiplied by 2a^x^y^ 

PROCESS. Explanation. — Since the multiplier is com- 

3^2/p posed of the factors 2, a', x', and y, the multi- 

3 2*, plicand may be multiplied by each successively. 

W-J~f 2 times SaH = 6a^x; a« times 6a^x = 6a^x (Prin. 

^ 4); X* times 6a*x=6o*x' (Prin. 4); y times 6a®x' 

=:6o*x'y, since literal quantities when multiplied may be written 

one after another without the sign of multiplication. 

The coefficient of the product is obtained bj multiplying 3 by 2 
(Prin. 3). The literal quantities are multiplied by adding their 
exponents (Prin. 4). 

Hence, the product is 6o*x*y. 

2. What is the product of 2a — b^ multiplied by — 36? 

PBOCESS. Explanation. — Since 2a multiplied by 

2a 6^ — 36 is the same as 2a times — 36 (Prin. 1), 

or the product of 2a multiplied by — 36 is 

/> , . qtg — 6a6. But, since the entire multiplicand 

is 2a — 6^, the product of 6* multiplied by 
— 36 must be subtracted from — 6a6. 6^ multiplied by — 36 gives 
as a product — 36', which subtracted from — 6a6 gives the entire 
product — 6a6 + 36* ; or, 

Since 2a and — 36 have unlike signs, the sign of their product is 
— (Prin. 2) ; and, since — 6* and —362 have like signs, the sign of 
their product is + (Prin. 2). Hence, the product is — fa6-V36»» 
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Rule. — MvUiply each term of the mvltvplicand by the rnvM- 
jjlier, as follows : 

To the 'product of the numerical co'efficientSy annex each literal 
factor vrUh an exponent equal to the sum of the expon&ixts of 
ihai letter in both factors. 

Write the sign + before each term of the product when its 
facUrrs have like signs, and — when ihey have unlike signs. 

EXAMPLES. 



(3.) (4.) (5.) (6.) (7.) 
Multiply —8 4 7a —3a; 4x 

By 3—3 3 4—5 



(8.) 
3x2 

2a;* 



(9.) 
Multiply 3x8 
By 2x4 



(10.) (11.) (12.) (13.) 

4x^y 3x2^2 — 4xmy — lOx^^ 
2x2t/ 2x8y4 3x2my2 4x^y^z 



Multiply 

By 

Multiply 

By 


(14.) 

— 2a;»y«z« 

— Sxyz 

(17.) 

— Se'^dy 
4c^d 

(20.) 
4a^x^y^ 
— 3yV 

(24.) 

— 5(j/ + 2)« 

-3(y + zy 


(15.) 

6a6x8 

— 4^252^ 

(18.) 
5o*x*y* 
— Sa^x*z 

(21.) (22.) 
5aa;«3/ (a; + y) 
— Zbx'^z 2 

(25.) 
(0— 6)« 
4(a 6)« 


(16.) 

— 5o«6«xy 

— 3a«62-By 

(19.) 

— Qx'^yH^ 

— 4a;2«/« 


Multiply 

By 


(23.) 
4(a + 6) 
—3 


Multiply 

By 


(26.) 
2(c + d)* 
3(c + d)' 
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(27.) (28.) (29.) (30.) 

Multiply 2(x + y-\-zy 3af» 4a* —box 

By — 5(a; + y + 2)» 4af — 5a^** ^H^"" 



(31.) (32.) (33.) 

Multiply 2aaf 3a*af ^-iafy"" 

By 4ga;^ — 5a^"a;»** — 5a;y 

34. Multiply x^ — 2t/ by 3y. 

35. Multiply x^y — 2z by 2^. 

36. Multiply 4a;2 _2an/ by 3a^. 

37. Multiply — 3x2 _ 2y2 by 2a;2y. 

38. Multiply 4a;22^2 _|. 2^2 by — 4^:222. 

39. Multiply Sx^y^ — 2yz by Sxyz. 

40. Multiply 4x^ + 2y + 3z by a;y. 

41. Multiply 3a;2y -\-y — 3xz by 2xz. 

42. Multiply 6a;2y2 _|. 42^2 _ 632 by dxy^. 

43. Multiply 4a6 — Sac — Sad by 3ac(i. 

44. Multiply 5ac — 6ax + 4ab by — 5acic. 

45. Multiply babe — Sacd — Shod by — iabcd, 

46. Multiply Sa^oiy — 2a26c + 4axy by — 2aa;2. 

CASE II. 

73. To multiply when the multiplier is a polynomial. 

1. Multiply X — 2y by 2x -\- y. 

PROCESS. 

X —2y 
^x +y 
2x times (x — 2y) =2x^ — 4xy 
y times (x — 2y) = * xy — 2t/2 
(2x + y) times (x — 2ij) = 2x'^ — Sxy — 2y^ 
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Explanation. — Since the multiplier is 2x + y, the multiplicand 
is to be multiplied by 2x and by y. 2jc times (x — 2y) = 2x* — Axy\ 
y times (x — 2y) = zy — 2y*. 

Therefore, the sum of these two partial products is the entire 
product. Hence, the product is 2x* — 3xy — 2y*. 

Rule. — Multiply each term of the muUipUcand by each term 
of the multiplier, and add tlie partial products, 

(2.) (3.) 

Multiply a6 + 2c ix'^ — aay 

By 2ab — Sc 2x^ + Saxy 

2a^b^ 4" 4a6c 6x* — 2ax^y 

— 3abc — 6c^ + 9ax^y — Sa^x^y^ 

Product, 2a262 ^abc — 6c2 6x^ + lax^y — SaH^y^ 

4. Multiply X -\- y hy X — y, 

5. Multiply Sa -{- c hy a-\- 3c. 

6. Multiply 4a — 26 by 3a — 36. 

7. Multiply 2y + 3z by 3y — 4z. 

8. Multiply 2x + y by 2x + 2y. 

9. Multiply Sx — 4y by 3a; — 4y. 

10. Multiply 5a + 2c by 3a — 7c. 

11. Multiply ax 4" 6y by ox + 6y. 

12. Multiply 2ac + 36c by 2ac — 36c. 

13. Multiply 36d — 46c by 2bd + 36c. 

14. Multiply 3x2y2 _ 4^2 by 2x^y^ + Sz^ 

15. Multiply 3x2^2 _}_ 2y by 2xy2 -|- 2. 

16. Multiply 4a62 + 36c2 by 2a6 + 26c2. 

17. Multiply 5x»y — 3ax by 5xt/8 — 2ax. 

18. Multiply a2 ^ 2a6 + 62 by a + 6. 

19. Multiply x2 4- 4x + 4 by X + 2. 

20. Multiply a2 -|- ay — y2 by a — y. 

21. Multiply 2a2 4-.a6 — 262 by 3a — 36 

22. Multiply a« + a* + a2 by a2 — 1. 



MUL TIPLICA TION. 47 

23. Multiply x* + x^y^ + y* by x^ — y^. 

24. Multiply 2x — Sy + 4z hy Sx + 2y — bz, 

25. Multiply 2a2 + 5a6 — Sc^ by Sa^ — 2a6 + Sc^. 

26. Multiply 3a;2 — 4ay + 5y2 by 7a;2 — 2an/ — Zy^. 

27. Multiply 1 — 3a; + 3a;2 by 1 — 2a; + 2*2. 

28. Multiply a^ -\-ax-\'X^ hj a^ —ax-{- x^. 

29. Multiply a; + 2y — 2 by x-\-y — 2z, 

30. Multiply a" + iT by a" — 6-. 

31. Multiply af + 1/** by af* + y*. 

32. Multiply a;^ + jT by a;" + y". 

33. Multiply a:"^" + y* ^" by a?*^* + y*"^*. 

34. Multiply a"»-» + 6"— » by a"— " — 6" 



>m— » 



The multiplication of polynomials is sometimes indioaled by 
placing them in parentheses. When the multiplication is per- 
formed, tliey are said to be expanded, 

35. Expand (a; + y) (^ + y)« 

36. Expand (2a; — y) (2a; — y). 

37. Expand (3a; — 4y) (3a; + 4y). 

38. Expand (4a; + 6y) (4a; — 6y). 

39. Expand (3aa; + 2y) (Sax + 22). 

40. Expand (2x — 4xy) (2x — 2z). 

41. Expand (Sa^ — 2hc) (3a + 26c). 

42. Expand (a^ +b) (a + b^). 

43. Expand (a + 6 + c) (a — 6 — c). 

44. Expand (a + 6) (a + 6) (a + 6). 

45. Expand (a — 6) (a + 6) (a — 6) (a + 6). 

46. Expand (x^ + 2a; + 1) (x^ — 2x+ 1). 

47. Expand (a^ — 2a6 + 62) (^2 _j_ 2a6 + 62). 

48. Expand (1 + a) (1 — a) (1 + a) (1 + a). 

49. Expand (x^ —y^) (x^ —y^) (x^ —y^) (x^ —y^). 

50. Expand (a^ + 62) (a2 —52) (a* —6*) (a® —68). 

51. Expand (a262— 62) (a262 + 62) (a464— 6*) (a^b^—b^). 
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EQUATIONS AND PROBLEMS. 

73. 1. 5 (x — 3) = 2 (re + 3) + 3. Find the value of x. 

PROCESS. 

5(a; — 3)=r2(a; + 8) + 3 

Multiplying, 5a; — 15 =2x.-\- 6 + 3 
Transposing, fyx — 2a; = 15 + 6 -|- 3 
Uniting, 3.1; = 24 

x= 8 

Explanation. — Since the multiplication is indicated in one term 
on each side of the equation, in finding the value of x, the multi- 
plication must be performed. 

The known quantities are then transposed to the second member 
and the unknown quantities to the first member, similar terms 
united, and the value of x found. 

Verification. — Since the value of x is 8, the substitution of 8 
for X in the original equation will give an equation in which the 
members are identical, if the result is correct. Substituting, the 
original equation becomes 5(8 — 3)= 2(8 + 3)-}- 3, which, simplified, 
becomes 25 = 25. Hence, 8 is the value of x. 

Find the value of x and verify the result in the following: 

2. 3(2a; — 5) = 21. 

3. 4 + 3(3.1; — 7) = 19. 

4. 3 (4a; + 7) + 5 = 50. 

5. 5a; + 3(2 — x) = 40: 

6. 6a; + 3 (4a; + 3) = 41. 

7. 5 (a; + 6) = 2 (a; + 3) + 30. 

8. 8(2a; — 4) = 4(a;— 5) + 32. 

9. 3(a;+2) = 4(a; — 2) + 15. 

10. 3a; — 2(.i;+l) = 13 — 7. 

11. 5x — 3 (a; — 4)= 4a; +7. 
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12. 4(a; — 5) — 3(a; + 6) = 0. 

13. (2 + aj) (re + 3) =a;2 _f 2x + 13. 

14. 5(2a: — 2)=27 + 3(2a; + l). 

15. 10 (re — 5) = (re + 1) + 5 (a; + 1). 

16. 5(a; + 3)— 2(2a; — 7) = 3(a; — 7). 

17. 3 + 7(a; — 2) — 4(2a; — 7) = 16 + (a; — 2). 

18. 6a; = 15 + 3(a; — 3)— 3(a;--10). 

19. 19 = 2 (4 — re) + 5 (7 + 2a;) — 48. 

20. 2a: + 3(6a; — 5) — 5 = a; — 1. 

21. 3(a; — 7) = 14 + 2(x— 10) + 2. 

Solve the following problems, and verify the result: 

22. There are two numbers whose sum is 40. One is 
twice the other increased by 5. What are they? 

PROCESS. 

Let X represent the first number. 
Then, 2(a; + 5) will represent the second number. 
And, a: + 2(a; + 5) = 40 
x + 2x +10 = 40 

3a: = 40 — 10 
3a; = 30 

X = 10, the first number 
2 (10 -f- 5) = 30, the second number 

23. What number is that to which, if 3 times the sum 
of the number and 2 is added, the result will be 22? 

24. K B were 5 years younger, A's age would be twice 
B's. The sum of their ages is 20. How old is each? 

25. Two boys find that they have together 21 cents. 
They discover that if Henry had 5 cents less, John's money 
would be just 3 times Henry's. How much has each? 

26. Two pedestrians travel toward each other at the rate 
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of 5 miles per hour until they meet. When they meet 
they discover that one haa traveled 3 hours longer than 
the other, and that the entire distance traveled by both 
is 55 miles. How far does each travel? 

27. Three men, A, B, and C, each had a sum of money. 
A had twice as much as B, and B twice aa much as C. 
A and B each lost 10 dollars and C gained 5 dollars, 
when the difference between what A and B had was equal 
to what C then had. How much had each? 

28. A farmer plowed two fields containing together 50 
acres. K the smaller field had contained 10 acres more, 
it would have been half the size of the larger. How many 
acres were there in each field? 

29. A commenced business with twice as much capital as 
B. During the first year A gained $500 and B lost $300, 
when A had 3 times as much money as B. What was the 
original capital of each? 

30. A man wishing to buy a quantity of butter found 
two firkins, one of which lacked 6 pounds of containing 
enough, and the other weighed 14 pounds more than he 
wanted. If three times the quantity in the first firkin 
was equal to twice the quantity in the second, how many 
pounds did he wish to purchase? How many pounds were 
there in each firkin? 

SPECIAL OASES IN MULTIPLIOATION. 

74. By performing the operations indicated in the follow- 
ing examples, it is found that, 

(a + b)(a + b)=:a^+2ab + b^ 
(x + y)( x+ y)=x^ + 2xy + y^ 
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1. When a quantity is multiplied by itself, what power 
is obtained? 

2. In the square of (a + 6) or (x-\-y), how is the first 
term of the power obtained from the first term of the 
quantity to be squared? 

3. How is the second term of the power obtained? 

4. How is the third term of the power obtained? 

5. What signs connect the terms of the power? 

75. Principle. — The square of the sum of two gtumtiUes w 
eqiud to the square of tJie first quantity ^ plus twice the product 
of the first and second, plus the square of the second, 

BXAMPI^ES. 

Write out the products or powers of the following : 



1. (c + d)(c + d). 

2. (m -^n) (m-{- n). 

3. (r + s)(r + s). 

4. (x+2)(x + 2). 

5. (a +3) (a + 3). 

6. (3a + re) (3a + a;). 



7. Square 2x -f 4y. 

8. Square 3a -|- 26. 

9. Square x^ + y^. 

10. Square 4x -{- Sy. 

11. Square Sp-\-2q. 

12. Square 2x^ + dy^. 



76. By performing the operations indicated in the follow- 
ing examples, it is found that, 

(a — 6)(a — 6)=a2 — 2a6 + 62 

0D — y)(p'i—y)=x^ — 2xy + y^ 

(aj2 —22) (a:2 _g2) =a;4 _ 2xH^ + 2* 

1. How are the terms of the power obtained from the 
terms of the quantity squared ? 

2. What signs connect the terms of the power? 

3. How does the square of (a — b) differ from the square 
of (a + 6)? 
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77. Principle. — The square of the difference of two quan- 
tUies is equal to the square of the first quantity, minus twice Hie 
prodiuit of the first and second, plus the square of the second. 



EXAMPLES. 



Write out the products or powers of the following: 



13. (a 

14. (y- 

15. (r 

16. (6 

17. (x 

18. (x 



■c) (a — c). 

2)(y — 2). 
«) (r — 8). 

c)(6 — c). 

l)(x-l). 
2y)ix-2yr 



19. Square a — d, 

20. Square 2r — Ss, 

21. Square 2s — q, 

22. Square '6m — 4n. 

23. Square 2v — w, 

24. Square 2x'^ — 2y'^, 



78. By performing the operations indicated in the follow- 
ing examples, it is found that, 

(a + 6)(a — 6)=a2— 62 
{x — y){x-\-y)=x'^—y^ 
(a;2 4- 22) (a;2 — 22) ::^ a;4 — 2* 

1. How are the terms of the product obtained from the 
quantities ? 

2. What sign connects the terms? 

79. Principle. — The product of tJie sum and the difference 
of two quantities is equal to Hie difference of their squares. 



EXAMPLES. 



25. (c + d)(c — cT). 

26. (r + s)lr — s). 

27. (in -f n) (in — n). 

28. (c^a){c — a). 

29. (x — V)(x-\-\), 

30. {2—x){2 + x). 



31. (2x + 4)(22; — 4). 

32. (2x2 +7/) (2x2-2/). 

33. (x2+2/2)(x2— y2). 

34. (a;4_,/)(a:4+y4). 

35. (3v + 2?i,')(3v— -2t^). 

36. (5xt/ — 3)(5xy + 3). 



MULTIPLICA TION. 
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80. By performing the operations indicated in the follow- 
ing examples, it is found that, 

(x+2) (x + 3) =x^ +dx + Q 
(x + 2)(x — S)=x^—x — 6 
(x — 2) (x — S) =x^—5x + 6 

1. How many terms are alike in each factor? 

2. How is the first term of each product obtained from 
the fectors? 

3. How is the second term of the product in the first 
example obtained from the factors? In the second exam- 
ple? In the third example? 

4. How is the third term of the product in each exam- 
ple obtained from the factors? 

5. How are the signs determined which connect the 
terms? 

81. Principle. — The 'product of boo binomial quantities 
having a common term is equal to the square of the comrrum 
term, the algebraic sum of the other turn multiplied by Hie conv- 
mon term, and the algebraic product of Hie unlikb term^. 



EXAMPLES. 



Write out the products of the following : 

44. (3a; — 7) (3a: +5). 

45. (2y-S)(2y-4). 

46. (4a + 6) (4a + c). 



37. (a; + 4)(a; + 3). 

38. lx — b)(x + S). 

39. (x + S)(x—4). 

40. lx — 4)(x — 6). 

41. (a + 3) (a + 6). 

42. (a-\-m) (a + n). 

43. (2a; + 4) (2a;— 5). 



47. (5a + 26)(5a — 2c). 

48. (3aa;-f4)(3aa; — 7). 

49. (2a2a; + 2) (2a2a; — 6). 

50. l2x^y^ + 4) l2x^y^+ 7). 
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INDUCTIVE EXERCISES. 

82. 1. How many times are 2 bushels contained in 8 
bushels? 26 in 86? 2a in 8a? 3 bushels in 12 bushels? 
36 in 126? 

2. How many times is 5d contained in lOd? 5a; in 20a;.? 
6y in 12t/? 

3. How is the coefficient of the quotient determined ? 

4. What is the product of a^ x a^ ? 

5. Since the product of a^ X a^ is a^, if a* is divided 
by a^ what will be the quotient? What will be the quo- 
tient if a^ is divided by a^ ? 

6. What is the product when x^ is multiplied by a;*? 

7. What is the exponent of the quotient when x^ is 
divided by a;? ? By a;* ? x^ by x^ ? x^ by x^ ? x^ by x^ ? 
x^ by a:? 

8. How is the exponent of a quantity in the quotient 
determined ? 

9. When +5 is multiplied by +3, what is the product? 

10. Since -\-lb is the product of +5 X +3, if 4-1^ is 
divided by +3 what is the sign of the quotient? What 
when +15 is divided hy -\-d? 

11. What is the sign of the quotient when a positive 
quantity is divided by a positive quantity? 

12. When -f-5 is multiplied by — 3, what is the product? 

13. Since — 15 is the product of +5 X — 3, if — 15 

(54) 
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is divided by + 5 what is the sign of the quotient ? What 
when it is divided by — 3? 

14. What is the quotient of — 24 divided by — 4 ? By 
+ 4? By +6? By— 3? By +3? By— 8? By +8? 

15. What is the sign of the quotient when a negative 
quantity is divided by a positive quantity? 

16. What is the sign of the quotient when a negative 
quantity is divided by a negative quantity? 

17. What is the product of —4 by —3? 

18. Since +12 is the product of —4 X —3, if + 12 
is divided by — 3 what is the sign of the quotient? What 
when it is divided by — 4? 

19. What is the quotient of + 24 divided by — 3 ? By 
— 4? By —6? By —8? By —12? 

20. What is the sign of the quotient when a positive 
quantity is divided by a negative quantity? 



DEFINITIONS. 

83« Division is the process of finding how many times 
one quantity is contained in another. Or, 

The process of separating a quantity into equal parts. 

84. The Dividend is the quantity to be divided. 

85. The Divisor is the quantity by which we divide. It 
shows into how many equal parts the dividend is to be 
divided. 

86. The Quotient is the result obtained by division. 
The part of the dividend remaining when the division is 
not exact is called the Remainder. 

87. The Signs of Division. (See Art. 14.) 
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88. Principles. — 1. The sign of any term of Ihe quotient 
is + when Hie dividend and divisor have like signs, and — 
when they Ivave urdike signs, 

2. The coefficient of the quotient is equal to the coefficient 
of ihe dividend divided by iJiat of Hie divisor. 

3. The exponent of any quantity in the quotient is equal to 
its exponent in the dividend diminished by its exponent in the 
divisor. 

89. The principle relating to the signs in division may be 
illustrated as follows: 



+ a X +b = +ab 

— a X +^ = — <^ 
-{-a X — b = — ab 

— a X — 6 = -|- a6 



Hence, 




+ 6 = + a 
+ 6 = — a 

— b = — a 



CASE I. 
90. To divide when the divisor is a monomial. 

1. Divide — Ibx'^y^z^ by Sxy'^z^. 

PROCESS. Explanation. — Since the dividend and 

^xy^z^) Idx^V^z"^ divisor have unlike signs, the sign of the 

5^32 quotient is — . (Prin. 1.) 

^ Then —15 divided by 3 is —5; x^ 

divided by a; is x; y^ divided by y^ is y; and 2* divided by z^ is 
2^ (Prin. 3). Therefore, the quotient is — 5x^2^. 

2. Divide 12a^x^y^ by da^x^z^. 

PROCESS. Explanation. — Since di- 

12a'^x^V^ Vla^x'^y^ Vly^ vision may be indicated by 

dividend with a line between 
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diem, we have ^ And since the same factors are found in 

both dividend and divisor, they may be cancelled without changing 
the quotient. 



Hence, the quotient is 
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3. Divide ^aH^ — 12aH^ + 6ax* by 3aa;2. 

PROCESS. Explanation. — Dividing 

■ 3<zx, dividing — 12a'a* by 

dividing 6ax* by Sax*, the result is 2x*. 

Therefore, the quotient is 3ax — Aa^x^ -\-2x^, 

EuLE. — Divide each term of the dividend by ike divisor^ as 
follows : 

To Hie numericxd co'effideni of the dividend divided by that 
of the divisor, annex eac/i literal factor vrith an exponent equal 
to the exponent of that letter in the dividend minus its exponent 
in the divisor. 

Write the sign + before each term of the quotient wlwn the 
terms of both dividend and divisor have like signs, and — when 
they have unlike signs. 

Proof. — Uie same as in ArWimetic, 

1. An equal factor in both dividend and divisor is omitted from 
the quotient. 

2. When the division is not exact, the common factors should be 
cancelled and the remaining factors written as a fraction. 

(4.) (5.) (6.) (7.) (8.) 

Divide 6a — 12a2a; Iba^y^ —20x^y^ 24yH^ 
By 3a Sa^x — bay — bx'^y — Sy^z 

9. Divide 2Sx^y^z^ by 7xyz. 
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Find the quotient in the following, and prove: 



10. —2bx^yH^-^hxyz^. 

11. 20a565c -^ lOofcc. 

12. 30cd2/H- 15cd2. 

13. 36aa;2y -T- 18ay. 

14. —l^x^yz-^^xy. 

15. —2\vwz^ ~-7vz^. 

16. —33r 2822^ lira. 

17. 35m2r?a; -;- bm^x. 

18. 20a;V2' ^ lOx^^. 



19. — 14a2a; V -^ 7aay2. 

20. 32r2«25 _^ 8r2«5. 

21. — ISvH^y -T- v^anf. 

22. 24a2«6c*H a^-fe*. 

23. 36n2»a;y8»H 4n*rry2*, 

24. 25xyz^ ^ 5x2y 22, 

25. —28t/222«^ 4^2283., 

26. — 30Ai2a;2-f-6m2x2. 

27. Divide 2(x + y) by 2. 



28. Divide Sa(x + y) by 3. 

29. Divide — 12c (x + z) by 4c. 

30. Divide 20(y + z) by (y + 2). 

31. Divide 18(» + 2)5 by (a; + 2)2. 

32. Divide — 8a(a; — y)« by — 8(a; — y)2. 

33. Divide ba^{c + d)^ by — 2a(c + d)^ 

34. Divide \(^^y{y—zy by — 5y(y— 2)*. 

35. Divide dx^y — 2a^2 by y^^ 

36. Divide 3a:y2 — Zx^y, by 0:2/. 

37. Divide ix^y^ + 2x^y^ by 2x2y2, 

38. Divide 3a262_6a63 by 3a6. 

39. Divide a6c2 — a'^h'^c by — abc. 

40. Divide 9x^yH + 3a:ys2 by 3a^. 

41. Divide Idax^y^ — 5a2a;2y by — 5axy, 

42. Divide SOx^yH^ —20x^y^z^ by —dx^yH\ 

43. Divide a2 — 3a6 + ac2 by a. 

44. Divide x^y — xy^ -}-x^y^ by anf, 

45. Divide a;2 — 2xy-{-y^ byre. 

46. Divide z^ — Sxz -\-3z^ by 2. 

47. Divide m2n + 2m?i — 3m 2 by mn. 

48. Divide cM — Scd^ + 4d^ by cd. 

49. Divide a2a: — 3a2y + 3a2a;2 by a^x. 
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50. Divide v^y — 2y^+Sv^y^ by vy. 

51. Divide S(x + y)— 2(x + y)2 by — (x + y). 

52. Divide a(b + c)2 + 6(6 + c)8 by — (6 + c). 

53. Divide 9(a — c) — 6(a — c)8 by 3(a — c). 

54. Divide 5(a; + z)^ — 10(a; + 2)* by — 5(a; + z). 

• 

CASE n. 
91. To divide when the divisor is a polynomial. 

1. Divide x^ + Sx^y + Sxy"^ + y^ ^7 ^ + y« 

PROCESS. 

x^ -\- Sx^y + 3a:;y2 -\- y^ a; + y 



a;2 4. 2rcy + y2 



2x2^ + 3a:2/2 
2a;^y + 2xy^ . 

Explanation. — For convenience, the divisor is written at the 
right of the dividend, both of which are arranged according to 
the descending powers of x. 

Since the first term of the dividend is equal to the product of 
the first term of the divisor by the first term of the quotient, 
if the first term of the dividend is divided by the first term of 
the divisor, the result will be the first term of the quotient, x 
is contained in x', a;* times; therefore, a;* is the first term of the 
quotient, x* times the divisor equals x^ + x^y. Subtracting, there 
is a remainder of 2x'y, to which the next term of the dividend 
is annexed for a new dividend. 

Since the first term of the new dividend is the product of the 
first term of the divisor by the second term of the quotient, if 
the first term of the new dividend is divided by the first term 
of the divisor, the result will be the second term of the quotient. 
X ifl contained in 22^y, 2zy times; therefore, 2an/ is the «fte,Qtv^ Xj^toi 
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of the quotient, ^ay timeR the divisor equals ^^y-\-2xy^. Sub- 
tracting, there is a remainder of xy'^, to which the next term of 
the dividend is annexed for a new dividend. 

Beasoning as before, the third term of the quotient is found by 
dividing the first term of the new dividend by the first term of the 
divisor, x is contained in xy*, y* times, y^ times the divisor is 
3^*+y*- Subtracting, there is no remainder. Hence, the quotient 
is x' -\-2xy-\-y^. 

Rule. — Write ihe divisor at the right of the dividend, ar- 
ranging the terms of each according to the ascending or descend- 
ing poivers of one of the literal quantities. 

Divide ihe first term of the dividend by the first temi of ihe 
divisor, and write ihe resvlt for the first term of tlie quotient. 

Multiply the divisor by this term of the quotient, subtract the 
product from the dividend, and to ihe remainder annex as 
many terms of ihe dividend as are necessary to form a nao 
dividend. 

Divide the new dividend as before, and continue to divide 
in Uiis way until ihe first term of ihe divisor is not contained in 
ihe first term of ihe dividend. 

If ihere be a remainder after the last divUion, write it over 
the divisor in Hie form of a fraction, and annex it to the quo- 
tient vjith its proper sign. 

Proof. — To the product of ihe quotient and divisor add ihe 
remainder, if any, and the sum wUl be eqaal to ihe dividend, if 
ihe work is connect. 



2. x^—aH^+2a^x — a^ 

x^ -\- ax^ — a^a:^ 



x^ -\-ax — a 



/»2 



x^ — ax-^a^ 



— ax^ -]- 2a^x — a^ 

— ax^ — a^x- -\- a^x 

a^x^ -\-a^x — a* 
a'^x^-{- a^x — a* 
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X* 


1 

— x* 


X —1 


X* 


a;8 + a;2 + a; + 1 




x»- 


-1 




»»— X* 




x" — 1 




X* — X 




X 1 




x—1 


a« 


x» 
— a*x 


a — a; 


a8 


a^ -{- ax -\- x^ 




a*x — x' 




o*x — ax* 




ox* — x' 

• 






ax^ — x^ 
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5. 48x8 _ 76ax« — 640% + 105a« 

48x8 _ 72qa;2 

— 4ax^ — 64a^x 

— 4ax^ -\- Ga^x 

— 70a^x + 105a8 

— 70a2a; + lOSa* 



2x —3a 



24a;2 — 2ax — 35a2 



6. Divide 

7. Divide 

8. Divide 

9. Divide 

10. Divide 

11. Divide 

12. Divide 

13. Divide 

14. Divide 

15. Divide 



a2— 2a6 + 62 by a—b. 

x^+4x+4hj x + 2. 
9 + 6a; + a;2 by 3 + ic. 
x^-\-x^y + xy^+y^ by a; + y. 

«* + a^y + ay^ + 2^* by a +y. 

«* + 3x^y -f- 3a^2 _|_ ^8 by a; -{- y. 

r8 + Sr^s + 3r82 -f s^ by r2 + 2rs + s^. 

x^ + 4a;*y + Gx^y^ + 4a^' + y* by a; + y. 

c^+icM + Qc'^d'^ + icd^ + d^ by c2+2cd+(i2, 

a;4— 3a;8— 36a;2 — 71a; — 21 by a;2— 8a;— 3. 
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16. 


Divide 


17, 


Divide 


18. 


Divide 


19. 


Divide 


20. 


Divide 


21. 


Divide 


22. 


Divide 


23. 


Divide 


24. 


Divide 


25. 


Divide 


26. 


Divide 


27. 


Divide 


28. 


Divide 


29. 


Divide 


30. 


Divide 


31. 


Divide 


32. 


Divide 


33. 


Divide 


34. 


Divide 


35. 


Divide 


36. 


Divide 



a' + da^x -\- dax^ + x^ by a^ -}- 4ax + x^, 

a^ -\- 2bc — b^ — c^ by a — b-\-c. 

a* — 4a^y-\- 6a^y^ — 4ay^-\-y^ by a^ — 2ay-\-y^. 

axZ — a'^x^ — bx^ -{-b^ by ax — 6. 

20a26 — 25a3 — 1868 + 27a62 by 66 — 5a. 

3x^—Sx^y^+Sx^z^ + dy^—Sy^z^ by x^—y^. 

4a4— 9a2 + 6a — 1 by 2a2 + 3a— 1. 

2ay + Sby+10ah + 156^ by y + 56. 

6— 663— 2a+54a8— 3a26 by 2a — 6. 

25a5 _ a3 — 8a — 2a2 by 5a^ — 4a, 

a;3 _|_ ^3 _^ gS — ^xyz by x-\-y -^-z. 

18x*— 45x3 + 82x2— 67a;+40 by 3a;2— 4a;+5. 

16x4 — 72a2x2 + 81a4 by 2x — 3a. 

a^ -f 4a2x2 + 16x* by a^ + 2ax + 4x^. 

X* + x^z^ + z* by x2 — xz + z^. 

X* — y^ by X — y. 

x^ +y^ by X + y. 

x7 + l by x + 1. 

X* — Sly^ by X — 3y, 

81a4 — 166* by 3a + 26. 

x** + ^byx + 2/^o3 terms. 



ZERO AND NEGATIVE EXPONENTS. 



92« 1. How many times is a^ contained in a^ ? a' in 
a*? a* in a*? a® in a®? a"* in a"? 

2. When similar quantities have exponents, how may the 
division be performed? 

3. What, then, will be the quotient when a^ is divided 
by a^ by subtracting exponents? a^ by a^ ? a* by a*? 

4. Since a^-f-a^, a^-^a^, a^-^a^^ and a'^-i-a'" are each 
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equal to a® and to 1, what is the value of a®, or any 
quantity with for an exponent? 

5. What will be the quotient when a* is divided by a^ 
by subtracting exponents? a^ by a^t a^ by a^? 

6. What will be the quotient when a' is divided by a^ 
without subtracting exponents? a^ by a^ ? a® by a® ? 

7. Since a^-^a^=^ar^ and —-, a^ -r- a'^ =z ar^ and — - 

«« -i- a^ = a~' and — » to what is any quantity with a 
negative exponent equal? 

The Reciprocal of a quantity is 1 divided by the quan- 
tity. 

Thus the reciprocal of a is — > of x + y is 



o x + y 

93« Principle3. — 1. Any quantity having for an expo- 
nent is equal to 1. 

2. Any quardiiy having a negative exponent is equal to ike 
reciprocal of Vie quantity with an equal positive eiq>onent. 

1. Divide abx by — abx. 

2. Divide 6aH^ by SaH^. 

3. Divide Sa^x^ by — 4ax^. 

4. Divide 21x^yH^ by — ^x^yH. 

5. Divide 30a;5(y + 2)2 by 5a;2(y + z)2. 

6. What is the reciprocal of ar^ ? 

7. What is the reciprocal of x'^y^ ? 

8. What is the reciprocal of a^aj'^y-sy 

9. Divide 12a;-V* ^Y ^'Y- 

10. Divide 20a-^b^c-^ by — 5a-26«c-«. 

11. What is the reciprocal of 2x~^y~^ ? 

12. What is the reciprocal of Sx~^y-^? 
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EQUATIONS AND PROBLEMS. 

94. 1. Find the value of x in the equation aa;-|-4 = 
o2— 2a;. 

PROCESS. 

oo; + 4 =a^ — 2x 

Transposing, aa; + 2a; =a2— 4 

Then, (a + 2)a; = a^ — 4 

And, ic = a — 2 

Explanation. — Transposing the known quantities to one mem- 
ber and the unknown to the other, the coefficient of x is a + 2. 

Dividing both members of the equation by a + 2, the value of x 
is found to be a — 2. 

2. Find the value of x in the equation hx — b^=i4x — 
9b + 20. 

PROCESS. 

6a; — 62= 4a; — 96 + 20 

Transposing, 6a; — 4x = b^ — 96 + 20 
Then, (6 — 4)a; = 62—96 + 20 

And, a; = 6 — 5 

Explanation. — ^Transposing as before, it is seen that the coeffi- 
cient of z is b — 4. 

Dividing both members by b — 4, the coefficient of a;, the value 
of X is found to be b — 5. 

Find the value of x in the following : 

3. ca;— 9==c2 + 6c — 3a;. 

4. aa;+ 16 = a2— 4a;. 

5. 3a; — 12a = 4a2 — 2aa; + 9. 

6. (fa + 9a2 = ^2 — 3aa;. 

7. oa; — a2=2a6 + 62— 6a;. 

8. oa; — 5a6 = 2a2 +362— 6a;. 
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9. ax — c^ = a^ -\- (ze -\- a^c — ex. 

10. 2aa; — 6a2 = 13a6 + 662 — 3&B. 

11. 2ax — lOah — 156 == 14a + 21 — 3a:. 

12. ax + bx=:5a'^ + 7ab + 26^ + 5ac + 26c — (sc 

13. 2ca;— 4c3 + c?2^2c2c? — 2c(i — dx. 

14. 62a; + 362c + Gc^ =63+ 26c2 — 2c2a;. 

15. 4»i* — 2m2a; — 3wia; = 1 — 6m + 9m2 — a:. 

16. a8 + 3a;— 9a2 = aa; — 27a + 27. 

17. 2m2a; + Smn^ + 7m^n^ — 4m* = 3mna:. 

18. 5aa; = ISa^ — 5a6 + 5a62 + 26a; — 6a26 + 262 _ 268. 

19. A man being asked how much money he had, replied 
that if he had $25 more than 3 times what he then had, 
he would have $355. How much money had he? 

20. A gentleman divided $10500 among four sons, giving 
to the second twice as much as to the first, to the third twice 
as much as to the second, and to the fourth one-half as much 
as to the other three. How much did he give to each? 

21. A man who met some beggars gave 3 cents to each 
and had 4 cents left, but found that he lacked 6 cents of 
having enough to give them 5 cents each. How many beg- 
gars were there? How much money did he have? 

22. A man has six sons, each 4 years older than the one 
next to him. The eldest is 3 times as old as the youngest. 
What is the age of each? 

23. A vessel containing some water was filled by pouring 
into it 42 gallons, and there was then in the vessel 7 times 
as much as at first. How many gallons did the vessel 
contain at first? 

24. A man borrowed as much money as he had and 

spent a dollar; he then borrowed as much as he had left 

and spent a dollar; again he borrowed as much as he then 

had and spent a dollar, when he had nothing left. How 

much had he at first? 
6 



66 ELEMENTS OF ALGEBRA. 



VJEVTEW XIXEBCISBS. 

95. 1. Add 6ax— 140 + 3 \/~x, 5x2+400; + 9x2, ^^x + 
4 Vx + 160, and 1/T+ Sax — 4x^. 

2. Add 3am + 2x — S\/y—Zy 2\/y + Sz — 2x^ + Sam, 
4x^—Sz4-2i/y + Sx, and 2 i/y'—4am + 2z — 3x^. 

3. From |/a2— 62— 2(a; + y) — 6 subtract 4(x + y) — 
3|/a2— 62. 

4. Prom Vx-{-2V~y — 2 + 6 subtract 3i/y — 2i/x"— 
y + 22 — 16. 

5. From a2a;2 + 2ay — 3y^ + «« subtract 62a;2 + Say— 
cy^ + 4z^. 

6. From the sum of a;2** + 3x2^ — Syz-{- az and 4af" — 
33/z + 2z + 3a;2y» subtract dx^"" — 4z -\- 6x^y^ — 3aa. 

7. Multiply x^ + 2a;2y + aij^s by x^ + 2icy — y2, 

8. Multiply (xf + 2af»y** + t/" by af» + 2af*y** + y". 

9. Multiply 3ar" + 2a;-2«y-2» _ ^/^ by af» — y2n _|_ ^^.^ 

10. Multiply 3af»+2 _j_2y« + « + 2r by 3ar2 — 23^^ + 
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11. Expand (x + y) (x + y) (x + y) (x + y)(x + y). 

12. Expand (a + 2) (a + 2) (a — 2) (a — 2). 

13. Expand (3a — 6) (3a — 6) (3a + 6) (3a + 6). 

14. Expand (x + 2y) (x + 2y). 

15. Square 2x + 5y. 

16. Square 3a;2 — 2i/2. 

17. Square a;2" + 2t/2». 

18. Square x-^'' — 2y-^\ 

19. Write out the product of C2x + y) (2x—y). 

20. Write out the product of (3x + 7y) (3a; — 7y). 

21. Write out the product of (4x2 — 2y2) (4^.2 _j_ 2^2), 

22. Write out the product of (ax" + y^) (oaf — y*). 

23. Write out the product of (aar^ -{- ay~^) (aar^ — «y~*)« 
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24. Write out the product of (o -\-x)(a — x) (a^ + ^^) 

25. Write out the product of (a;^ +y2) (^.2 _y2) 

(a:*+t/*)(a;«+y«). 

26. Write out the product of (2a; + 3) (2a;— 3) (4a;2 +9) 

(16a;4 — 81). 

27. Divide 4a^—da^b^+b^ by 2a2— 3a6 + 62. 

28. Divide bx^y + a;^ + 2/^ ~l" ^^^ ^7 ^^ + y^ + 4a:y. 

29. Divide a;« — 5x^y + 10a;8y 2 _ lOx^y^ + 5a:y* — y« by 

x^ -\-y^ — 2a;y. 

30. Divide 2a8" — 6a2«6" + 6a-62~ — 268~ by a'' — b\ 

31. Express in its equivalent without negative exponents 

32. Express in its equivalent without negative exponents 
x^y^sr^. 

33. Express in its equivalent without negative exponents 
a^^y^z^, 

34. Express in its equivalent without negative exponents 

35. Divide by subtracting exponents a^b^y by a^b'^y, 

36. Divide by subtracting exponents aH^y^ by a^x^y^. 

37. Divide by subtracting exponents — ar^y^^r" by a;"^* 

38. Divide x^y^ + 6x^y + l^*y^+20x^y^+15x^y^+Qxy^ 
+ a;»y« by a;^ + 2ay + x^y^. 

39. Divide ar5+5a;-V^+10arY^+10arV*+5ariy-* 
+3rfi by ari+y-i. 

40. Find the value of x in the equation 2aa; -f- 12a6 — 
4a2=962+36a;. 

41. Find the value of x in the equation 3a; — 9 — 3c = 
12a — 2aa;4-4a2 + 2ac. 

42. Find the value of x in the equation 2aa; + 9c2+3cd 
= 4a2 + 3ca; 4- 2ad. 
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96. 1. What is the product of 4 times 5a? What are 
4 and 5a of their product? 

2. What is 3a of 9a? 5a of 15a? 3c of 15c? 

3. What quantity will exactly divide 10c? 18d? 25aj? 
302? 

4. What are the exact divisors of 12xy7 25x^y^7 
36rcy2? 

5. What are the exact divisors of 24ic^y^^ SOxy^^ 
44a26c? 

DEFINITIONS. 

97. An Exact Divisor of a quantity is a quantity that 
will divide it without a remainder. 

Thus, o, 6, and x-j-y are exact divisors of a6(a; + y). 

98. The Factors of a quantity are the quantities which, 
being multiplied together, will produce the quantity. 

Thus, o, 6, and x + y are the factors of a6(a:-|-y). 
An exact divisor of a quantity is a factor of it. 

99. A Prime Quantity is a quantity that has no exact 
divisor except itself and 1. 

100. A Prime Factor is a factor that is a prime quan- 
tity. 

101. Factoring is the process of separating a quantity 
into its factors. 

(68; 
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CASE I. 

102. To separate a monomial into its flEictors. 
1 What are the prime factors of 24x^y^z7 

PROCESS. Explanation.— The prime 

24 = 2, 2, 2, 3 factors of 24 are 2, 2, 2, and 3 ; 

X^ =XX of X*, X and x; of y', y, y, and 

y^ = yyy y; and « is a prime quantity. 

2 = 2 Therefore, the prime factors 

24a;2y82 = 2, 2, 2, 3, a;, x, y, y, y, 2 are 2, 2, 2, 3, x, x, y, y, y, «. 

Rule. — Separate the numerical, coefficient into its prime 
factors. 

Separate tlie literal quantities into their prime factors by 
vrriting each qtmntity as a factor as many times as tJiere are 
units in its exponent. 



Find the prime factors of the following: 



2. Sa^b. 



4. Ida^y^z, 



3. 10»2y8. 5. 20aaj8y. 7. 862:2^228. 



6. 42aicy3. 



8. 2Sa^c^x. 

9. Sdx^z^c^. 



CASE II. 

103. To separate a polynomial into monomial and 
poljmomial factors. 

1. What are the factors of 5a^bc + 10a^c — 20a^bc? 

PROCESS. Explanation. — By exam- 

5a2c) 5a26c -f lOa^c -20a^bc ining the terms of the poly- 

J) -i« 2-^ 4b nomial it is found that ba^c 

-„•».« Ai^ is a factor of every term. Di- 

da^c(b + 2 — 4b) .,. , ^u- t * 

^ vidmg by this common factor 

the other is found. Hence, the factors are ha}c and (6 4-2 — 46). 
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Rule. — Divide the polynomial by ihe greaied factor common 
to all the terms. The divisor, and the quotient, will he the 
factxyrs sought. 

Find the factors of the following polynomials: 

2. 5a26 + 6a2c 

3. 8a;2y2 _|_ 12a;2z2. 

4. ^xyz -f 12a;2y2g 

5. 9x^yH -{- l^xyH^ . 

6. a^x'^y'^z + a^xyz^. 

7. a2c + 62c + c2d2. 

8. 4x2y -f- ca^2 _|_ ^xy^^ 

9. a*2/z + a'^xz + a2a;2y222^ 

10. b^x^y^ 4- 6^a:y2 _[_ hx^y^z. 

11. a^afy^z + aa;**2/2" + a^xTyH^. 

CASE m. 

104. To separate a trinomial into two equal binomial 
factors. 

1. When a -\-b is multiplied by a -\-b, what is the 
product? 

2. When x-\-y ia multiplied by x-\-y, what is the 
product? 

3. When c — d is multiplied by c — d, what is the 
product? 

4. When x — 1 is multiplied by x — 1, what is the 
product? 

5. When rc + y is squared, what terms are squares? To 
what is the other term equal? 

6. When x — 1 is squared, what terms are squares? To 
what is the other term equal? 
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7. When a trinomial consists of two terms that are 
squares, and the third term is twice the product of the 
square roots of the squares, how will the factors compare? 

105. One of the two equal factors of a quantity is called 
its Square Root 

106. 1. Resolve x^ — 2icy + y^ into two equal binomial 
factors. 



PBOCESS. 

Vy^= y 

(x — y)(x—y) 



ExpiiANATiON. — Since the trinomial 
contains two terms that are squares, 
and the other term is twice the prod- 
uct of their square roots, the quantity 
may be separated into two binomial fac- 
tors. Since the terms that are squares 
are the squares of the two quantities, the square root of x^ and 
of y* gives us x and y, the two quantities; and since twice their 
product has the minus sign, the quantities must have had unlike 
signs. 

Therefore, the factors are x — y and x — y. 

Rule. — Find the square roots of the terms that are squares, 
and connect these roots by the sign of the other term. The 
result will he one of the equal fa/dms. 



Find the equal factors 

2. a2 4-2a6 + 62. 

3. a;2 + 2a^ + y2. 

4. 62— 26c + c2. 

5. r2 4- Irs + «2. 

6. aj2_|_2aj + l. 

7. aj2-f 4x + 4. 

8. y2_2y+l. 

9. 4y2— 4y+l. 

10. 9a;2+6a;+l. 



of the following trinomials: 

11. 9m2 + 18mn + 9n2. 

12. 9 + 6a; + a;2. 

13. 1 — 2x2+0;*. 

14. 16n2 — 8n + l. 

15. 16 + 16a + 4a2. 

16. 36 + 12a2 + a*. 

17. 49 — 14a;3+a;«. 

18. 81x2 — 18aa; + a2. 

19. 4a2" + 12a"6" 4- 962». 
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CASE IV. 

107. To resolve a binomial into two binomial factors. 

1. When a + 6 is multiplied by a — 6, what is the 
product? 

2. When a; -[- y is multiplied by x — y, what is the 
product? 

3. When c -[- d is multiplied by c — d, what is the 
product? 

4. When x-\-2 is multiplied by x — 2, what is the 
product? 

5. When the sum of two quantities is multiplied by 
their difference, what is the product? 

6. When a binomial consists of two terms that are 
squares, connected by the minus sign, into what factors 
may it be resolved? 

1. Resolve x'^ — y^ into its factors. 

PROCESS. Explanation. — Since the binomial 

a; 2 — y2 consists of two terms that are squares 

1/^2 ^=^ X connected by the minus sign, the bino- 

,/~2 ™i^^ "^^y he separated into two bino- 

mial factors, which are respectively the 
^ ~^ "^ ^ "^ sum and tlie difference of the quantities. 

The square root of x^ is j, and of y^ is y. 
Therefore, x-\-y and x — y are the factors. 

Rule. — Find the square root of each term of the bino- 
mial, and make the sum of these square roots one factor, and 
tJieir difference the other. 

Binomials of the form of x* — y* may be resolved into the factors 
(x^-\-y^) (x2 — y^), and x^ — y^ into (x + y) (x — y). Therefore, 
«* — y* = (x2-f-y2) {x-\-y) (x — y). 
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Resolve the following binomials into their factors: 



2. a2 - 62. 

3. c2— d2. 

4. m2 7l2. 

5. 4a;2 — 4^2^ 

6. 9x2— y2. 

7. a;2 — 91/2. 

8. 16a;2 — 161/2. 



9. ^x^ - ly2, 

10. x^y^ — 4y^z^. 

11. w^ — w*. 

12. a8— 68. 

13. m2« — 712". 

14. 9a2» — 46*\ 

15. a'« — 6«. 



CASE V. 

108. To resolve a quadratic trinomial into unequal 
factors. 

1. What is the product of aj + 2 multiplied by a; + 3? 
What is the first term of the product? What is the last 
term ? Of what two numbers is it the product ? What is 
the coefficient of the other term? How does it compare in 
value with 3 and 2? 

2. What is the product of a; + 3 multiplied by a; + 4? 
What is the first term? Of what numbers is the last term 
the product? How does the coefficient of the second term 
compare with 3 and 4? 

3. What is the product of x — 10 multiplied by x — 2? 
How is each term of the product obtained from the quan- 
tities multiplied? 

4. What is the product of a; + 2 multiplied by x — 5? 
How is each term of the product obtained from the quan- 
tities multiplied? 

109. A trinomial of the form of x^ ±: ax ztb, in which b 
is the product of two quantities and a their algebraic sum, 
is called a Quadratic Trinomial. 
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CASE IV. 

107. To resolve a binomial into two binomial factors. 

1. When a + 6 is multiplied by a — 6, what is the 
product? 

2. When a; + y is multiplied by x — y, what is the 
product? 

3. When c + d is multiplied by c — d, what is the 
product? 

4. When x-\-2 is multiplied by x — 2, what is the 
product? 

5. When the sum of two quantities is multiplied by 
their difference, what is the product? 

6. When a binomial consists of two terms that are 
squares, connected by the minus sign, into what factors 
may it be resolved? 

1. Resolve x'^ — y^ into its factors. 

PROCESS. Explanation. — Since the biDomial 

consists of two terms that are squares 
connected by the minus sign, the bino- 
mial may be separated into two bino- 
mial factors, which are respectively the 
^^ sum and the difference of the quantities. 

The square root of a:^ is j, and of y^ is y. 
Therefore, x-\-y and x — y are the factors. 

Rule. — Find ike square root of each term of the bino- 
mialy and make the sum of these square roots one fadorf and 
ilwir difference Hie other. 

Binomials of the form of x* — y* may be resolved into the factors 

(x^ + yz) (x2 — 2/2)^ and x^ — y'^ into (x + y) (x — y). Therefore, 
a;4— y* = (x2 _|_y2) (x-f y) (x — y). 



x^- 


-y' 


Vx-^-- 


— X 


Vy^-- 


-y 


(x + y) (x 
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Resolve the following binomials into their factors: 



2. a2 - 62. 

3. c2— d2. 

4. m^ — 7i2. 

5. 4x2 — 4y2. 

6. 9a;2— y2, 

7. a:2_9y2, 

8. 16x2 — 16y2. 



9. ix2 _ i2/2. 

10. a;2y2 — 4yH^. 

11. w* — n*. 

12. a8— 6«. 

13. w2« — n2"». 

14. 9a2« — 464». 

15. a« — 6«. 



CASE V. 

108. To resolve a quadratic trinomial into unequal 
factors. 

1. What is the product of a; + 2 multiplied by x -|- 3? 
What is the first term of the product? What is the last 
term ? Of what two numbers is it the product ? What is 
the coefficient of the other term? How does it compare in 
value with 3 and 2? 

2. What is the product of x + 3 multiplied by ic -|- 4? 
What is the first term ? Of what numbers is the last term 
the product ? How does the coefficient of the second term 
compare with 3 and 4? 

3. What is the product of x — 10 multiplied by x — 2? 
How is each term of the product obtained from the quan- 
tities multiplied? 

4. What is the product of a; + 2 multiplied by x — 5? 
How is each term of the product obtained from the quan- 
tities multiplied? 

109. A trinomial of the form of x^ ±axdzb, in which 6 
is the product of two quantities and a their algebraic sum, 
is called a Quadratic Trinomial. 
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1. Resolve x^ — 9a; — 36 into two factors. 



PROCESS. 

a:2_9a;_36 
( 6X6 
36=^ 4X9 
I 3X12 
— 9 = 3 — 12 
(a; + 3)(a; — 12) 



Explanation. — The first tenn is evidentlj 
X. Since 36 is the product of the two other 
quantities, 6 and 6, or 4 and 9, or 3 and 12 
are the other quantities. 

Since their sum is — 9, the quantities 
must be 3 and — 12, for the other sets of 
factors of 36 can not be combined so as to 
.produce this result. 

Therefore, (x + 3) and (x — 12) are the 
factors. 



Rule. — For the first term of each factor take the square root 
of one term of the trinomialy and for the second term such 
qtuintities that their product will he another term of the tri- 
nomial, and their sum multiplied by the first term of the factor 
vrUl be equal to the remaining term of the trinomial. 

Separate into factors the following trinomials: 

2. x'^ + Sx + 2. 8. x^ — lOo; — 39. 

3. x'^ + 7x+ 12. 9. x^ — 12aj — 64. 

4. a;2-.4a: — 21. 10. 4a:2 — lOaj + 6. 



5. 0:2 — 7x— 18. 

6. x^ + ex + 8. 

7. a:2 + 12a:4-32. 



11. 9a:2 — 27a: + 18. 

12. 4a:2 ^ iQax + 12a2. 

13. 9a2 + SOah -f 2462. 



CASE VI. 

110. To resolve the difference of the same powers 
of two quantities into factors. 

By performing the operations indicated in the following 
examples, it is found that, 

1. (a2— 62)_i.(a_6)=a + 6. 

2. (a8— 68)-^(a — 6)=a2-}-a6 + 62. 



i 
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3. (a^ — b^)'^(a — b) = a^ + a^b + ab^+b^. 

4. (a« — 6«) ^ (a — 6) = a* + a«6 + aZft^ -|- a6« + 6*. 

5. What will be the quotient when a^ — 6® is divided 
by a — 6? 

6. What will be the quotient when a^ — 6^ is divided 
by a — 6? 

7. How does the first term of the quotient compare with 
the first term of the dividend? What quantities does the 
second term of the quotient contain? The third term? 
The fourth term? 

8. What is the sign of each term? 

9. What are the exponents of x and y, when the differ- 
ence of the same powers of two quantities is divided by the 
difference of the quantities? 

111. Principle. — The difference of the same powers of two 
quanlUies is always divisible by Urn -difference of the qvmUUies, 



1. Write out the quotient of (at* — y^) 

2. Write out the quotient of (x^ — y^) 

3. Write out the quotient of (x* — 1) 

4. Write out the quotient of (a;* — 16) 

5. Write out the quotient of (x*— y®) 



(^ — y)' 
(^ — y)' 

(a:-l). 
(a;— 2). 

(x^—y'^)' 



112. A course of reasoning which discloses the truth or 
falsity of a statement is a Demonstration. 

113. The following is a general demonstration of the 
principle given in Art. Ill : 

Let x and y represent any two quantities, and n the expo- 
nent of any power. Then, of* — y will be the difference of 
the same powers of two quantities, and x — y the difference 
of the two quantities. 
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PROCESS. 

x — y 






a-n-i _|_ ^-%y 



1st Kem., af-itz — y" 

2d Kem., g^-2y2 _yn 

nth Kem., af»^y» — y» 

y" —f = 

Demonstration. — By dividing ai** — y* until several remainders 
are obtained, it is found that the first term of the first remainder 
is i**""^y; of the second, af*~2y2. ^f j^q third, a;'*~^y^; of the fourth, 
a'"~*2/*, and, consequently, of the nth i*»-^y. But a;**~" is z*, which 
equals 1 (Art. 93, 1). Therefore, the first term of the nth remainder 
reduces to y^. 

Since the second term in the nth remainder is — j^, the entire nth 
remainder is y** — ^, ot 0; that is, there is no remainder, and the 
division is exact. Therefore, x" — y*» is divisible by x — y when x and 
y represent any two quantities and n the exponent of any power; or. 

The difference of the same powers of two quantities is always divisible by tite 
diffei'ence of the quantities. 

114. By performing the operations indicated in the follow- 
ing examples, it is found that, 

1. (x^—y^)-^Qt + y)=x — y. 

2. (x^—y^)-^(x + y)=x^—xy + y^. Rem. — 2y«. 

3. (^x^ ^y^) --- (x + y) =x^ —x'^y + xy^ -- y^. 

4. (x^ — y^) -i-(x + y)=x'^ — x^y + x^y^ — xy^ ^ y^. 
Rem. — 2y^* 

5. What is the quotient of x^ — y^ divided hy x-\-y? 

6. What are the signs of the terms of the quotient when 
the difference of the same powers is divided by the sum of 
the quantities? What is the law of the exponents in the 
quotient ? 
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7. What are the exponents of x and y when the difference 
of the same powers of two quantities is exactly divisible by 
the sum of the quantities? 

115. Principle. — The differ enae of the same powers of two 
quarvtUies is divisible by Hie mm of Hie quardiJties only when Hie 
exparierds are even. 

1. Write out the quotient of (x* — 2/^) -f- (^ + y). 

2. Write out the quotient of (x"^ — y'°) -^ (a; + y). 

3. Write out the quotient of (x^ — 1) -i- (a; + 1). 

4. Write out the quotient of (x* — 16) — (a; + 2). 

5. Write out the quotient of (x^ — y^) -r- {x^ + y^). 

116. The following is a general demonstration of the 
principle in Art. 115: 

PROCESS. 

of — 2/^ 1^ + y 



of + ^»^^y 



af»-l _- aj"~2y _|, a;»»^3y2 af*-4y8 



1st Rem., — aj""^y — y* ' 

2d Rem., aj»-2y2_y» 

af»-2y2 _|_ af»-3y3 

3d Rem., ^af-^y^^y^ 

— ai^-^y^ — af^^y^ 

4th Rem., oi^^y^—y" 

Demonstbation. — By dividing af» — y» until several remainders 
are obtained, it is found that the first term of the first remainder is 
— 3f*^^y; of the third, — x"^^y*; of the fifth, — z^-^^s. ^nd of the 
nth remainder, when n is an odd number, — x**"«3/". But — a;**-^ 
is — x^y which is equal to — 1. Therefore, the first term of the nth 
remainder, when n is odd, reduces to — y*. Since the second term 
of the nth remainder is — y", the entire nth remainder, when n is 
an odd number, is — y" — y*, or — 2y\ Therefore, a;" — y" is not 
exactly divisible hy x-}- y when n is an odd number. Hence, the 
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difference of the same odd powers of two quantities is not divisible 
by the sum of the quantities. 

The first term of the second remainder is 7?^^y^\ of the fourth, 
x"~*y*; of the sixth, x**""*y®; and of the nth remainder, when n is 
an even number, jc*'""*y*. But x*»-^ is equal to J^y", or y**. And 
since the second term of the nth remainder is — y**, the entire nth 
remainder, when n is an even number, is y» — y*, or 0. Hence, 
jpi4 — y»» is exactly divisible by x + y when n is an even number; or. 

The diffei^ence of the same •powers of tioo quantities is divisible by the 
sum of the quantities only when the exponents mx even. 



CASE VII. 

117. To resolve the sum of the same powers of two 
quantities into factors. 

By performing the operations indicated in the following 
examples, it is found that, 

1. {x^ -{- y^) -r- (x -^ y) = X — y. Rem. 2^^. 

2. (x^+y^)-^{x + y)=x^—xy + y^. 

3. (a:* + 2/*) -r- (x + y) = x^ — x'^y + xy^ — y*. Rem. 2y*. 

4. (x^ + y^) -7- (x -\- y) = x^ — x^y + x^y^ — ay^ -\- y*. 

5. What are the signs of the terms of the quotient? 
What is the law of the exponents? 

6. What are the exponents of x and y when the sum of 
the same powers of two quantities is exactly divisible by the 
sum of the quantities ? 

118. Principle. — Tlie sum of the same 'powers of two quan- 
tities is divisible by the sum of iJie quantities only when tJte 
exponents are odd. 



1. Write out the quotient of (x^ + 2/^) 

2. Write out the quotient of (x^ + y®) 

3. Write out the quotient of (x^ + 1) 



(« + y)- 
(« + y). 

(x + 1). 
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119. The following is a general demonstration of the 
principle in Art. 118 : 



af^ + y-- 


PROCESS. 

• 

x + y 


x^ + ixf^^y 


a^l _ af»-2y _|_ ^*r-Zy2 _ af»-4y3 


1st Rem., — af*"^y 
— Tf^^y 


— of^V 


2d Rem., 
3d Rem., 


af-23/2 4. af»-3y8 

— af*-»y8 — of-^y* 



4th Rem., af^^^y^ + f 

DEMONSTRATiON.-=-Dividing and reasoning, as in the previous 
demonstrations, the nth remainder, ^heii n is even, reduces to 1/'* + y», 
or 2y*, Hence, a!»* + y* is not exactly divisible by x-\-y when n is 
even, or the sum of the same powers of two quantities is not exactly 
divisible by the sum of the quantities when the ex[)onents are even. 
The first term of the nth remainder, when n is odd, reduces to 
— y*», and the entire remainder is — y'* + y'S or 0. Hence, x'^^y^ 
is exactly divisible by j + y when n is an odd number; or, 

l^e sum of the same potven of two quaiiUlies is divisible by the sum 
of the guarUiiies only when the exponents are odd. 

120. Perform the operations indicated in the following 
examples, and write down the quotients and remainders: 



1. (x2^y2)^(x — y), 

2. (x^ + y'')-^(x—y). 



3. (.x^ + y^)-^ix^y). 

4. (x^+y^)-^(x — y). 



5. From the results, discover whether the sum of the same 
powers of two quantities is divisible by the difference of the 
quantities. 

6. Demonstrate the truth of the following principle : 

121. ^Principle. —T^e mm of i/ie same powers of two 
quai}tities is never divisible by iJlie difference of the qiiaiiiities. 
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COMMON DIVISORS. 

122. 1. What number will exactly divide both 15 and 20? 

2. What quantity will exactly divide both 3a and 2a? 

3. What quantity will exactly divide both 3a^ and 2ax? 

4. Give all the exact divisors of 12a^xy and ISax^y. 
What is the greatest, or highest, of these common divisors? 

5. What is the greatest, or highest, common divisor of 
24a2Z>2c and 4Sa^be'^? 

6. What prime factors, or divisors, are common to 
24a2fe2c and 48a26c2? 

7. How may the greatest, or highest, common divisor of 
24a^b^c and 48a26c2 be obtained from these factors? 

8. How may the greatest, or highest, common divisor of 
Idx^y^z and 20x^y^z be obtained from their prime factors? 

DEFINITIONS. 

123. A Common Divisor of two or more quantities is 
an exact divisor of each of them. 

Thus, 6a is a common divisor of 12a, 24a^Cj and SOa^y, 

124. The Greatest, or Highest,* Common Divisor of 

two or more quantities is the greatest or highest quantity 
that is an exact divisor of each of them. 

Thus, 4a^x is the greatest, or highest, common divisor of 12a'a:y, 
Sa^x^i/j and 4a^xz. 



* Strictly speaking. Highest Common Divisor would be the appro- 
priate term to apply to literal quantities, because, although x^ is 
a higher power than a;, the value of x^ may be less than the value of 
Xj but common usage is followed in employing GrecUesI^ Common 
Divisor to include both. 
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135. When quantities have no common divisor they are 
prime to each other. 

Thus, 5ir, %, and Sz are prime to each other. 

126. Principle. — The greatest common divisor of two or 
more quantities is iJie product of all Hieir common prime fac- 
tors. 

CASE I. 

l!37. To find the greatest common divisor of quan- 
tities that can be flEUstored readily. 

1. What is the greatest common divisor of Sa^b^c^ and 
12a62c2 ? 

PROCESS. 

8a262c8 =2x2x2XaXaX6X&XcXcXc 
12a62c2 =3x2x2X«X6XfrXcXc 
G. C. D. =2x2XaX&X6XcXc = 4aZ>2c2 

Explanation. — Since the greatest common divisor is the product 
of all the common prime factors (Prin.), the quantities are separated 
into tlieir prime factors. The only prime factors common to the 
given quantities are 2, 2, a, 6, 6, c, c; and their product, Aab^c^y is 
therefore the greatest common divisor. 

2. What is the greatest common divisor of a(x^ — y^) and 
a(x^+2xy + y^)? 

PROCESS. 

a(x2— y2) -^a(x + y) (x — y) 

a(x^ + 2Ty + y^) = a(x + y) (x + y) 
G. C. D. =a X (x+y)=a(x + y) 

Explanation. — Reasoning as in the preceding example, the quan- 
tities are separated into their prime factors, and the product of the 
common factors will he the greatest common divisor. 

The common factors are a and (x-\-y); therefore. a{x-{-y) is the 
greatest common divisor. 
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Rule. — Separate iJie quantities into their prime factors, and 
find llie product of all ihe common factors. 

Find the greatest common divisor of the following : 

3. 12m^n^x^ and ISm^nx^, 

4. l^r^sH^ and 20rHH'^. 

5. 21x^y^z^ and 14x^y^z^. 

6. Idx^y^z^ and 20x^yz^. 

7. Ua^xy, Sax^y, and doxy, 

8. Ida^x^y^f 9a^x^y^y and Sa^xy^. 

9. 1862c2(f3, 862c2(f2^ and 12a62c. 

10. lOc^x^y^, Sa^x^y^y and 12a^xy^. 

11. 18r282i2^ 10r288<, and 16r282^2. 

12. 20a^x^y^, Iba^x^y^y and 10a2rry2, 

13. 12x^yH'^, ISx^y^z^y and 15a;2t/422, 

14. a2 — 62 and a2 — 2a6 + 62. 

15. a;2 — 2x and 2a^2 — 4^2^ 

16. 16a;2 — y^ and 16a;2 — Sxy + y2. 

17. 0:2 — 2a; — 15 and x^ + 9x+ 18. 

18. 0:2 4- 9x + 20 and 0:2 4- 2o:— 15. 

19. 0:2 + 0: — 30 and 0:2 + 12o: + 36. 

20. 0:2—0: — 12 and o:2 — 4o: — 21. 

21. o:2 + 9o: + 14 and 0:2 + 2o: — 35. 

22. 0:2 + 0: — 30 and 0:2 + 9o: + 18. 

23. a(x^—y^) and x^ + 2x^y + x^y^. 

CASE II. 

128. To find the greatest common divisor of poly- 
nomials. 

1. What are the exact divisors of 10? What are they 
of 2 times 10 or 20? Of 3 times 10 or 30? Of any 
number of times 10? 
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2. What are the exact divisors of clx^ ? What are these 
also of 2 times aa;^ or 2aa;2 ? Of c times ax^ or cax^ ? 

3. If a quantity is an exact divisor of some quantity, 
what will it also be of any number of times that quantity ? 

4. Since 15 and 20 are each divisible by 5, what must 
they each be of 5? 

5. Since they are each some number of times 5, what will 
their sum be of 5? What will their difference be of 5? 

6. Since a is a divisor of 2a6 and 3ac, what will it be 
also of their sum? What of their difference? 

7. If a qiiantity is an exact divisor of each of two quan- 
tities, what is it of their sum ? What of their difference ? 

8. What is the greatest common divisor of 10 and 15? 
Of 2 times 10, or 20, and 15 ? Of 4 times 10, or 40, and 
15? Of 10-^2, or 5 and 15? 

9. What factors of these multipliers and divisors of 10 
are factors of 15? 

10. What is the greatest common divisor of 10 and 3 
times 15, or 45? Of 10 and 7 times 15, or 105? Of 10 
and 15 -f- 3 or 5? 

11. What factors of these multipliers and divisors of 15 
are factors of 10? 

12. By what quantities, then, may either quantity be 
multiplied or divided without changing their greatest com- 
mon divisor? 

129. Principles. — 1. A divisor of any quantity is a divisor 
of any number of times that quantity, 

2. A divisor of two or tnore quantities is a divisor of their 
sum and of the difference between any two of thm. 

3. The greatest comrfum divisor of two or more quantities is 
not effected by multiplying or dividing any of them by quantities 
»<Aicfc are not factors of the others. 
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130. 1. What is the greatest common divisor of ^x*^ -{- 
37a; + 35 and 3a;2 + 17a; + 10 ? 

PROCESS. 

3a;2 + 17a; + 10 



a;-f 5 



3a; + 2 



6a;2 + 37a; + 35 

6a;2 + 34a; + 20 

3 )3a; + 15 

a; 4-5 

3x2 + 17a; + 10 
3a;2 + 15.C 

2a; + 10 

2x+10 

Explanation. — The greatest common divisor of two quantities 
can not be greater than the smaller quantity; therefore, the greatest 
common divisor of these two quantities can not be greater than 
3a;2 -|- 17a; -\. 10. Sx^ -j- 17a; + 10 will be the greatest common divisor 
if it is exactly contained in Gx^ + 37a; -f 35. By trial, it is found 
that it is not an exact divisor of %x^ + 37i + 35, since there is a 
remainder of 3x + 15. Therefore, Zx^ + 17x -f 10 is not the greatest 
common divisor. 

Since Cx^ + 37x + 35 and Cx^ + 34x + 20, which is 2 times 3x2 + 
17x-f-10, are each divisible by the greatest common divisor, their 
difference, 3x+15, must contain the greatest common divisor (Prin. 2). 
Therefore, the greatest common divisor can not be greater than 
3x + 15. 

Since 3 is a factor of 3x -f- 15, but not of the quantity whose 
greatest common divisor is sought, 3x -f- 15 may be divided by 3 
without changing the greatest common divisor (Prin. 3). Therefore, 
the greatest common divisor can not be greater than x + 5. 

X + 5 will be the greatest common divisor if it is exactly con- 
tained in 3x2 _|_ 172; _|_ 10^ since if it is contained in 3x2 _|_ 17^. _|_ iq j^ 
will be contained in twice 3x2 _|_ yj^ _|_ iq^ or 6x2 _|_ 343. _|_ 20, and in 
the sum of 3x + 15 and 6x2 j^ZAx-\- 20, or 6x2 _j_ 373. ^ 35, By tj-ial 
it is found that x + 5 is an exact divisor of 3x2 + 17x + 10. 

Therefore, x + 5 is the greatest common divisor. 
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2. What is the greatest common divisor of Sx^ + 11a; + 6 
and 2x2 + llx + 15 ? 

PROCESS. 



2 



6x2 _^ 22x + 12 
6x2 _^ 33^ + 45 


11) llx 33 


2x2 + iia; _j. 15 


x + 3 


2x2 _|. 6a. 


2x + 5 



5x+15 
5x+15 



2x2 ^ iia; ^ 15 



Explanation.— If Sx^-\-Ux + Q is divided by 2x2 + llx + 15, 
the quotient will be a fraction. To avoid the fractional quotient, 
we multiply Sx^ + llz + 6 by 2 without changing the greatest com- 
mon divisor, since 2 is not a factor of the quantities whose greatest 
common divisor is sought. (Prin. 3.) 

If the preceding dividor, 2x^ + llx + 15, is divided by — llx — 33, 
the quotient will be a fraction. This result may be avoided by 
dividing — llx — 33 by the factor — 11 without changing the greatest 
common divisor, since it is not a factor of the quantities whose 
greatest common divisor is sought. (Prin. 3.) 

Dividing by x + 3, the division is exact. 

Therefore, x + 3 is the greatest common divisor. 

Rule. — Divide the greater quantity by the less, and if 
(here be a remainder, divide the less qv/iniity by it, then 
the preceding divisor by the last remainder, and so mi until 
nothing remains. The last divisor wiU be the greatest common 
divisor. 

If more than two quantities are given, find tJie greatest com- 
mon divisor of any two, then of this divisor and another, and so 
on. The last divisor will be the greatest common divisor. 
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1. If any quantity contains a factor not found in the other, the 
factor may be omitted before beginning the process. 

2. When necessary, the dividend may be multiplied by any quan- 
tity not a factor of the divisor. 

3. The signs of all the terms of either dividend or divisor, or both, 
may be changed without changing the greatest common divisor. 

Find the greatest common divisor of the following: 

3. 2a;2 — 16a; + 14 and x'^—bx-- 14. 

4. 3x2 + 14a; + 8 and Ax^ + 19a; + 12. 

5. 6a;2_23a; + 15 and 2a;2 — 12a; + 18. 

6. 4a:2 _^ 21a; — 18 and 2a;2 + 15a; + 18. 

7. 21a;2_26a; + 8 and 6a;2— a; — 2. 

8. a;2 — ^xy -\- Sy^ and a;2 — Sxy + 16y2. 

9. x^ — y^ and a;2 — 2xy-j-y^, 

10. a^4_2x2-|-l and a;^ — 4a;3 + 6a;2 — 4a;4- 1. 

11. 2x3 + 6a;2 + 6a; + 2 and 6x3 + 6x2 — 6a; — 6. 

12. 3x3 + 3x2 — 15x + 9 and Sx* + 3x8 — 21x2 _ 9x. 

13. 20x4+x2 — 1 and 25x4 -f 5x3— x—1. 

14. x2 — 9, x2 — 3x— 18, and x2 + llx + 24. 

15. x2— 3x — 28, x2 — llx + 28, and x2 — 15x + 56. 

16. x2 + 6x + 9, x3— x2 — 12x, and x2 — 4x — 21. 

17. a^—b^, a3-fa26 — a62— 63^ and a^—2a^^+b^. 

18. x* + 5x3 _j_ 6a;2, a;3 + 3x2 _|. 3^; _j_ 2, and 3x3 _|. ^^2 _f. 
5x + 2. 

19. a3 + 3a26 + Sab^ + h^^ 4a^h^ + 12a68 + 86S and 
a2 — 62. 

20. 9x4 +12x3 + 10x2 +4xH-l and 3x4 +8x« + 14x2 
+ 8x + 3. 

21. x4 + 3x3 + 9x2 + 12x+20 and x^ + 6x3 + 6x2 + 8x 
+ 24. 

22. 3a2x2 + a2x + 2a2 + 12x2 + 4x + 8 and aH^ + Sa^x 
+ 4a2 + 4x2 + i2aj + 16. 
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131. 1 . What is the least number that will contain 10 and 15 ? 

2. What prime factors are common to 10 and 15 ? What 
factor occurs in 10 that does not in 15? What factor in 15 
is not found in 10? What are all the factors of 15 and 
those in 10 not found in 15? What is their product? 

3. What quantity will exactly contain 2, 3, a and 6? 
What will each of them be of their product? 

4. What is the least or lowest quantity that will exactly 
contain 3a and 4a6? 

5. What factor of 3a is not found in 4a5? What is the 
product of 3 multiplied by 4a6? 

6. To what, then, is the least or lowest common multiple 
of several quantities equal? 

DEFINITIONS. 

132. A Multiple of a quantity is a quantity that will 
exactly contain it. 

Thus, a^x is a multiple of a, a^, and x, 

133. A Common Multiple of two or more quantities is a 
quantity that will exactly contain each of them. 

Thus, 46*0 is a common multiple of 26 and c. 

134. The Least, or Lowest,* Common Multiple of two 
or more quantities is the least or lowest quantity that will 
exactly contain each of them. 

Thus, 26c is the least common multiple of 26 and c. 

* Common usage is followed in employing the term Lenst Common 
MvUipUy although Lowest Common Multiple would be the appropriate 
term to apply to literal quantities. 



88 ELEMENTS OF ALGEBRA. 

135. Principle. — Tlie least common multiple of two or yrwre 
guantitiea is equal to the product of the highest quantity muUi- 
plied by all the factors vf the other quantities not contained in 
the higliest quantity, 

136. 1. What is the least common multiple of ^^y^zv 
and 5x^y^z^7 

PROCESS. 

Sx'^yHv = SXx^Xy^XzXv 

5a;2y3g2 = dXx'^ Xy^ Xz^ 

L. C. M. r= 5 X 3 X a;2 X y^ X s^ X V = Idx'^y^zH 

Explanation. — Since the least common multiple is equal to the 
product of the highest quantity multiplied by the factors of the other 
quantity not found in the highest quantity (Prin.), for convenience in 
determining what factors of the other quantity are not found in the 
higher, the quantities are separated into their prime factors. Thus, 
the factors of the least common multiple are seen to be 5, 3, x*, 
y^y 2^, and v. 

Hence, their product, Ibx^y^z^v, is their least common multiple. 

2. What is the least common multiple of a^ — a — 12 
and a^ — 4a — 21 ? 

pRociss. Explanation. — Since 

the product of any two 

(a^ — a — 12) (a^ — 4a — 21) .... . ., . 

^ ^ ^ ^ quantities is their com- 



a + 3 
(a_4)(a2 — 4a — 21) = 



mon multiple, it follows 
that if their common fac- 
tors are omitted from the 

aS _ 8a2 - 5a + 48 p^^„^j^ ^^^ ^^j^ ^.„ 

be the least common multiple. Since their common factors or divisors 
will be the greatest common divisor of the quantities, the product of 
the two quantities divided by their greatest common divisor will be 
their least common multiple. 

Their greatest common divisor is a -f 3 ; omitting this factor from 
dividend and divisor, the result is (a — 4) (a^ — 4a — 12), which ia 
equal to a* — 8a^ + 4a -{- 48, their least common multiple. 
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Rule. — Separate the quantities into their 'prime jactmz, 
Muttiply ike factors of the highest quantity by the factors of the 
other quantities not found in it; or, divide the prodiLct of the 
quantities by their greatest common divisor. 

Find the least common multiple of the following : 

3. 8a262c3 and lOa^be. 

4. lOx'^y'^z, 20x^yH, and 2bx^yH^. 

5. 14a262c2, IbH'^y, and ^bahcx. 

6. 12m^n^y^, ISmny^, and 24m^n^y, 

7. ISrHH^, Qr^sz^, and ZQrsH^. 

8. x^ — y2 and a;2 — 2xy-{-y^, 

9. x^ — y^ and x^ -\- 2xy + y^. 

10. x^—y^,x^ — 2xy + y^, &ndx^+2xy + y^. 

11. x^ — 2/2 and x^'-^y^. 

12. a^(x — z) and y^(x'^ — z^). 

13. a;2 — 1, a:2 + l, anda:^ — 1. 

14. 2x(x — y), 4xy(x^ — y^), and Qxy^(x-{-y). 

15. a;2 — X, x^ — 1, and x^ -j- 1. 

16. x^ — 1, a;2 — Xf and x^ — 1. 

17. 4(1 +a;), 4(1— a;), and 8(l~a;2), 

18. a;2+5a; + 6 and a;2+6a: + 8.^ 

19. a2— a — 20 and a2+a— 12." 

20. a;2 — 9a; — 22 and a;2 — 13a; + 22. 

21. a;2— 8a; + 15 and a;2+2a; — 5. 

22. x^ -{- x^y -{7 xy^ -\- y^ and x^ — x^y-\-ocy^ — y^. 

23. x^ — x^y-\-xy^ — y^ and x^-\-x^y — xy^ — y^, 

24. a3— 2a2+4a — 8 and a3-f2a2— 4a — 8. 

25. a;2 -[- y^, x^ — sey^y and x^ -\- 3cy^ + ^^V + y^* 

26. a;2— 4, a;2— a; — 6, and a;3— 3a;2— 4a;+12. 

27. a;— 5, a;2— 2aa; + a2, a;2 — 10a; + 25, and a;2 + 5a 
— 5a; — ax, 

28. X* — 16, a;2-f 4a; + 4, and a;2— 4. 

8 
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137. 1. When any thing is divided into two equal 
parts, what is one part called? How is it expressed? 
What does i represent? |? |? 

2. What does -represent? ^1 ^1 ^^ 

2 ^ 5 7 9 

3. How may one -fifth of x be expressed? Two-thirds of 
6? Three-sevenths of y ? Eight-elevenths of 2? 



DEFINITIONS. 

138. A Fraction is one or more of the equal parts of a 
unit. 

139. The Unit of a Fraction is the unit which is 
divided into equal parts. 

140. A Fractional Unit is one of the equal parts into 
which a unit is divided. 

141. Since a fraction is one or more of the equal parts of 
any thing, to express a fraction two numbers, or quantities, 
are necessary, one to express the number of equal parts into 
which the unit has been divided ; the other to express how 
many parts form the fraction. These numbers, or quantities, 
are written one above the other, with a horizontal line be- 
tween them. 

(W) 
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142. The Denominator is the number, or quantity, which 
shows into how many equal parts the unit is divided. 

It is written below the line. 

Thus, in the fraction —tbia the denominator. It shows that the 

6 

unit of the fraction has been divided into b equal parts. 

143. The Numerator is the number, or quantity, which 
shows how many fractional units form the fraction. 

It is written above the line. 

Thus, in the fraction — > a is the numerator. It shows how many 
fractional units form the fraction. 

144. The numerator and denominator are called the 
Terms of a Fraction. 

145. An indicated process in division may be written in 
the form of a fraction, the numerator being the dividend 
and the denommator the divisor. 

146. A quantity, no part of which is in the form of a 
fraction, is called an Entire Quantity. 

Thus, 2<i, 3c, 2x -j- y, etc., are entire quantities. 

147. A Mixed Quantity is a quantity composed of an 
entire quantity and a fraction. 

Thus, 2a + -z-» 2x-\-2y-\ ^^^^ are mixed quantities. 

148. The Sign of a Fraction is the sign written before 
the dividing line. This sign belongs to the fraction as a 
whole, and not to either the numerator or denominator. 

Thus, in ^^^ the sign of the fraction is — , while the signs 

of the quantities x, y, and 2z are +. The sign before the dividing 
line shows whether the fraction is to be added or subtracted. 
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REDUCTION OF FRACTIONS. 

OASE I. 

149. To reduce fractions to higher or lower terms. 

1. How many fourths are there in one-half? How many 
eighths ? 

2. How many sixths are there in one-third? How many 
ninths ? How are the terms of the firaction -J obtained from 
i? ffromi? 

X v 

3. How many fourths are there in — ? — ? 4? 

^ 2 2 2 

4. How many sixths are there in — ? How many ninths? 

How are the terms of the fraction — obtained from its 

6 

equivalent — ? --- from — ? 
^ 3 9 3 

5. What, then, may be done to the terms of a fraction 
without changing the value of the fraction? 

6. How many fourths are there inf? Inf? In-|? 

7. How many thirds are there in J? Inf? In-^? 
How are the terms of the fraction \ obtained from |^? 
From f ? From ^ ? 

8. How many thirds are there in— ? In-~? In-—? 

How are the terms of the equivalent fraction ■- obtained 
from these fractions? 

9. What else may be done to the terms of a fraction, 
besides multiplying them by the same quantity, that will 
not change the value of the fraction? 
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150. Beduction of FiractiOns is the process of changing 
their form without changing their value. 

A fraction is expressed in its Lowest Terms when its 
numerator and denominator have no common -divisor, 

151. Principle. — Midtiplying or dividing both terms of a 
fraction by the same qumdiiy does not change ike value of the 
fraction, 

EXAMPLES. 

3 . 

1. Change — to a fraction whose denominator is 66 2. 

^ ^ Explanation. — Since the fraction is 

PROCESS. 

3 to be changed to an equivalent fraction 

"ol expressed in higher terms, the terms of 

552 _i_ 26 = 36 the fraction mast be multiplied by the 

S V S6 Q6 same quantity, so that the value of the 

oL QL ^^^ oki fraction may not be changed (Prin.). In 

order to produce the required denomina- 
tor, the given denominator must be multiplied by 36 ; consequently, 
the numerator must be multiplied by 36 also. 

2. Keduce - — ^ to its lowest terms. 



2dx^y 

PROCESS. 

15x^y^ Sy 



ExpiiANATiON. — Since the fraction is to 
be changed to an equivalent fraction ex- 
pressed in its lowest terms, the terms of the 
ZOX y ox fraction may be divided by any quantity 

that will exactly divide them (Prin.). Dividing by the factors 5, x^, 
and y, the expression is reduced to its lowest terms, for the terms are 
prime to each other ; or. 

The terms may be divided by their greatest common divisor. 

153. To express a fraction in higher terms. 

Rule. — Multiply the terms of the fraction by such a guantHy 
as ioUl change Uie given term to Vie required term. 
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153* To express a fraction in its lowest terms. 

Rule. — Divide Hie terms of ihe frad;ion by any common 
dimaory and contimui to divide thus nntil they have no common 
divisor; or, 

Divide Ihe terms of the fradxon by (heir greated common 
divisor. 

3. Change — to a fraction whose denommator is 28. 

4. Change — to a fraction whose denominator is 36. 

5. Change — — — to a fraction whose denominator is 15. 

O I IT 

6. Change — ^^^ to a fraction whose denominator is 30. 

2x 

7. Change to a fraction whose numerator is 6x. 

^ 6a; + 3 

3a: 

8. Change to a fraction whose numerator is 9z. 

^ 6a; — 8 

2ax 

9. Change to a fraction whose numerator is 4ax^. 

3 + 2y 

10. Change ~-r to a fraction whose denominator is 

^ a + 6 

a2— 62. 

3a; ~~~ v 

11. Change p to a fraction whose denominator is 

a -{- 

o2 + 2a6 + 6*. 



^ . lOabx^y 
14. - 



Reduce the following to their lowest terms: 

12. l^£Vi 

75xy^z 
13 21a;2y2gt 
' 28a;2y8z» 



25o6a;»y2 

^ _ 16a^*m 
24a;2y2<jj„^3 
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18. 



17. 



18. 



19. 



20. 



21. 



2\mhiH^ 
12mH^ 






22. 


a* — 1 

x« + 2x + 1 


24x^y^z^ 






23. 


«« 1 


12x^y^z^ 








2xy + 2y 


S5x^y^z\ 






24 


X* — a^x 


49x^y^z^ 






M X. 


a;2 — 2aa; + a^ 


22a^x^yz^ 
SSa^x^yH^ 






25. 


x^ — a;^y2 
x^-y^ 


a2 62 






26. 


a;2 + 6a; + 9 


a2 2a6 + 62 


a;3— a;2 12a; 


a2— 62 






27. 


a;2 3a; 28 


a2 + 2a6 + 62 


a;2 11a; + 28 




OASE 


n. 


• 


, To reduce an 


enti 


re 


or ] 


nixed quantity to a 



fraction. 

1. How many fifths are there in 3? In 4? In 10? In a? 
In a;? 

2. How many sevenths are there in 2? In4? In 6? 
In 62? In 2/2? 

3. How many fourths are there in 2J? In 3|? In a-j- j? 

EXAMPLES. 



1. Keduce a A — to a fractional form. 

c 



PROCESS. 



a = 



ae 



Explanation. — Since 1 is 
equal to ~, « is equal to — j 



.6 OC . 6 ac + b consequently, a + - = -^ + -^ 

a + - = [-- = ■ — ir c e e 

C C C C ae-j- o 

or ■ — . 
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Rule. — Multiply the entire part by the denominator of ihe 
fraction ; to this product add the numerator tuhen the sign of (he 
frOfCtion is pluSy and svbtract it when, it is minuSy and vrriie the 
result over {he denominator. 

If the sign of the fra/iion is — , all the signs of the numerator 
' must be changed when it is subtracted. 



Reduce the following to fractional forms : 



2. 2x + 



4y 



3. 5x-^. 

4 

4. 4x 

2 



5. x + 



6. 2a + 



7. 2x + 



8. 3a; — 



9. 5a — 



10. 6a 



11. 3c + 



12. 4a + 



4y + S 



4 


3x4-4 


4 


3y-4 


8 


2J/ + 3. 


6 


3* + 4 


2 


3y + 7 


4 


4a + b 


d 


3e — d 



cd 



13. 3a; + 



6a — X 



14. a; + 4 + 



ax 
2c — d 



15. a — 



5 

2ac — c2 



a 



16. 2a; — 5 — 



a;2 -f 4 



17. a + x + 



18. a + c + 



a;— 2 

a^ +x^ 
a — X 

2ac — c2 

- 

a — c 

2 4,2 



19. a;-y + ^— ^. 



20. a; + 4 — 



21. a-\-x — 



a;2— 2 
X — 4 

4aa; — bx'^ 



22. a— 6 — 



23. m-\-n — 



a — X 

a2+62 

a — 6 

2mn -\- n^ 



m — n 



REDUCTION OF FRACTIONS. 



d.7 



OASE in. 

155. To reduce a fraction to an entire or a mixed 
quantity. 

1. How many units are there in-^? In^? In-^? 

2. How many units are there inf? In-^? In^? 

3. How many units in — ? In — - — ? In — ? 



EXAMPLES. 



1. Reduce — ^ — to a mixed quantity. 



PROCESS. 



hx + d d 



Explanation. — Since a fraction may 
be regarded as an expression of unex- 
ecuted division, by performing the di- 
vision indicated, the fraction is changed 
into the form of a mixed quantity. 



Reduce the following to entire or mixed quantities: 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



a^ 4" c^ 



a 
hx-\-cd 


b 
2ab + b^ 


a + b 
a2 a;2 


a — X 
a^—x^ 


a + x 
x^+1 


x + 1 
x^ + 1 



x—l 
9 



9. 



10. 



11. 



12. 



13. 



14. 



15. 



x^ +2ax + «* 

L, ■ • 

a-\- X 

a — b 

bay -{- dx + x 

ax 
2a2 — 262 

a + 6 

x^ +2xy + 2y2 + x 

x + y 
a8— 63 

a — 6 

x^ +xy + y^ 



x + y 



98 ELEMENTS OF ALGEBRA^ 



CASE IV. 

156. To transfer a factor from one term of a firao- 
tion to the other. 

1. To what is the reciprocal of any quantity equal? 

2. To what is any quantity with a negative exponent 
equal? 

1 

3. Change — to an equivalent expression which is not in 

the reciprocal form. 

4. Change ar^ to the reciprocal form. 

167. Principle. — Any quantity may he changed from one 
term of a fraction to the other by changing the sign of its 
eocponent. 

EXAMPIiES. 

1. Change jj-^ to an equivalent expression in the form 
of an entire quantity. 

PROCESS. 



62c2 62c2 

1 



62c2 



= 6-2c-2 



«^a;^ X TTT = a2x2 X b'^c-^ = o^x^i-acr* 

a^x^ 1 1 

Explanation. — Since is equal to o'x^ X ■: — i and ; — = 

62c* ^62c« 6«c« 

2 2 

6-2c-« (Prin.), ^ equals aH^Xb'^c-^, which is o^x^fc-Jc-J. 

Rule. — Change the factors from one term of the fraction 
to die other and change the signs of Hie exponents. 
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Express the following in the form of entire quantities 



2. 




3. 


A. 


4. 


xy\ 


x'y^ 


5. 




R 


xyz^ 



x^y^z 



7. 



a-^x 



ax 



cxz 



Q x^ — 2xy + y^ 
a;2 — y2 

a-\' X 






10. 



11. 



a^ — x^ 

x^ — y^ 
x^y^ 



Change the following to equivalent quantities having posi- 



12. 



13. 



14. 



15. 



tive exponents : 
3ar2 



4ac~2 
3a-i* 

Saxy 
4a-iar2 

(gg— 62)(a — c)"^ 
(a + c) (a2 + 62)-i 



16. 



4(a — aj)-2 



a — X 

5(x -^ 3)-2 



18. 



19. 



(x + S) 
7(a; + y + g)"V 

5(a; — y — 2)~^ 



CASE V. 

158* To reduce dissimilar firactions to similar frac- 
tions. 

1. Into what parts may ^ of a dollar and ^ of a dollar be 
divided so that the parts may be of the same size ? 

2. Into what fractions having the same fractional unit 
may ^ and \ be changed ? 
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3. Into what fractions having the same fractional unit 
may ^, ^, and \ be changed? Express the resulting frac- 
tions in equivalent fractions having their least common 
denominator. 

4. Into what fractions having the same fractional unit 

1 1 

may — and — be changed? 
2a 5a 

5. Into what fractions having the same fractional unit 

may — , — , and — be changed? Express the resulting 
3a 4a 6a 

fractions in equivalent fractions having their least common 

denominator. 

11 1 . 

6. Express -— > — -, and -— - in equivalent fractions 

2a 5a 10a ^ 

having their least common denominator. 



DEFINITIONS. 

159. Similar Fractions are those which have the same 
fractional unit. 

160. Dissimilar Fractions are those which have not the 
same fractional unit. 

Similar fractions have, therefore, a common denominator. 

161« When similar fractions are expressed in their lowest 
terms, they have their Least Common Denominator. 

162. Principles. — 1. A common denomiruxtor of two or more 
fractions is a common mtdtiple of iheir denominators. 

2. The least cmrmum denominator of two or more fractions is 
the least common multiple of (heir denominators. 
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HIXAMPIiES. 

d 2c . 

1. Beduce — and to similar fractions having their 

least common denominator. 

FBOCESS. Explanation. — Since the 

d d ^ ^ad ^ad^ ^^^* common denominator of 

several fractions is the least 



2ac 2acX^cd 6a^cd 
2c 2c X 2c 4c2 



common multiple of their de- 
nominators (Prin. 2), the least 
3 l^d Sa^d X 2c Qa^cd common multiple of the de- 
nominators 2€tc and Sa^d must 
be found, which is 6a^cd. The fractions are then reduced to frac- 
tions having the denominator 6a^cd, according to Case I, by multi- 
plying the numerator and denominator of each fraction by the 
quotient of 6o^cd, divided by the denominator of each of the given 
fractions. 6a^cd-f-2ac=3ad, the multiplier of the terms of the first 
fraction. Ca^cd -h 3a*d = 2c, the multiplier of the terms of the 
second fraction. 

Rule. — Find {he least common multiple of the denominators 
of the fra^ctiom for a least common denominator. 

Divide this denominator by the denominator of eaxih fraction^ 
and mvUiply the terms of the fradixm by ilw quotient. 

1. Any multiple of the least common denominator will be a com- 
mon multiple of the denominators. 

2. All mixed quantities should be changed to the fractional 
form, and all fractions to their lowest terms before finding their 
least common denominator. 

Beduce the following to similar fractions having their least 
common denominator: 



2. — and --- 
4 6 



3. -— and — -• 
8 6 
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4. ?5!y and 2^' 



16 



- 2a; , 4y 

5. — and -^* 
3a 6a 

6. — and — — -• 
3y 6y2 

^ Sac , 2M 

7. and • 

8. and — --— -^* 

5a;2 10a; 

^ 4a + 56 ' 3a + 46 

9. — r-^- — and 



3a2 



4a 



10.?^:=:^ and ^^y. 

5ac lOa^c 



11. 



4a 5c 



2a:y 4x^y SyxH 
d 



12. A ^ 



13. 



14. 



15. 



4a; 4a^ Sx^y^ 



-, 4. 



a^c 3ac2 

a; + 2/ ^ — y g^+y ^ 

4 "27' 2a 

a; + 2 a;— 2 a; +3 
, , . 

X — 1 a; + l 25^ — 1 



16.-^, 



xy 



xy 



2 



17. 



a+b a—b a^—b^ 

x + y x—y x^+y ^ 
X — y x-{-y x^ — y^ 



18. 



19. 



a;2 — 1 a;2 + l 
a;2 + l' a;2 — l' 

1 



and 



and 



a;^ + l 
a;* — l' 

1 



(a — 6) (6 — c) (a — 6) (a — c) 



OLBARING- EQUATIONS OP FRACTIONS. 

163. 1. Ten is one-half of what number? 

2. If one-third of a number is 12, what is the number? 

3. K ^x equals 4, what is the value of a;? 

4. K ^a; = 8, what is the value of a;? 

5. If both members of an equation are multiplied by the 
same quantity, how is the equality of the members affected ? 

__ X 

6. When « = ^> what is the resulting equation when each 
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member is multiplied by 3? How is the equality of the 

members affected? , 
/jj 

7. When —=10, what is the resulting equation when 

5 

each member is multiplied by 5? How is the equality of 
the members affected? 

8. Change into an equation without the fraction — = 5; 

6 

5.-_6. ^ — lo. ^ — 90- - — 10 
^_b, 2 — 1^' 5~ ' 4~ 

9. How may an equation containing fractions be changed 
into an equation without fractions ? 



DEFINITIONS. 

164. Clearing an equation of Fractions is changing 
it into another equation without the fractions. 

165. Principle. — An equation may he cleared of f rotations 
hy mvUiplying both members by some multiple of the denominor 
tors of the fractions. (Art. 59, Ax. 3.) 

X 

1. Find the value of x in the following a;+-g= 12. 

FBOCESS. Explanation. — Since 

^ the equation contains a 

^ ~r "^ ^^ •*-^ fraction, it may be cleared 

of fractions by multiply- 
Clearing of fractions, 5a; + a: == 60 jng both members by the 

Uniting terms, 6a; = 60 denominator of the frac- 

Therefore, a; = 10 tion (Prin.). The denom- 

inator is 5 ; therefore both 
members are multiplied by 5, giving as a resulting equation 5x + 
«=60. Uniting similar terms, 6x = 60; therefore, a; = 10. 
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XXX lOo 

2. Given a? + „ + -^ + -7;=^rFrf ^ fii^d ^^^ value of x, 

o 5 6 10 

PROCESS. 

a; £ £ 153 

^"*" 3"^ 5"^ 6"" 10 

Clearing of fractions, 30x + lOx -[- 6a; + 5a; = 459 
Therefore 51a; = 459 

And, x = d 

Explanation. — Since the equation may be cleared of fractions 
bj mukiplying by some multiple of the denominators (Prin.), this 
equation may be cleared of fractions by multiplying both members 
by 3, 5, 6, and 10 successively, or by their product, or by any 
multiple of 3, 5, 6, and 10. 

Since the multiplier will be the smallest when we multiply by the 
least common multiple of the denominators, for convenience we mul- 
tiply both members by 30, the least common multiple of 3, 5, 6, 
and 10. Uniting terms, and dividing, the result is x = 10. 

Rule. — Multiply both members of tJie equation by the least 
coTrmwn multiple of tJie denominators. 

1. An equation may also be cleared of fractions by multiplying 
each member by all the denominators. 

2. If a fraction has the minus sign before it, the signs of all the 
terms . of the numerator must be changed when the denominator is 
removed. 

3. Multiplying a fraction by its denominator removes the denom- 
inator. 

Find the value of x, and verify the result in the following: 



3. x + - = 24. 

^5 



4.^ + 5? = 21. 
6 



5. 2a; + ^ = 28. 

3 

6. 4a; + - = 42. 

5 



Ir. 
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7. 3a:— ^ = 40. 

7 

8. ic— 1^ = 25. 

6 



9. 



4x 



a: = —24. 



3a: 



10. ^+7a:=:38. 
5 

'''1 + 1 + 1 = ''- 



13. . + 1 + ^ = 29. 
o 4 



14. 22 + - — - = 
3 4 



50. 



15. Sa;-^-^ 
3 6 



= 18. 



16. 4x + - — - = 74. 

^3 9 

17. 3a;— - + — = 70. 

6 12 

18. ?- + ?- + ?- = 26. 



ta n- a; + 9 , 2x Sx—6 , „ ^ /• j 

19. Given — ■ {-—■= h 3, to find x. 

4 7 5 

20. Given ^^^^ + ^~^^ = 0, to find x. 

7 47 

21. Given - + ^^^7^ = 29, to find a;. 

4 6 

22. Given —a; -\ — tx -\ — x = 19, to find x. 

4 10 8 

23. Given i±^+ ?? = 2 + ^^, to find x. 

2 5 3 

24. Given -^ — i ^ , to find x. 

5 7 2 

25. Given 1^+1-12 = §^+l_* to find x. 

10 5 2 

26. Given l-a = a-\ h^i, to find x, 

4 ^ 5 ^5 ^ ^ 

(.„ n- 2a; + 4 qi ^ — 3:a; + 2^, 

27. Given — ^ 3^ = 1 ^, to find x. 
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28. Given — - — = — — , to find x. 

2 8 16 

29. Given ^^^ + ^^-i^ = 5aj — 17^, to find x. 



QA n- 5 — 3a; , 3 — 5a; 3 5a; , ^ , 

30. Given — 1 — = - — --, to find x. 

4 3 2 3 

31. Given 5-±i +1±1 +^ii = 16, to find x. 



«^ ^. 2a;— 1 , 6a; — 4 7a; + 12 ^ ^ , 

32. Given — = — 7- — , to find x. 

5 7 11 

33. Given ?ii^ — ?^=^ = a; — 2, to find a;.* 

OA n- x — S a; — 1 a;— 5 . ^ , 

34. Given — = — - — , to find x. 

4 9 6 

X X X 2 

35. Given — h 3 = , to find x, 

2 4 5 

oa n- a; — l.a;— 3 a; — 2 2^^. 

36. Given — 1 — = ~, to find x, 

QT f^' 1— 2a; 4 — 5a; 13 . ^ , 

37. Given — : — = — t::, to find x. 

3 4 42 

38. Given — = — -- — , to find x. 

2 3 4 12 

39. Given ^^ + 4_§£^ = 5, to find x. 

11 13 

^A m- 3a; — 3 3a; — 3 15 27+4a; , ^ , 

40. Given — — = -— ^ — , to find x. 



*In clearing this and the following equations of fractions, the 
signs should be changed, as indicated in Note 2, under the Bule. 



FRACTIONAL EQUATIONS. 107 

41. A spent \ of his money, and then received 82. He 
then spent ^ of what he had, and had $7 remaining. How 
much had he at first? 

PROCESS. 

Let X = the money he had at first. 

3/ 

Then, — = what he spent at first. 
4 

\-2 = what he had after he received $2. 

4 

H— +2j=— - + 1 = what he spent the second time. 

Therefore, - + — + l + 7 = a; + 2 

4 8 

Clearing of fractions, 2a; + 3a; + 8 + 56 = 8a; + 16 
Transposing, 2a; + 3a; — 8a; = — 48 

— 3a; = —48 
a; = 16 

42. What number is there to which, if \ of it be added, 
the sum will be 15? 

43. Find a number such that the sum of ^ of it and ^ 
of it is 15. 

44. One-third of A's age plus two-fifths of A's age equals 
22 years. How old is he? 

45. Three sons were left a legacy, of which the eldest 
received ^, the second ^, and the third the rest, which was 
$200. How much did each receive? 

46. A's capital was f of B's. If A's had been $500 less, 
it would have been but J of B's. What was the capital 
of each? 

47. A horse and carriage cost $420. If the horse cost 
} as much as the carriage, what was the cost of each? 

48. A had twice as much money as B, C 1^ times as 
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much as A, D ^ as much as A, and they all had 850. 
How much had each? 

49. What number is there, ^ of which is 3 greater than 
iofit? 

50. A clerk spent ^ of his salary for board, ^ of the rest 
for other expenses, and saved annually $280. What was 
his salary? 

51. There is a number such that, if -J- of it is subtracted 
from 50, and the remainder multiplied by 4, the result 
will be 70 less than the number. What is the number? 

52. Divide 100 into two parts such that, if ^ of one part 
be subtracted from \ of the other, the remainder will be 11. 

53. There are two numbers whose difference is 1, such 
that ^ of the first plus -J- of the first is equal to the sum of ^ 
of the second and \ of the second. What are the numbers? 

54. Five years ago A's age Avas 2J times B's. One year 
hence it will be If times B's. How old is each now? 

55. The difference between two numbers is 20, and -f of 
one is equal to ^ of the other. What are the numbers? 

56.: When the sum of the fourth, fifth, and tenth parts 
of a certain number is taken from 33 the remainder is 
nothing. What is the number? 

57. The difference between two numbers is 8, and the 
quotient arising from dividing the greater by the less is 3. 
What are the numbers? 
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166. 1. What is the sum of - and -? Of — and -?^ ? 

9 9 11 11 

Of i?L and -??? 
6 6 
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2. What is the sum of -- and ~? — and ~? — and — ? 

3 6 4 8 3 6 

3. What kind of fractions can be added without changing 
their form? 

4. What must be done to dissimilar fractions before they 
* can be added? How are dissimilar fractions made similar? 

5. What is the sum of — and -^? — and ^ ? 

3a 3a 2xy 2xy 

6. What is the sum of ^^^ and ^=^? Of -^ and. 

3c 3c ^-hy 



3^? Of-^and-^? 



x + y + 62 a + 62 

3 3 5 

7. What is the sum of — , — , and -— ? 

2x 4x ox 

167. Principles. — 1. Only similar fractions can he added. 
2. Dissimilar fractions must be rediuced to similar fractions 
h^ore adding. 

EXAMPLES. 

^ TTTi . .1 « 5a 3a i 26 „ 

1. What IS the sum oi — , — -, and — ? 

PROCESS. 

5a . 3a , 26 30a , 27a , 86 57a4-86 , 21aH-86 

— = = ' : or, a-\ ' — 

6^4 ^9 36 ^ 36 36 36 ' ^ 36 

Explanation. — Since the fractions to be added are dissimilar," 
they must be made similar before adding. 

The least common denominator of the given fractions is 86. 

6o 30a 3a 27a , 26 86 ^ , ,, . . 57o+86 

— = — , — = — , and — =rr» Therefore their sum is — , 

6 36' 4 36' 9 36 36 ' 

which, expressed as a mixed quantity, is a-| — — • 

36 



no 
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2. Find the sum of a-\ — -- and 3a H — • 

7 z 



PROCESS. 

a + 3a = 4a 
2ax I 3a; _ 2aaz . ^xy 2axz-\-^xy 

_ , ^ 2aa» -I- 3ajt/ 

Entire sum =4aH ■ ^ 

Iz 



Rule. — Reditce the given fractions to similar fractions. 

Add their numeraiors, and mrite the sum over the commxm 
denominator. 

When there are entire or mixed gtuintities, add the entire and 
fractional parts separatelyy and then add their results. 



Find the sum of the following: 



3. - and ^. 

y 2 

, 2d J 3a 

4. — and —• 

c cd 



5. — and — • 
22 Zxz 

6. ^ and -^. 
3a 6aa; 

7. X and 2- 



Sat/ 



361/ 
5a2 



8. — and 

3x1/ 3aa;2y 



9. 



a 



a + a; 



and 



a 



10. ^^t^ and ^ 



X 



1 — a; 1 + ic 

11. i+^ and i:=:^^ 

1— a;2 l+a;2 



4^2 1 

12. and 



X' 



13. 



14. 



1— x* 

a; 
a;2— 2/ 

2 



l+a; 



2 



and 



y 



and 



x + y 
a2 4-l 



l + « a + <** 



15. Add 



X' 



X 



a;2 — 1 X 



'9 and 



re 



x + 1 
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16. Add a-\ —-- and 2a — 6+ ^ 



a^—b^ (a — by 

17. Add , > , and 



a— 6 a + b a + b a^—b^ 

18. Add y'-^^-^' and -^. 

x^ — ocy X — y 

19. Add , , and -L. 

2(a;— 1) 2(a; + l) x^ 

20. Add ^+^ and ^ ~ ^ 



l+ic + x^ 1 — a; + a;2 
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168. 1. From — subtract — • From — subtract — • 

9 9 11 11 

From — subtract — . From -— — subtract — • 
6 6 8 8 

2. What is the difference between — and — ? BetAveen 

3 6 

— and -- ? Between — and ~ ? Between — and — ? 
4 8 3 6 5 10 

3. What kind of fractions can be subtracted without 
changing their form? 

4. What must be done to dissimilar fractions before they 
can be subtracted? How are dissimilar fractions made 
similar? 

5 2 

5. What is the difference between — and — ? Between 

3a 3a 

6a J 3a « «. ^ 7 ax , 3aa; 

r— and - — r Between — and 



2xy 2xy 3(a + 6) 3(a+6) 
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6. What is the difTerence between ^ and ^ ? 

3c 3c 

Between and -^ — ? Between and 



ax^ 



? 



3 3 

7. What is the difference between — and — ? Between 

4x 2x 

— and — ? Between — and -^? 
4a; Gx 4a 8a 

169. PRiNcaPLES. — 1. Only simUar fradions can be svlh 

traded. 

2. DisdmUar fractions must be reduced to similar frcuHons 
before svbtracting. 

EXAMPLES. 

1. Subtract -— from 



76 11a 

PROCESS. 

66 2a 4262 22a2 4262 — 22a2 



11a 76 77a6 77a6 77a6 



Explanation. — Since the fractions are not similar, before sub- 
tracting they must be changed to similar fractions. The least 

common denominator of the fractions is 77a6. Therefore, =i 

11a 

426* 2a 22a* • 

— — , and — - = ■ Subtracting the numerator of the subtrahend 

77ao 76 77a6 

4252 22o* 

from the numerator of the minuend, the remainder is - 



77a6 



2. From 6a + ^^^^=^ take 2a + ^-^^ 



a X 
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PROCESS. 

6a — 2a = 4a 
3x—2a 4a — 3a; Sx^ — 2ax 4a^ —Sax 



a X 

3a;^ + qg; — 4a^ 
ax 



ax ax 



1 + 



Entire remainder = 4a + 1 + 



ax 

Sx^ — 4a^ 
ax 



Explanation. — Since the quantities are mixed quantities, the 
entire quantities and the fractions may be subtracted separately, 
and the results united. 

Rule. — Reduce the given fra^stions to similar fractions. Sub- 
tract the numerator of the svbtrahend from the numerator of (he 
minuend, and place the result over the common denominator. 

When {here are entire or mixed quantities, subtract the entire 
and fraMonal parts separately, and unite the results. 



Subtract: 

o 3a ^ 5a 

3. — from — • 

5 6 

^ 2x ^ Sx 

4. — from — • 

7 5 

- 4a «^ 3a 

5- ri ^"^ 46' 

^ 2a; ^ 5a; 
6. — from — • 

4a 9a 

^ 2d Id 

i. — from - — • 
ax 2ax 

ft 3c . Se 
o. -— - from — -• 

2aa ad 

10 



Subtract : 
2a6 



9. 



10. 



11. 



12. 



13. 



14. 



Sxy 
Smn 



from 



42/2 

a + b 
3 

3 
a + 6 

4 

a;— 1 

a;+l 
a;— 1 



from 



5ad! 

' m 

2xy 
2mn 



from 



from 



from 



from 



4y 

a — b 
2 

2 

a — b 

5 

a; + l 

x—1 

x+1 
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15. From r subtract 



x—S x+S 

16. From ^+^ subtract (?^. 

a —0 a-\-b 

17. From 6a; -| subtract 3a; -^ • 

5a 6a 

18. From 7a; H subtract 3a; • 

y ' y 

Simplify the following expressions: 

^^ 2a; + 5y ^ — 3y^ _ dxy — 2y^ 
x^y xy^ x^y^ 

^^ Sab — 4 6a2 — 1 562+7 
X x^ . X 



21. -^ h 



X 1 — a;2 1 + a;2 
22. -J- + ^ ^«' 



X — a (x — a)2 (x — a)* 
23. i- ^ 2X-7 



24. 



a; 2a; — 1 4x^ — 1 

x^ + y^ ^^ y^ 



xy xy + y^ x^ + xy 
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CASE I. 

170. When the multiplier is an entire quantity. 

3 2a 

1. How many fifths are 6 times — ? 5 times — ? 

5 5 
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2. How many times — is 5 times — ? 7 times — ? 

c c c 

3a times — ? 3d times — ? 
c c 

3. How may a fraction be multiplied by an entire quan- 
tity? 

4. What effect upon a fraction has multiplying its nu- 
merator ? 

5. Express 2 times — in its lowest terms. How muy 

o 

the result be obtained from the terms of — ? 

8 

6. In what other way, besides by multiplying the nu- 
merator, may a fraction be multiplied? 

7. How much is 3 times -— ? 4 times — ? 6 times — ? 

6 8a 12 

8. How much is 5 times — ? 6 times — ? 9 times —-? 

7 5a 86 

Principle.— JfttttipZyiw^ ike numerator, or dividing the cfo- 
nominator of a fraction by any quantity, midtiplies the fraction 
hy that quantity. 

EXAMPIiES. 

n 
1. Multiply -J by m. 
d 

ExpuLNATiON. — Since a fraction is 

PROCESS. multiplied by multiplying its numerator 

^ s/ ^ ?^ (Prin.), — is multiplied by m by multiply- 

a a mn 

ing the n by m. Hence, the product is --- 

a 
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2. Multiply -^ by x^. 



x^y 



2a 



X x^ = 



PROCESS. 

2a 



x^y -!- X' 



2a 

y 



Explanation. — Since a fraction maj also be multiplied by di- 

2a 
viding its denominator (Prin.), — may be multiplied by x* by 

dividing the denominator by x^, since it is a factor of the denominator. 

Hence, the result is — ■ 

y 

Rule. — Multiply the numerator y or divide the derwminator hy 
{/le muMiplier. 

It is often best to indicate the multiplication, and then cancel 
equal factors from both numerator and denominator. 



Multiply : 

3. — by z. 

z 

4. — by X. 
yz 

5. — by a. 

a ^ 

6. — r by c6. 

cd ^ 

7. — — by n^a. 

ab 

8. —^ by a^hc. 

a^b ^ 

9. ?^ by cH\ 



Multiply: 
10. 



n. 



12. 



x+y 

4by 



by2aa;. 



3(a + x) 

da^x^ 
2(c + d)^ 



by 2aiy. 



by (c + d). 



13. i?Li±by(a: + y). 



14. 



15. 



B(x + y) 

2az 
4(m — n^). 

4c^d^ 



by (m — n^). 



3(a+6) 



by 9(a+by. 






MULTIPLICATION OF FRACTIONS. 117 



17. Multiply -^^ by 3(y + z). 

■ % + «) 

18. Multiply ^^''l + y by (x + y). 



OASE n. 

171. When the multiplier is a fraetioii. 

4 

1. How much is one-half of — of a dollar? One-half 

5 

of — of a? One-half of — of 6? One-half of — ? 

5 7 7 

2. How much is - of -? - of -? i of — ? 

3 7 4 9 5 11 

3. What may be done to the numerator of a fraction to 

1 11 
obtain — of the fraction? To obtain — of it? — of it? 

2 3 4 
To find any part of it? 

4. If — is divided into two equal parts, what will be 

1111 

the value of each part? How much is — of — ? — of — ? 

2 2 2 4 

1 ofl? iofi? lof2? lof^? iof2?? iof^? 

2 3343 55 43 74 7y 

5. In what other way, besides by dividing the numerator, 
may — of a firaction be found, or the fraction be divided 

by 2? How may - of it be found? \ of it? - of it? 
^ ^ Z 4 5 

Any part of it? 
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Principle. — Dividing the numerator, or mvUiplying (he de- 
nmdnalor of a frcu^ion by any quantity , divides the fradAon 
by Oiat quantity. 



EXAMPIiES. 



1. What is the product of — multiplied by —? 

6 d 



PBOCESS. 

o c ac 

b d '^ bd 



Explanation. — ^To multiply — by — 

6 d 

is to find c times — part of -— — part 

d a 

ot -■ = '—- (Prin.), and c times -— = — 
bd bd bd 



Rule. — Multiply the numerators together for the numeraJbor 
of the 'producty and the denoTtiinators together for its denominator. 

1. Beduce all entire and mixed quantities to the fractional form 
before multiplying. 

2. Entire quantities may be expressed in the form of a fraction 

by writing 1 as a denominator. Thus, a may be written — 

3. When possible, ooMcd equal factors from numerator and de- 
nominator. 



Multiply: 
2. 



3. 



4. 



5. 



a , n 
^by — 
6 m 

Sac , 4x 

by 



4b 



2ay 



5x^y^ , Sax^ 
2ay 



a^x^ 



2 



a^x 



by — 

2a^y^ xi^ 



Multiply: 

' ^ 2x 



7. 



a- 



by 



ax 



10 " S(x + y) 



o 2a + Sb , 2x 



9. 



"''"''Iby^^ 



xy 



x-^-a 
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Multiply : 



10. ^_by * 



x—y x + y 



11. 



.2 



x^ — xy 

a + c 



by 



«■ - ■ ■ — • 

x—y 



x^ — 1/2 



12. £+£by , 



13. 



y 



X* — y* 
a^x^ 



by 



oo; 



8 



x^+y 



2 



Multiply : 
14. *' 



by 



^ — y ^ -\-y 



2 



15. 



16. 



17. 



3a2 , 15aj— 45 
by- 



5aj— 15 



2a 



4ax ^ 12 + 18a; 
by 



2 + Sx 



8x2 



Sa^oj^ 3an/ 



4icy 4a^(x-\-y) 



Simplify the following: 

^ « (a — x^^ Sax 

18. ^ .^ X X 



2c 



a — a; a(a — x) 



19. _^±i!_y_^Zli!L w a^— y 

(p^—yy Q^+yy x+y 

^U. — — X ■ • 

a;2 — 3a; 4a;2 + 16a; 

„. a;2 — lla; + 30 ^^ a;2— 3x 

21. X • 

a;2 — 6a; + 9 a;2 — 5a; 

22. ^^+^-2 .^ a;2-13a; + 42 



a;2 — 7a; 



a;2+2a; 



23^ a;2+3a; + 2 ^ a;2-7a; + 12 



a;2— 5a; + 6 



a;2 +a; 



'■( 



24. lx + 



gy 

x—y 



)x(-7f-i 



^•^■+i)x(-iy 
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26. (-J ^)x(^-^V 

\x-\-a X — af \a x] 



27. -4=^ X ^-^ 



2g^ x(a—x) a(a + x) 



29. 



a^ + 2ax + x^ a^ — 2ax+x^ 

a^ -\-ab 
a^+b 



2 



\a — d + oj 



3«- -^ X -XT X -^'' 

a — a-\-o a^ 

^^ a — aH^ b — by^ 

b-\-by (ix-\-ax^ 
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CASE I. 

173. When the divisor is an entire quantity. 

3 

1. K — is divided into 3 equal parts, what is the value 

4 

q q^ 

of each part? What is the value of --h 3? Of — -^3? 
^ 4 5 

Of— ^5? Of— -i-4? 
7 9 

2. What is the value of 4§^-j-5a? Of -^-^ Say? 
20ab 



^lOoi? Of -^^ -4- Ta^a^? 



13a^ 17c 
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3. How may a fraction be divided by an entire quantity 
when the divisor is a factor of the numerator? 

4. If — is divided into 2 equal parts, what is the value 

St 

of each part? What is the value of - -=- 2? Of - -j- 2? 
^^ 2 4. 

Of --4- 2? Of — -=-2? Of — -T-2? 
5 3 4 

5. What is the value of - -^ 4? Of — -^ 5? Of 

^^4? Of^^5a? Of-^^2a6? 
Gaj^ 5ac lab 

6. How may a fraction be divided by an entire quantity 
when the divisor is mi a factor of the numerator? 

7. What is the value of -?^ -r- 3x? Of ~ -^ 2a? 

4ac oxij 

Of -^ -- 2a? Of ^ -f- 2a;? 
Aah Sbc 



BXAMPI.ES. 

1. Divide ^ by a. 

c 

PBOCESS. Explanation. — Since divid- 

ab ^ ab -7-d b ing the numerator of a frac- 

C c c tion divides the fraction (Art.), 

^^ the fraction — may be divided 



a6 ab b 



by a by dividing the numerator 
by a. Or, 



c c X <» c 

Since multiplying the denominator divides the fraction (Art.), 
tlie fraction may be divided by multiplying the denominator by a, 

Tlie result by both processes is the same, ~ 
U ^ 
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BuLE. — Divide the numerator or mvUiply the denominator by 
the entire qumdity. 

It is often best to indicate the division and cancel common 
factors. 



Divide : 

24a26 



2. 



3. 



11 
4ab 



by 3a2. 



by Ixy. 



4. ^ b, 6.>,. 

_ 2bxijz , _ 



Divide : 

20a262 



6. 



7. 



8. 



VJxy 
24x^y^ 

25a2fec 



Ibc^dx 

V 



by Sa^rc. 



by 12fl:;2^. 



by babe. 



9. ^'y + ^ by gy. 



10. Divide y^'^'"^ by llx^y^g^. 



11. Divide 



a2 — c2 



l + OJ 



by a-{- c. 



12. Divide L I by a + 2. 

d-\- c 

13. Divide ^(^±2^! by a; + y. 

x—y 

14. Divide by a — c. 

a + c ^ 

15. Divide ' by x^ -\-y^, 

^ — y^ 

16. Divide ^^f±i^ by a + 6. 

c2 -\-d^ 

17. Divide ^J^y±^ by 5(a; + 2). 
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CASE n. 
173. When the divisor is a Araotion. 

1. How many times is - contained in 1? -? -? -? 

-^8 8 8 8 

2. How many times is - contained ino? — ? — ? — ? 

•^8 8 8 8 

3. What is the value of 1~-? 1--^? 1-=--? 1h-?? 

8 9 8 9 

4. How many times is ~ contained in — ? ^ in — ? 

^ 4 4 4 4 

a . 2a^ a . 2a^ 2a . 4a-, 3a . 6a^ 

- m — -r -m — r -— m — r — m — r 
33557 78 8 

5. How many times is -- contained in -? - in -? 

^ 4 2 8 2 

a . a,, a , a^ a , a^ 

— m -? - m -? - m -r 
16 2 6 3 9 3 



1. What is the value of - -r- - ? 

c a 

Explanation. — — is contained in 1, 
a^6__a d_ad 6 . . . 1 

~ •» — r h hr ^ times; and •— is contained in 1, -- 

part of d times, or •-- times. 

OB, f) 

ad ^ be ad And, since — is contained in 1, •- 

cd cd be ^. .^ Ml i_ i. • J • <* ^ 

times, it will be contained m — > — 

c c 

times — » or — — times. Or, — is equal to — -» and — is eqnal 
be c cd d 

be be , A • 3 • oc? ad ., 

^ ~~r> ~T" '8 contained in -— » -r— times. 
ed cd od be 
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EuLE. — Multiply the dividend by the divisor inverted. 

1. Change entire and mixed quantities to the fractional form. 

2. When possible, use cancellation. 



Divide: 



o ^ 1 a; 

2. - by -. 

b y 

3. ^ by ^. 

by ^ 3y 

4. ?^ by ^^ 



4a2c 



3ac 



_ 4a^x , 2a2aj2 

5. by 

8a2y 

2x2/2 



6. 



edy'^ 
Sad 



by 



Ba^d 



7. ' 



dx'^y^z , " lOa^^z 



3.^2 



Ga^ft^c 



by 



8a6«c2 



Divide: 



8. 



8fcd ■'' 166c<i ' 



9. ?S^ by §??!?. 
cmn dmn 

11. J^ by -^^ 



a — a; 



a2— a;2 



12. ?^+^ by ^ 



flS — 3.8 



13. 



m- 



ri' 



by 



a — X 



12 



t^ T^- -J d'^-{-2cd-{-c^ . d4-c 
14. Divide ' — TT — ■ — by 



12 
15. Divide -z rr by 



8 
4a2 



a3_j8 024-06 + 62 

4 8 

16. Divide by 

x^ + y^ x + y 

17. Divide ^—^ by "" ^ 



2a6 



4a262 



18. Divide a + — by — 

d y 

19. Divide ?i^ by xy. 

2y 
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1 



20. Divide = by 

a;2 — 17a;+30 ^ x— 15 

21. Divide by ^ 



x^ — bx — ^ ' x^-\-x 
22. Divide -^ by ^""^ 



x^—lx ' a;2 — 13aj + 42 

23. Divide -^^ by ^ 

x'^ — hx ^ ic2_iia._^3o 

24. Divide Gx^ _ 1 by 2a; + -• 

4 4 

25. Divide a^ -| — by a-\ 

26. Divide a;^ + ??- by y + -• 

» y 

27. Divide -^— by ^B±l)l. 

a2 — aj2 (a — x)^ 

6«4-l 1 

28. Divide ?-J=^ by (6 + i— 1). 



29. Divide 


a« — 6* 


b7 


a + 6 


30. Divide 




by 


a^y — ttx^y 


31. Divide 


a;* — y* 
a-\-xy 


by 


a6c(a;2 — y) 
aH^ — x^y^ 



174. Expressions which have a fraction in either the 
numerator or denominator, or in both, are called Com- 
plex Fractional Forms. They are simply expressions of 
division. 
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32. Find the value of the expression — • 

c 



a 
b_ 
c 
d 



FBOCESS. 



a ^ c a d^ ad 

b ' d b c be 



ExpiiANATioN. — Fractional 
forms are simply expressions 
of division ; and, therefore, the 
given fractional form is the 
same as though it were writ- 



ten — -f- — . Performing the division according to the principles 
6 d 

already given the quotient is, — • 

DC 



;tind the value of the following: 

4x — 4y 

36. 



33. 



34. 



x + - 
c 



3! + 






35. 3a^-3y^ 



5ab 



37. 



38. 



5x — 3y 
dxy 

4ax 



X 



2_y2 



8ax2 



4^2 __4^ 

< 
a-{-x 



a — X 



, 2d 
39. ^^ 



40. 



^+1 



Sd 



X 



2 



2ac 

y' 



g— 3y 



Sx 
xy 

41. ^. 

?^ + 2c 

x 
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175. Eeduce to their lowest terms: 



1. 



2. 



x^- 


-6a;2-|-lla; — 6 


x^ 


2a;2 x + 2 


m' 


H-m2 + m — 3 



wi8 + 3m2 4-5w+3 



3. 



4. 



x^ — x^ — 4x^ — x + l, 
4x8 — 3a;2— 8a; — 1 

gg- 7a2 + 16a — 12 
3a8 — 14a2 + 16a 
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Find the value of the following : 



X X . x^ 



x-\-l 1 — X x^ — 1 

^ S + 2x 2 — 3a; , 16a; — ic^ 
b. — 1- 



2 — a; 2 + a; x^ — 4 



7. z T^ T + T r; r + 



(a? — y)(y — 2) (y — x^Qc — z) 0^ — ^)0^— y) 



8. 7~ z + rr, rr. ^ + 



a(a — 6)(a — c) 6(6 — a)(6 — c) e(c — a){c — 6) 



9.(i+£±i!)x(l-^n- 

\ aj— y/ \ ^+yr 

12. (^-^U^- 
\a — 1 a + 1 / a — 1 

-(£T)x('+:-Ti)-{K-T-;)- 



a — X ^ . a^ — x^ 



1 + ^V^ 1 + 



a + x a^+x^ 

14. ■ 1 



^ a — X . a^ — a;2 

1 : — 1 — 



a-\-x a^-\-x^ 



SIMPLE EQUATIONS. 

176. Review. — 1. Definition of an Equation. 

2. Definition of Members of an Equation. 

3. Definition of First Member; Second Member. 

4. Definition of Clearing of Fractions. 

5. Definition of Transposing. 

6. Definition of an Axiom. 

7. Definition of a Statement of a Problem. 

8. Definition of a Solution of a Problem. 

DEFINITIONS. 

177. The Degree of an equation is determined from the 
highest number of factors of unknown quantities contained 
in any term. 

Thus, x-\-b = Cf 3ax + y = n, 46'a; + 3a'a; = a, are equations of 
the first degree. 

x^-{-a = Cj 6x*+3y = d, x-\-xy = 7f oxy+3y'=n, are equations 
of the second degree. 

x^=ay x^y=^a, xy^=ay x + a;*+x'=-a, are ecfuations of the 
third degree. 

178. An equation of the fird degree is called a Simple 
Equation. 

179. An equation of the second degree is called a Quad- 
ratic Equation. 

180. An equation of the third degree is called a Cubic 
Equation. 

(128) 
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181. An equation in which all the known quantities are 
expressed by figures, is called a Numerieal Equation. 

182. An equation in which some or all of the known 
quantities are expressed by letters, is called a Literal 
Equation. 

EXAMPLES. 

Find the value of x in the following: 

1. 4x—^^^=Sx + S. 
2 

3a; + 4 x , re— 12 
'• " 3- = 9 +-T- 



« x-]-2 X 

4. x — S—^^ = ^' 

8 3 

5. lL^=2i-^. 



ft * y ^—^ q 

9x._M:3_2^_2i 
7 5 

o dx — b , X -^ac 
o. '\-a= • 



^ 3a — bx 1 

9. aa; — = -• 

2 4 



10. i_6 = ^_a;. 
a a 
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11. r 12 = X. 



12. ^ ^=6. 



13. 



a — 1 o+ 1 

a;g + 2aa; + ag _4q& 
x+a "~166 



14. 2-2x = ^+i-i±«. 



.^ 4a; , 36 a , 126 
15. k -— = — ■ 

5 2 6 2 



16. ?_«=? 1 



a c c — a 



17. 2£zz8 + £ = 30-^+^. 

4 ^3 2 

18. 10— ^i^=2x— 3^- 



19 



. 4+10x + 5 — 6xl- — ^\=27. 



20. :r-^ + ^-::ii=7 + ^-^ 



6 



_- a; x' — 5a; 2 



22. 



3 3a;— 7 3 
3 x+1 x^ 



X-{-l X — 1 1 — x 



2 



2a;* -l-2a;8 — 9a;2 4- 12 ^ 

23. ^ ^ ^ =2a;g — 4a;— 3' 

a;2 + 3a;— 4 

^^ 2 , 3a;— 3 3a; — 4 ^ 27 + 4a; 

24. — = o ■ • 

3^ 4 3 9 



25. 
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9a; + 20 x _ Ax—l2 
36 4 ~" 5a; — 4 ' 

4a; — 9 



2a; + 8 x « ^- o 
^^•~r-+2-^= ^^ 8|. 

27.^+^ = -^+ ^ 



a; — c X — a x 



28 6a; + 13 9a;+15 ^^ 2a; + 15 
15 5a;— 25 5 

j^Q « — o a; + a 2aa; 



o— 6 a + 6 a2 — 62 

30.a; + 3 + ?^5i^=fctl3)_l. 

^7 2 2 

PROCESS. 

o^ *! ON o/ . o\ 1 Explanation. — ^When 

, o I 3(a; + 3) 3(a; + 3) 1 , . . 

re -f- o -| ^= = — ^^ the same expression is 

> found in several terms, 

I 2^ 2??. i t^6 process may be short- 

7 2 2 ened by substitution. Thus, 

14y _|_ 6y = 21t/ 7 y ^^ substituted for a; + 3. 

__. IT The value of - y is found 

to be 7. Therefore, x + S 



X + S = 7 

a; = 4 



= 7, and x = 4. 



31. a, + 6-§^±^ = |(x + 6)-6. 

2 4 
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3^_ 2(^-3) _^2(x-3) = 5-^ 



Q_ 21 — 3.T 2(2x4- 3) _ 5a;+l 

OO. — ■- — D - • 

3 9 4 

Oft A 3g-5 J, 2g-4 
36. x-4 ^ = 8 —■ 



a? — 7 a; — 12 x—1 

38. 2^^_£ZI8_£IZ5 = ,_14. 



^^2x — 5 X — 3 ^ X — 1 

39. ^ — -=^x—2-^- — ^' 

3 4 2 



40. ?.-25i:ii=4j-^. 

6 3 2 

., 3a; 3x — 11 ^ 20a; + 13 

41. =^bx • 

4 2 4 

42.l5+^-8 = ?I^=^ + 4. 
3a; — 1 3a; — 1 ^ 

.„ 3a;— 3 3a; — 4 16 27 + 4a; 
4 3 3 9 

^ 6^+18_ll-3._^^_^3^_13-. 21-2a; 



45. 



46. 



13 36 ^ 12 18 

4a; + 3 _ 8u; + 19 7a; — 29 
9 ~" 18 5x— 12* 

ab-\-x h^ — X X — 6 ah — x 

r 



47. (o + x)(6H-a:) — o(6 + c)=Y^ + a;2. 





48. 
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Sax — 26 ax — a ax 2 

36 26~~"T'~"3' 



49. -^ ^±^= ' + ^ 



_^ ic — oft 662 a; — 62 7^2 iiafe a? — a2 
3 6^4 12 ^6 2 



PROBLEMS. 

183. Directions for Solving. — Represent one of the un- 
known quantities by x, and from the conditions of the problem 
find an expression for each of the other quantities given. 

Find from th^ problem two expressions that are equal, and 
express them as an equation'. 

Solve the equation. 

51. When the half of a certain number is added to the 
number, the sum is as much more than 60 as the number is 
less than 65. What is the number? 

52. The difference between two numbers is 8, and the 
quotient arising from dividing the greater by the less is 3. 
What are the numbers? 

53. A man left one-half of his property to his wife, one- 
sixth to his children, a twelfth to his brother, and the 
rest, which was $600, to charitable purposes. How much 
property had he? 

54. Find two numbers whose sum is 70, such that the 
first, divided by the second, gives a quotient of 2 and 
a remainder of 1. 

55. Out of a cask of wine, one-fifth part had leaked away. 
Afterward, 10 gallons were drawn out, when the cask was 
found to be two-thirds ftill. How much did it hold? 
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56. A can do a piece of work in 5 days, and B can do 
the same work in 6 days. How long will it take both 
working together to do it? 

SOLUTION. 

Let X represent the number of days it will take both to 

do it. 

— = the part both can do in a day. 

X 

— = the part of the work which A can do in a day. 

— = the part of the work which B can do in a day. 
6 

Therefore, —-{- — = — ^. 

box 

ex + bx = SO 

llx = 30 

x = 2^ 

57. A can do a piece of work in 9 days, and B can do 
the same in 10 days. How long will it take both to do it? 

58. A can do a piece of work in 5 days, B in 7 days, and 
C in 9 days. In how many days can they all together do it? 

59. Two pipes empty into a cistern. One can fill it in 8 
hours, and the other in 9 hours. How soon will it be filled, 
if both empty into it at the same time ? 

60. A cistern can be filled by a pipe in 3 hours, and 
emptied by another pipe in 4 hours. How much time will 
be required to fill the cistern if both are running? 

61. A fish was caught whose tail weighed 9 pounds. His 
head weighed as much as his tail and half his body, and 
his body weighed as much as his head and tail. How much 
did the fish weigh? 
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62. Of a detachment of soldiers, | are on duty, \ of them 
sick, -J- of the remainder absent on leave, and the rest, 380, 
have deserted. How many were there in the detachment? 

63. A person spends one-fourth of his annual income for 
his board, one-third for clothes, one-twelfth for other ex- 
penses, and saves $500. What is his income? 

Fractions may be avoided in this and similar examples, by letting 
some number of times x, which is a multiple of the denominators, 
represent the number sought. Thus, in the above example, let 122; 
represent the annual income. 

SOLUTION. 

Let 12aj = his annual income. 

3a; = what he paid for board. 
4a? = what he paid for clothes. 
X = what he paid for his other expenses. 
3a; + 4a; + a; + 500 = 12aj 

4a; = 500 
a; = 125 
12a; = 1500, his income 

64. A farm of 392 acres was divided among four heirs, 
so that A had four-fifths as much as B, C as much as A 
and B, and D one-half as much as A and C. What was 
the share of each? 

65. A farmer wishes to mix 300 bushels of provender, 
containing rye, com, and oats, so that the mixture may 
contain f as much oats as com, and ^ as much rye as 
oats. How many bushels of each should he use ? 

66. Into what two parts can the number 204 be divided, 
such that f of the greater being taken from the less, the 
remainder will be equal to f of the less subtracted from 
the greater? 



136 ELEMENTS OF ALQEBRA. 

67. A man spent $14 more than f of his money, and 
had $6 more than \ of it left. How much had he at first? 

68. A merchant lost \ of his capital during the first 
year. The second year he gained f as much as he had 
left at the end of the first. The third year he gained ^ 
of what he had at the close of the second, making his cap- 
ital $7000. What was his original capital? 

69. An ofiicer wished to arrange his men in a solid 
square. He found by his first arrangement that he had 
39 men over. He then increased the number on a side 
by 1 man, and found he needed 50 men to complete the 
square. How many men had he? 

SOLUTION. 

Let X = the number of men in each side in tlie first 
arrangement. 
Then x^ = the number of men in the first square. 
x-{-l = the number of men in each side in the second 
arrangement. 

(x-\-l)^ = the number of men in the second square. 
rc2 -|- 39 = the entire number of men. 
(aj + 1) ^ — ^^ = t^^ entire number of men. 
Therefore, (x + iy —dO = x^ +B9 
aj2+2x+l — 50 = a;2 4-39 

2a; = 88 
a; = 44 
aj2 + 39 = 1975 

70. A regiment of troops was drawn up in a solid square 
with a certain number on a side, when it was found that 
there were 295 men left. Upon arranging them so that each 
rank contained 5 men more, it was found that there were 
none left. How many men were there in the regiment? 
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71. A colonel, upon attempting to draw up his troops in 
the form of a solid square, found that he had 31 men 
over. If he had increased the side of the square by 1 man 
there would have been a deficiency of 24 men. How many 
men were there in the regiment? 

72. A person in purchasing sugar found that if he bought 
sugar at 11 cents he would lack 30 cents of having money 
enough to pay for it; so he bought sugar at 10^ cents, and 
had 15 cents left. How many pounds did he buy? 

73. Into what two parts may the number 56 be divided, 
so that one may be to the other as 3 to 41 

SOLUTION. 

Since one number is to the other as 3 to 4, one is f of 
the other. Therefore, to avoid fractions 

Let 4x = one part. 
Then 3a; = the other part. 
4a; + 3a; = 56 
Ix = 56 

X = % 
4x = 32, one part 
Zx = 24, the other part 

74. Find two numbers which are to each other as 5 to 7, 
and whose sum is 72. 

75. A*s age is to B's as 3 to 8, and the sum of their 
ages is 44 years. How old is each? 

76. An estate of $15000 was divided between two sons, 
so that the elder's share was to the younger's as 8 to 7. 
What was the share of each? 

77. A sum of money was divided between A and B, so 
that the share of A was to that of B as 5 to 3. The share 
of A also exceeded f of the whole sum by $50. What was 
the share of each ? 
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78. A and B began to play together with equal sums of 
money. A won $20, but afterward lost half of all he then 
had, when he found that he had just half as much as B. 
How much had each at first ? 

79. A lady distributed $252 among some poor people, 
giving to the men $12 each, the women $6 each, and the 
children $3 each. The number of women was 2 less than 
twice the number of men, and the number of children was 
4 less than 3 times the number of women. To how many 
persons did she give the money ? 

80. A person bought a number of apples at the rate of 5 
for 2 cents. He sold half of them at 2 for a cent, and the 
remainder at 3 for a cent, gaining 1 cent. How many did 
he buy? 

81. A merchant engaged in business with a certain capital. 
His gain the first year lacked $1000 of being as much as 
his original capital. His gain the second year lacked $1000 
of being as much as he had at the end of the first year, and 
the third year his gain lacked $1000 of being as much as he 
had at the end of the second year. He found that at the 
end of the third year his capital was 3 times his original 
capital. What was his original capital? 

82. A and B began business with equal capital. The first 
year A gained a sum equal to \ of his capital, and B lost \ 
of his. The second year A lost $72 and B gained $36, 
when it was found that B's capital was f of A's. What 
was the original capital of each? 

83. A cistern, which held 648 gallons of water, was filled 
in 18 minutes by two pipes, one of which conveyed 6 gallons 
more per minute than the other. How much did each 
convey per minute? 

84. A farmer has 90 sheep in four fields. If the number 
in the first be increased by 2, the number in the second 
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diminished by 2, the number in the third multiplied by 2, 
and the number in the fourth divided by two, the results 
will be equal. How many are there in each flock? 

85. A gentleman who had $10000, used a portion of it in 
building a house, and put the rest out at interest for one 
year: ^ of it at 6% and f of it at 5%. The income from 
both investments was $320. What was the cost of the house? 

86. Paving a square court with stone at 40 cents a square 
yard will cost as much as inclosing it with a fence at a dollar 
per yard. What is the length of a side of the court? 

87. Two soldiers start together for a fort. One, who 
travels 12 miles per day, after traveling 9 days, turns back 
as far as the other had traveled during those 9 days. He 
then turns and pursues his way toward the fort, where both 
arrive together 18 days from the time they set out. At 
what rate did the other travel? 

88. A boy bought a certain number of apples at the rate 
of 4 for 5 cents, and sold them at the rate of 3 for 4 cents. 
He gained 60 cents. How many did he buy ? 

89. A gentleman left $316 to be divided among four 
servants, as follows: B was to receive as much as A and ^ 
as much more; C was to receive as much as A and B and 
J as much more; D was to receive as much as the other 
three and \ as much more. What was the share of each ? 

90. Two numbers are to each other as 2 to 3; but if 
50 be subtracted fromp each, one will be ^ the other. 
What are the numbers? 

91. A woman sold eggs and apples. The eggs were 
worth 5 cents a dozen more than the apples; and 8 dozen 
eggs were worth as much as 13-f- dozen apples. What 
was the price of each per dozen? 

92. Three men. A, B, and C, build 318 rods of wall. 
A builds 7 rods per day, B 6 rods, and C 6 rods. B 
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works twice as many days as A, and C works ^ as many 
days as both A and B. How many days does each work? 

93. A gentleman has two horses, and a carriage worth 
$150. The value of the poorer horse and carriage is twice 
the value of the better horse; and the value of the better 
horse and carriage is three times the value of the poorer 
horse. What is the value of each horse? 

94. A man bought two pieces of cloth, one of which 
lacked 12 yards of being 4 times as long as the other. The 
longer cost $5 per yard, and the shorter $4 per yard. 
Twenty-three yards being cut off from the longer, and 5 
from the shorter, and each remainder being sold for a dollar 
a yard more than it cost, he received $142. How many 
yards of each were there? 

95. When, after 2 o'clock will the hour and minute 
hands of a clock be together? 

SOLUTION. 

Let X = the number of minute-spaces that the minute 
hand travels before they come together. 

Then,—- = the number of minute-spaces that the hour 

hand travels. 

Then, since they were 10 minute-spaces apart at two 
o'clock, 

12 

11a; = 120 
X =: 10^, the number of minutes after 2 

96. When, after 5 o'clock, will the hour and minute 
hands of a clock be together? 
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97. When, after 8 o'clock, will the hour and mmute 
hands of a clock be together ? 

98. When, after 4 o'clock, will the hour and minute 
hands of a clock make a straight line? 

99. When, after 5 o'clock, will the hour and minute 
hands of a clock make a straight line ? 

100. When, first, after 6 o'clock, will the hour and 
minute hands of a clock be 15 minute-spaces apart ? 

101. When, after half-past 8 o'clock, will the hour and 
minute hands of a clock be 15 minute-spaces apart? 

102. After paying out — and — of my money, I had h 

m n 

dollars left How much had I at first? 

SOLUTION. 

Let X = the amount I had at first. 

Then,^ + ^= the amount I spent, 
m n 

Therefore, ^-]-±J^h = x 
m n 

mx -\-nx-\- mnb = mnx 

mnx — mx — rw; = mnb 
(mn — m — n)x = mnb 

mnb 



x = 



mn — m — n 



184. A problem in which literal notation is used, is called 
a General Problem. 

Such problems give an infinite number of numerical re- 
sults, by assigning different numerical values to the literal 
quantities. 

Thus, in problem 102, given above, when wi = 4, n = 5, and b = 66, 
the value of x is 120; when m = 5, n = 8, and 6 = 54, the value 
of 2 is 80. 
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103. A horse and saddle are worth m dollars, and the 
horse is worth n times as much as the saddle. What is 
the value of each when m = 200 and n = 9 ? 

104. A gentleman gave two servants h dollars, giving A 
a times as much as B. How much did he give each? 
How much did he give each if 6 = 75 and a = 4? 

105. Divide the number h into two such parts that one 
shall be a times the other. What will be the result when 
6 = 24 and a = 7? 

106. If A can do a piece of work in n days and B in 
m days, in what time can both do it working together? 
What will be the result when n is 5 and m is 7? What 
when n is 10 and m 8? 

107. A pleasure party of a persons hired a coacb. If 
there had been h persons more, it would have cost each d 
dollars less than it did. How much did each one pay? 
What is the result when a is 8, 5 4, and d $1? 

108. A certain number divided by h gives a result such 
that the sum of the dividend, divisor, and quotient is c. 
What is the number? What is the number when 6 is 16 
and c is 84? 
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TWO UNKNOWN QUANTITIES. 

185, 1. When a; = 2 and y = 3, what is the value of 
a;+y? What of 2x + yt 

2. When a? =4 and y = 3, what is the value of oj + y? 
Of x—yt 

3. When a; = 6 and y==2, what is the value of 2a? + y? 
Of X + 2y? 
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4. When a; = 10 and y = 3, what is the value of 2x-{-yJ 
Of x + By2 

5. Write down the results in each of the above in the 
form of equations. What is the value of a; in each of the 
first two equations? Of y? Of a; in each of the second 
two? Of y? Of X in the third two? Of y? 

6. What are those equations called in which the same 
letter has the same value in each equation? (See Art. 186.) 

7. What may be done to equations without destroying 
the equality? (See Axioms, Art. 59.) 

8. If the members of the equation x-{-y = 4 are multi- 
plied by 2, what is the resulting equation? What is the 
resulting equation, when the equation 2x-\-y = S is multi- 
plied by 3? 

9. How can the equation 3x-]-6y=lS be derived from 
a;-f-2y=6? How can 4x-{-2y = S be derived from the 
equation 2x-^y=^4? 

10. If aj + y is added to x — y, what is the result? If 
a; + 2y is added to x — 2y, what is the result? 

11. If the equation x-{-y = S is added to the equation 
X — y=^4, what is the resulting equation? How many un- 
known quantities does it contain? How many unknown 
quantities were there in the original equation? 

12. If a;-|-y = 8 and a; + 2y = 12, what equation will 
result by subtracting the first from the second? What is 
the value of y? What is the value of a;? 

13. If the sum of two numbers is 12, what are the num- 
bers? How many answers may be given to the question? 

14. In the equation a;-[-y = 12, how many values may 
X have? How many may y have? 

15. What are those equations called in which the un- 
known quantities may have an infinite number of values? 
(See Art. 188.) 
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DEFINITIOXS. 

186. Simultaneous Equations are those in which the 
same unknown quantity has the same value in every equa- 
tion. 

Thus, \ [-are simultaneous equations in which x = 7 

U-y=2 j 

and y = 5. 

187. Derived Equations are those which are obtained 
by combining other equations or performing some opera- 
tion upon them. 

Thus, 2a; + 2y = 8, is an equation derived from x -f- y = 4, and 
2x + 3y = 7, is derived by adding x + y = 3 and x + 2y = 4, 

188. Independent Equations are such as can not be 
derived from one another or reduced to the same form. 

Thus, 2x + y ^ 5 and x + 2y = 6, are independent equations. 

189. An Indeterminate Equation is one in which the 
unknown quantities may have an infinite number of values. 

Thus, X -|- y = 12, is an indeterminate equation, because each of 
the unknown quantities may have an infinite number of values. 
Hence, 

190. Principles — 1. Every single equation containing 
two unknown quantities is indeterminate. Consequently^ 

2. In order to solve equations containing two unknown 
quantities^ two independent equations, involving one or both 
of the quantities, must be given. 

191. Elimination is the process of deducing from simul- 
taneous equations, equations containing a less number of 
unknown quantities than is found in the given equations^ 
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CASE I. 

192. Eliminatioii by Addition and Subtraction. 

1. When x-{-y = S and x — y = 2, how may the value 
of X be found ? 

2. When x-{-2y=10 and x — 2y = 6, how may the 
value of X be found? 

3. When Sx-\-4y = l& and dx — 4y=16, how may the 
value of X be found ? 

4. When may a quantity be eliminated by addition? 

5. When x-\-2y = 6 and x-\-y = 4, how may the value 
of y be found ? 

6. When 2x-\-3y = 10 and x-\-Sy = S, how may the 
value of X be found ? 

7. When may a quantity be eliminated by subtraction? 

193. Principle. — Qaardiiies may he eliminated by addition 
or by mUraction when they have the sams coefficients, 

HXAMPIiES. 

1. Find the value of x and y in the equations 2x + 3y 

= 13 and 3a; + 2y = 12. 

Explanation. — Since the quanti- 

PROCESS 

ties in the giren equations have not 

^^ I *^y ^*^ \^) the same coefficients, the first equation 

3a? -r 2y = 12 (2) ig multiplied by 3 and the second by 2, 

6a? -(- 9y = 39 (3) producing equations (3) and (4) in 

6a; -4- 4v = 24 f 4) which the coefficients of x are alike, 

g •« g ^c\ Since the coefficients of x are alike, 

cy ^rtx and they have the same sign, x may 

^ ^ '^ be eliminated by subtraction (Prin.). 

^ + 9 ='^^ (7) Subtracting (4) from (3), we obtain (5). 

^x= 4 (p) Dividing equation (5) by the coefficient 

x= 2 (9) of y, we obtain (6). 
13 
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Substituting the value of y in equation (1), the resulting equa- 
tion is (7). Transposing and uniting, the value of z = 2. 

Rule. — If neces&ary, mtiMply or divide one or both equor 
tions 80 that one unknown quantity may have the same co'effir 
dent in both. 

When tlie signs of the equal coefficients are the same, sub- 
tract the eqvMions; when the signs are unlike, add the eqm- 
tions. 



Find the values of the unknown quantities in the following 



2. 



3. J 



5. 



6. 



8. 



9. 



x + 2y = 7. 
x+ y = b. 

4x + Sy = 7. 
2x — Sy=—l, 



4 j4a; — 51/ 
Sx + 5y 



3. 
11. 



7. I 



2x + Qy=10. 
Sx + 2y = S. 

Sx + Sy = 22. 
4x + 5y= 18. 

Sx + 4y = 25. 
4x + Sy = 21. 

5x + ey = 61. 
4x + dy=50. 

4a; + 3y=32.] 
7a; — 6v=ll. f 



10 



5a; + 6y=40. 
8a; — 4y= 4. 



^^ (3x + ey = B9.) 
[5a; — 32^=13.) 



12. J 



2 ^3 



5 ^2 



= 3. 



23 



10 



13. 



x 
6 



3 



2aj 
3 



3y 
4 



1 1 






14. 



5x 2y 
6 "•" 5 



= 14. 



3» 
4 



2y 
5 



^-i^ = 5. 
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15. 



16. 



5 2~10' 



^ + ^=6. 

3 + 4-5^. 



17. J 



'?^ + ^ = l0.1 



18. . 



2«_y_22 
7 5 "" 35* 



f??+^=18i 



6^5 



13^. 



CASE n. 

194. Elimination by Comparison. 

1. If, in the equation a: + y = 8, y is transposed to the 
second member, what will be the form of the equation ? 

2. If, in the equation x — y=4,y is transposed to the 
second member, what will be the form of the equation ? 

3. If, in the simultaneous equations x-^2y = S and x — 
j^ = 5, y in each is transposed to the second member, what 
will be the form of the equations? 

4. Since the second members of these derived equations 
are each equal to x, how will they compare with each 
other ? 

5. If these second members are formed into an equation, 
how many unknown quantities will it contain? 

6. How may an unknown quantity be eliminated from 
two simultaneous equations by comparison t 



EXAMPLES. 



1. Find the value of x and of y in the equations x + 
2jy = 8 and 3a; + 2v = 12. 
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PBOCESS. 



x + 2y= 8 
Sx + 2y = 12 



x= S — 2ij 
12-2y 



x = 



(1) 
(2) 
(3) 

(4) 



12-2y_ 



8 - 2y (5) 



12 



Explanation. — Since, in 
elimination hy comparison, the 
value of the same unknown 
quantity in each equation is to 
be found, and a new equation 
is to be formed from them, 2y 
in equation (1) is transposed, 
giving (3). Transposing 2y in 
(2) and dividing hj 3, equa- 
tion (4) is obtained. Since 
these two values of x are 
equal, equation (5) is obtained. 
Clearing of fractions, we ob- 
tain (6). Transposing and 
uniting, (7) is obtained. Di- 
viding by 4, we obtain (8). 

Substituting this value of y in equation (1), we obtain (9). Uniting, 

we obtain (10). 

Rule. — Find an expremon for (he value of Hie same un- 
hnoxvn quantity in each equation. 

Place these values equal to ea/h other, and solve the equa- 
tion. 



-2y = 24 — 6y 
4y = 12 
y= 3 

x + 6= 8 
x= 2 



(6) 

(7) 

(8) 

(9) 
(10) 



Solve the following equations by comparison: 



2. 



3. 



4. 



5. 



Sx+ y= 
x + 2y 



:::} 




4x + 2y=2Q. 
Sx + 4y=39. 

2x — 3y = —U. 
Sx+2y= 44. 



6. 



7. 



8. 



3x + 4y=:lS. 
x + 2y = 8 



x + 6y = 13.| 
5x-\-2y=9. j 




9. |2x-3,=:-7.| 
l4x-5y = -9. I 
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10. 



12. 



Sx + 2y = SS. 
9x — 4y = 9. 



3a; — 2y = 15. 



4x — 5y = — 34. 
2a; — 3y = —22. 



13. \ ^ + % = 11- 
5a; — 2y=ll. 

14. J2a;-3y = 3. 
4a; + 52/ = 39. 



15. < 



2 "^3 



til 
3 ~^2 



= 5. 



= 5. 



16. 



17. 



18. 



19. 



3a; 2v 
5 + 3 

2^ 31^ 
3 "^ 4 



^ 



= 17. 



= 19. 



^^ 



2^ 2y 
7 '•' 3 

5 + 5 



= 5i- 



= 74.- 



3x 
5 



4 



T^-T^4|. 



2a; 2y 



^ 2y 
5 3 



= 3A- 



= 24f- 



3a; 



6 



y 



-^=-9. 



>/ 



CASE m. 

195. Elimination by Substitution. 

1. In the equation a;-fy = 5, if x = 2, what is the 
value of y? How is this value obtained? 

2. In an equation containing two unknown quantities, 
if the value of one quantity is given, how may the value * 
of the other be found ? 

3. If y is transposed to the second member in the equa- 
tion aj + y = 5, what will be the expression for the value 
of a;? 
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4. If X is transposed to the second member in the equation 
x-\-y = &y what will be the expression for the value of y? 

5. Express the value of a; in the first of the simultane- 
ous equations x-\-y = b and a; + 2y = 7. When the value 
of X is obtained, how may the value of y be obtained ? 

6. How may an unknown quantity be eliminated from 
simultaneous equations by axibstUviiont 

EXAMPIiES. 

* 

1. Find the value of x and of y in the equations 3a; + 
2y = 12 and 2a; + 3y = 13. 



PBOCESS. 

Sx + 2y = 12 (1) 



Explanation . — Since one 
unknown quantity can be elim- 



2a; -|- 3y = 13 (2) inated by finding its value in 

12 — 2y one of the given equations and 

^ ^^ Q ^ '^ substituting this value in an- 

24 4« other, we find the value of x 

^ h % = 13 (4) from (1) and obtain (3). Sub- 
stituting this value in (2), (4) 
24 — 4y-\-9y = 39 (5) is obtained, aearing of frac- 
dy = 15 (6) tions, the resulting equation is 
„ __ Q /n\ (5). Uniting terms we obtain 

(6). Dividing, y=3. Substi- 
x= z=2 (S) tutingthisvaluein(3), JE=2. 

3 ^ 

Rule. — Find an expression for the value of one of the un- 
known quantities in one of the equations. 

Substitute this value for the same unknown quantity in the 
other equation, and solve the equation. 



Solve the following by substitution: 



2 ^ a; + 2y=10. 
2x — 3y = —1. 



3. 



3a; — 2y = l. 
x + 4y = 19. 
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4. 



8. 



X — 2y = Q. 

2x — y = 27. 

- (9a; — y = 6. 

, x + y = 4. 



{ 



g ^3a; + 5y = 2. 
6a; + 5y = 3. 



^ j7a;— 5y = 13. 
3a; + 3y = 21. 



6a;+ y = 60. 
3a; + 2y = 39. 



9. Pa' + sy 

2x — 5y 



29. 
—21. 



10. J 






= 18. 



X 

2 



y 

4 



^ = 21. 



11. 



x-\-5y = 41. 
3a;— 2y = 21. 



12. -I 



- + -^ — 7. 
2 ^3 

--4-1 — 5 
3+4-^- 



^ 



>/ 



13. 



- + - = 8; 

[ X— si= —3. , 



14. ^ 



5. 



2i 



16. 



3 

x--y_ 
2 

I + 7y = 261. 
^ + 7a; = 299. 



Solve the following by anj method: 



16. 



1 + ^ = 10. 
X y 

i + - = 20. 

X y 



17. ^ 



X y 



= 19. 



8 

X 



3 

y 






18. 



^ + ^ = 7. 
3a; by 



V 



7^ 
6a; 



lOy 



= 3. 



39. -^ 



a b 
X y 



m. 



a b 

X y 
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20. Given ^ 



4 ^ 2 

a? + y I y 

5 "^3 



— 12 



_ 2x — y 



^y to find rr and y. 



+ 35 



2a;— y 



21. Given 



+ 3a; = 2y — 6 



5^6 



>.; to find X and y. 



22. Given J 



x — 2 10 — a; y — 10 ^ 

3 "" 4 



5 

2y + 4 _4a; + y+13 



23. Given J 2/ — 1 



8 



a;— 1 6 ^ 



^ , to find X and y. 



y 



>, to find a; and y. 



V. 



a; — 2/=l 



24. Given ^ 



7 5 



3a^ + y 
11 



», to find a; and y. 



+ y = d 



25. Given.. 



f 4a; + y==ll 

y 7a; — 1/ 



5a; 



3a; 



23 
15 



K ,< to find X and y. 



26. Given 



a b I , to find x and y. 

lbx — ay = 0. , 
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27. J 



c c 



= 1. 



ax — by 
a — b 



= c. 



a 



28. ^6 + y 3a + a;> 

= d. j 



ax + 26y 



29. J 






2. 



a; 
m 



1 






30. . 



abx -\- cdy = 2. 



ax — cy = 



d—b ^ 



bd 



PBOBUSMS. 



196. 1. If 7 lb. of tea and 5 lb. of coffee cost $5.50, 
and 6 lb. of tea and 3 lb. of coffee cost $4.20, what was the 
price per pound of each ? 



PROCESS. 



Let X 

Let y - 



m 

- the price of tea per lb. 
the price of coffee per lb. 

7a; + 5y = $5.50 (1) 

& x+Zy = $4.20 (2) 

:% .50 (3) 

$ .40 (4) 



X 



y 

Explanation. — Since there are two kinds of quantities involved, 
namely, tea and coffee, x may be used to represent the price per 
pound of the tea, and y the price per pound of the coffee. Then 
from the conditions of the problem we have equations (1) and (2). 
Solving them, the value of x is $.50 and y is $.40. 

2. There is a fraction such that if 1 is added to the 
numerator the value of the fraction will be 1; and if 
3 is added to the denominator the value will be ^. What 
is the fraction? 
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SOLUTION. 




Let X — the numerator. 




y — the denominator. 




X 

Then, — — the fraction. 

y 

y 


(1) 


" 1 


/'9^ 


y + B-^ 


K.^) 


x — 4 


(3) 


y-6 


(4) 


X 4 

y 5 


(5) 



3. There is a number such that if it be divided by the 
sum of the digits which express it the quotient will be 4, 
and if 36 be added to it the sum will be expressed by the 
digits inverted. What is the number? 

SOLUTION. 

Let X = the digit in tens* place. 

y = the digit in units* place.- 
lOx -\-y = the number. 
lOy -\-x = the number when the digits are inverted. 

10x + y_^ (1) 

x + y 

lOa; + y + 36 == lOy + a; (2) 

x = 4 (3) 

y = S (4) 

10a; + 3^ = 48 (5) 

4. The sum of two numbers is 24, and their difference 
is 8. What are the numbers? 
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5. The sum of two numbers is 29, and their difference 
is 5. What are the numbers? 

6. The sum of two numbers divided by 2 gives a quo- 
tient of 24, and their difference divided by 2 gives a quo- 
tient of 17. What are the numbers? 

7. A man hired for one day 6 men and 2 boys for $28, 
and afterward, at the same rate, 3 men and 4 boys for $20. 
What was paid each per day? 

8. There is a fraction such that if 3 be added to the 
numerator its value will be -J^, and if 1 be subtracted from 
the denominator its value will be -J-. What is the fraction? 

9. A man has two horses, and a saddle worth $10. 
The value of the saddle and the first horse is double that 
of the second horse, but the value of the saddle and the 
second horse lacks $13 of being equal to the value of the 
first horse. What is the value of each horse? 

10. Two purses contain together $300. If $30 is taken 
from the first and put into the second, there will be the same 
amount in each. How much money is there in each? 

11. A and B have $570. If A's money were three times, 
and B's were five times as great as it really is, they would 
have $2350. How much has each ? 

12. What fraction is that to the numerator of which if 4 
be added, the value will be ^, and if 7 be added to the 
denominator the value will be ^? 

13. There is a number of two digits, which is equal to 4 
times the sum of the digits, and if 18 be added to the num- 
ber, the result will be expressed by the digits inverted. 
What is the number? 

14. A person had two kinds of money, such that it took 
10 pieces of one kind to make a dollar, and two pieces of the 
other to make a dollar. He paid a man a dollar, giving 
him 6 pieces. How many of each kind were used ? 
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15. A party which had hired a coach, found that if there 
had been three more persons, they would each have had to 
pay $1 less than they did ; and if there had been 2 less they 
would each have had to pay $1 more. How many persons 
were there? How much did each pay? 

16. A wine-merchant sold at one time 20 dozen of port 
wine and 30 dozen of sherry for £120. At another time he 
sold 30 dozen of port and 25 dozen of sherry for £140. 
What was the price per dozen of each ? 

17. There is a number expressed by two figures. If 
to the sum of the digits 7 is added, the result will be 
3 times the left-hand digit, and if 18 is subtracted from 
the number, the digits will be inverted. What is the 
number? 

18. A and B had together a capital of $9800. A 
invested ^ of his capital and B ^ of his, when each had 
the same sum left. How much had each before the in- 
vestment? 

19. A farmer purchased 100 acres of land for $2450. For 
a part of it he paid $20 an acre and for the rest $30 an acre. 
How many acres were there in each part ? 

20. The sum of the ages of a father and a son is 80 years. 
If the age of the son is doubled, it will exceed the age of 
the father by 10 years. What is the age of each? 

21. A said to B: "Give me 20 cents of your money 
and I will have 4 times as much as you." B said to A : 
**Give me 20 cents of your money and I will have 1| 
times as much as you." How much had each? 

22. A farmer bought 100 acres of land, part at $37 and 
part at $45 an acre, paying for the whole $4220. How 
much land was there in each part? 

23. A boy expended 30 cents for apples and pears, buying 
the apples at 4 for a cent and the pears at 6 for a cent. 
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He then sold ^ of his apples and ^ of his pears for 13 
cents, which was what they cost him. How many of each 
did he buy? 

24. A railway train, after traveling an hour, is detained 
30 minutes. It then proceeds at -f of its former rate, and 
arrives 10 minutes late. If the detention had occurred 12 
miles fiirther on the train would have arrived 4 minutes 
later than it did. At what rate did the train travel before 
the detention, and what was the whole distance traveled? 



THREE OR MORE UNKNOTVN QUANTITIES. 

197. 1. In the equations aj + 2y + « = 8 and 2x + Zy 
-|- 22 == 14, how may x be eliminated ? 

2. In the equations 2x -\- Zy -\- Az = 26 and a; -|- 4y + 
22=18, how may z be eliminated? 

3. If one of the quantities in the above equations is 
eliminated, how many quantities will be left? 

4. How many independent equations are necessary before 
the values of two unknown quantities can be found? 

5. How many independent equations containing the same 
two unknown quantities can be formed from the equations 
in (1)? From the equations in (2)? 

6. Since there must be two independent equations given 
so that the values of two unknown quantities may be 
found, and since from the two equations given in (1) and 
(2) only one derived equation can be formed, how many 
independent equations must be given so that the value 
of any of the unknown quantities may be found? 

7. When the values of two unknown quantities are known, 
how may the value of a third be found from an equation 
containing three unknown quantities? 
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198. ffince it is necessary to have Iwo independent equa- 
tions to find the values of two unknown quantities, and three 
independent equations to find the values of three unknown 
quantities, etc., a general law may be expressed as follows: 

Principle. — To find the values of unhrwvm quantities, ihere 
must be as many independent eguatwns as there are unknown 
qi^antities. 

EXAMFIiES. 



1. Given ^ 



f x + 2y + Sz = U^ 
2x+ y + 2z = 10 



»-, to find X, y, and z. 



^3x + 4y — Sz= 2^ 



PROCESS. 

x + 2y + Sz=U 

2x+ y + 2z=10 

Sx + 4y — Sz= 2 

2x + 4y + Qz=-2S 

2x+ y + 22 1=10 

3y + 42 = 18 

Sx + Qy + 9z = 42 

3x + 4y — Sz= 2 

2y + 122 = 40 

% 4- 122 = 54 



7y 
y 

4 + 122 

122 



14 

2 

40 

36 

z= 3 

a; + 4 + 9 =14 

x= 1 



(1) 
(2) 

(3) 
(4) 

(5) 
(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(16) 



Explanation. — To elimi- 
nate X from the first two equa- 
tions, we multiply (1) by 2 
and obtain equation (4). 
Subtracting equation (2) from 
(4), we have (5). Eliminating 
2 by a similar process from 
(1) and (3), the resulting equa- 
tion is (7). From (5) and (7) 
we eliminate z and obtain (9), 
which contains only y. Equa- 
tion (10) gives us the value of 
y. Substituting this value in 
equation (7), we obtain (11), 
and the value of z is found in 
(13). Substituting the values 
of y and z in (1), we have equa- 
tion (14), from which we find 
the value of a; to be 1. 
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Rule. — Combine the equations so as to eliminate the same 
unknown qtmntity from each, obtaining a set of derived equa- 
tions containing one less unknown quantity. 

Combine these derived equations so as to eliminate a second 
unknown quantity y and Hius continue until an equation is found 
containing but one unknown quantity. Then find the value of 
this unknoum quantity. 

Substitute this value in one of the equations containing two 
unknown quantities, and obtain the value of a secand quantity. 

Substitute the two values already found in an equation con- 
taining three unknown quantities, and find the value of a tliird 
quantity, and thus continue untU tlie values of all the unknoivn 
quantities are found. 

Find the value of each unknown quantity in the follow- 
ing: 



2. 



' x — 2y+2z= 5.^ 
5a; + 3y + 6s = 57. > 

x + 2y + 2z = 21. 



^7a; — 4y + 32 = 35. ^ 

3. } 4x'-5y + 2z= 6. 

^2x + Sy— 2 = 20. 

' x+ y+ z= 6.1 

4. J 5aj + 4?/ + 32 = 22. 

^ 3.r 4" % — 32 = 2. ^ 

' a; — 4i/ + 32= 2." 

5. < \x — ?>y-\- 2= 9. > 

^ 2a; + 62/ — 4z = 14. ^ 



>v 



r 



7. I 



^ + y + 2 = 35. 
6. \ a; — 2y + 32 = 15. 

y — x-\- z^= — 5. 

x + 22= y+ 2." 

y + 22=2a;+ 22. 

1^ 2 + 22 = 3a; + 3y. J 

' x^ 2/+ 2=12.' 
8. < :r— 2/ = 2. ^ 

X — 2 =4. 



> 



9. I 



^* + 2/ + 2 = 2rc. 

u-\- x-\- z = Sy. 

u-\- x-{- y=4z. 

u-\- x= 2/ + 36. 
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10. < 



V 



X -}- y + 22 + w; = 18. 

x + 2y+ 2+ w = n. 

x+ y+ 2 + 2ti; = 19. 

2a:+ y+ 2+ w; = 16. 



11. 



< 



'«+ 


»+ X — 


y-UA 


«+ 


«+ x + 


2—15. 


«+ 


<»+ y + 


« — 16. 


«+ 


«+ y + 


2—17. 


I " + 


*+ y + 


2—18. 



By studying the equations a little before commencing the 
solution, the student will often discover modes of solution 
that will simplify the work very much. 

Thus, in example 12 the quantities may be eliminated without 
clearing of fractions. 

In example 8, by finding the sum of the three equations, the value 
of z may be found at once. 

In example 10, by finding the sum of the four given equations, 
and dividing by 5, the value of the sum of the unknown quantities is 
found. This, subtracted from each of the given equations succes- 
sively, gives the values of the unknown quantities. 



Find the value of each unknown quantity in the following: 



X y 

12. ^ - + - = 7. 
y 2 

l + Ue. 

X 2 
v.. 



> 



^ + 3^ = 5. 

13. J X -\ — 2 = 6. 
3 



y+3^ = 9. 
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.4 



15. 



X -\- z- 

J+Z-- 

( ^ + y 

y + « 

z -{-w 
w -\- u 
u 4- X 



a. 
c. 



> 



J 

11. 
13. V 
15. 
12. 



- + - 
a ( 



^ 



= 2. 



16. ; - + - = 2. 
a e 






> 



3a; + 4y + ^j = 
32 + 2!/ — 3« -- 
17. ^ 2a; — y + 2« 

32 — r 2< + U 

t+ y 



4. 
17. 

9. 
13. 



^ 



18.^ 



x4-y 

y^ 

x-\-z 
xz 



1 ^ 

5 

1 
6 

1 



a; + 2 



= 17. > 



PROBLEMS. 

199. 1. Find three numbers such that their sum is 60; 
^ of the first phis ^ of the second, and -J- of the third is 19 ; 
and twice the first with three times the remainder, when 
the third is subtracted from the second, is 50. 

2. Find three numbers such that the first with ^ of the 
sum of the second and tliird is 119; the second with -1^ of 
the remainder, when the first is subtracted from the third, 
is 68 ; and ^ the sum of the three numbers is 94. 

3. A, B, and C together possess $1500. If B gives A 
$200 of his money, A will have $280 more than B; but 
if B should receive $180 from C, B and C would have 
equal amounts. How much has each? 
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4. Three persons purchased sugar, coffee, and tea at 
the same rates. A paid $4.20 for 7 pounds of sugar, 5 
pounds of coffee, and 3 pounds of tea; B paid $3.40 for 9 
pounds of sugar, 4 pounds of coffee, and 2 pounds of tea; 
C paid $3.25 for 5 pounds of sugar, 2 pounds of coffee, 
and 3 pounds of ^tea. What was the price of each per 
pound? 

5. Divide 125 into four such parts that, if the first is 
increased by 4, the second diminished by 4, the third mul- 
tiplied by 4, and the fourth divided by 4, the sum, prod- 
uct, difference, and quotient shall all be equal. 

6. A and B can perform a piece of work in 8 days; A 
and C can do it in 9 days, and B and C in 10 days. In 
how many days can each do the same work alone? 

7. A certain number is expressed by three digits whose 
sum is 10. The sum of the first and last digits is -f of the 
second digit; and, if 198 be subtracted from the number, 
the digits will be inverted. What is the number? 

Let X = the first digit, or hundreds; y, the second digit, or tens; 
«, the third digit, or units. Then, lOOz -|- lOy + 2 = the number. 

8. There are two fractions which have the same denom- 
inator. If 1 be subtracted from the numerator of the 
smaller, its value will be ^ of the larger fraction; but if 
1 be subtracted from the numerator of the larger, its value 
will be twice that of the smaller. The difference between 
the fractions is \, What are the fi^actions? 

9. A man divided a sum of money among his four sons, 
so that the share of the eldest was \ of the shares of the 
other three; the share of the second \ of the shares of the^ 
other three, and the share of the third \ of the shares of 
the other three. The eldest had $14 more than the young- 
est. What was the share of each ? 
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10. A farmer found that the number of his sheep was 
26 more than the number of his cows and horses together; 
that ^ of the number of sheep was equal to the number 
of horses together with J of his cows; and that J of his 
cows, \ of his horses, and ^ of his sheep amounted to 12. 
How many had he of each? 

11. There are three purses such that if $20 is taken out 
of the first and put into the second, it will contain four 
times as much as remains in the first; if $60 is taken 
from the second and put into the third, the thii'd will con- 
tain If times as much as remains in the second; if $40 
is taken from the third and put into the first, the third 
will contain 2^ times as much as the first. How much 
is there in each purse? 



ZERO AND INFINITY. 

200. How much is 2 times 0? 3 times 0? 500 times 0? 
a times 0? Any number of times 0? 

Principle 1. — When zero is muUiplied by a finite quantity 
the product is zero, 

201. How much is divided by 2? divided by 6? 
divided by a ? divided by any number? 

Principle 2. — When zero is divided by any finite quantity 
the quotient is zero. 

202. 1. Since 2 times = 0, 3 times = 0, 500 times 
= 0, and a times 0=5=0, if both members of each equa- 
tion are divided by 0, one of the factors, what will be the 
results? 

2. Since the value of ^ is found to be equal to 2, 3, 
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500, and a, what may be said of the value of the exprea- 
sion ^? 

Principle 3. — When zero is divided by zero the quotierd 
may he any finite quantity, or, it is ind.eterminate, 

203. 1. What is the quotient of 2 divided by |? Byi? 
By i? By ,1,? 

2. When the divisor is diminished, while the dividend re- 
mains the same, what effect is produced upon the quotient? 

3. If the divisor is made very smaU, what will be the 
effect upon the quotient? What, when the divisor becomes 
infinitely small or zero 

Principle 4. — When a finite quaniity is divided by zero 
the quotient is infinitely large. 

204. 1. What is the quotient when 4 is divided by 2? 
By 4? By 8? By 16? 

2. When the divisor is increased, the dividend remain- 
ing the same, what is the effect upon the quotient? What, 
when the divisor becomes infinitely large? 

Principle 5. — When a finite quantity is divided by tm 
infinitely large quantity the quotient is zero. 

206. The preceding principles may be expressed by alge- 
braic formulas as follows, — the sign (qo) being used to indi- 
cate infinity: 





Principle 1, OXa = 0. 

Principle 2, — = 0. 

a 



Principle 3, — = indeter- 
minate result. 

Principle 4, — = oo. 



Principle 5, — =0. 

GO 





PROOhSff. 






Let 


X 


— the number. 


X 

3 


X 

4 


29a; 
60 


2a; 
5 




20a;- 


-15a;: 


-29a;- 


-24a; 




44a;- 


-44a!: 


= 






(44- 


44)a;: 

X- 


= 










44 — 


44 
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GXAMPIiSS. 

206. 1. What number is that whose third part exceeds 
its fourtlT part by as much as f^ of it exceeds f of it? 

Explanation. — Solving the 
example as shown, the value 

of z is found to be — ; that is, 

' 

it is indeterminate. 

This result may be inter- 
preted to mean that every num- 
ber will fulfill the conditions 
of the problem. 

2. Find a number such that when 5 is added to 3 times 
the number, and the result is divided by the number 
increased by 2, the quotient will be 3. 

The solution of this example gives the number to be oo ; that 
is, there is no finite number which will fulfill the conditions, and 
consequently the problem is impossible. 

> 

3. What number is there such that when -^ of it is 

diminished by 4, the result is 3 less than ^ of it plus ^ of it? 

4. I bought 400 sheep in two flocks, paying $1.50 per 
head for the first flock and $2 for the second. I lost 
30 of the first and 56 of the second, and sold the rest of 
the first at $2 per head and the second for $2.50 without 
gain or loss. Required the number of each flock. 

GENERAL PROBLEMS. 

207. 1. The sum of two numbers is a and their differ- 
ence is b. What are the numbers? 
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SOLUTION. 




Let 


X — 


- the greater. 


Let 


y- 


:the less. 




X 


+ y- 


-.a 


(1) 


X 


y- 


-b 


(2) 




2X=: 


-.a + b 


(3) 



X 




2 






a 




b 


y 




Ck 





(4) 
(5) 



The general rule for the solution of problems when the 
sum and the difference of two quantities are given, may 
be derived from the values of x and y obtained above. It 
is as follows: 

The greater is eqtud to one-half their sum and d^erence. 
The less is equal to one-half the remainder when their differ- 
ence is subtra/ited from their svm. 

2. A can do a piece of work in a days and B can 
do it in 6 days. In what time can both do it working 
together? Write a general rule for the solution of prob- 
lems like this. What will be the time if a = 10 and b = 
12? 

3. A is a times as old as B, and in b years he will be 
n times as old. What is the age of each? Write a gen- 
eral rule for the solution of problems like this. What will 
be the ages if a = 6, 6 = 3, and n = 4? 

4. A traveler sets out from a place traveling a miles per 
day; after n days another follows him at the rate of b 
miles per day. In how many days will the second over- 
take the first? Write a general rule from the values of 
the unknown quantities. 



INVOLUTION. 

208. 1. What 18 the second power of a? Of 6? Of c? 
Of d? 

2. What is the third power of a? Of 6? Of c? Of d? 

3. How many times is a used as a factor in producing 
a2? a8? a*? a^? a^? a"? 

4. How many times is a quantity used as a factor in pro- 
ducing the second power? Third power? Fourth power? 
FifOi power? The nth power? 

5. What sign has the second power of + « ? Th© third 
power? The fourth power? The fifth power? The sixth 
power? 

6. What sign has the second power of — a? The third 
power? The fourth power? 

7. Which powers of a negative quantity are positive? 
Which negative? 

DEFINITIONS. 

209. Involution is the process of finding the power of a 
quantity. 

210. Power (Art. 18). Exponent (Art. 17). Names 
of Powers (Art. 19). 

211. Principles. — 1. AU powers of a positive quantity are 
positive. 

2. AU even powers of a negative quantity are positive, and 
aU odd powers are negative. 

(187> 
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CASE I. 

213. Involution of monomials. 

I. What is the third power of Ga^ft? 

Explanation. — Since in 

PROCESS. finding the third power of 

(6a26)8 =6a26 X 60^6 X 6a26= » quantity the quantity is 

o ^y o ^y o 9 9 9LLL "8^ thwe times as a fac- 

tor, eacA /acior of the given 
"^"^"^ ^ quantity is used three times 

as a factor. 
The product of the factors is 216a^6^, the third power of the 
quantity. 

Rule. — Raise the iiumerical coefficient to the required power , 
and mvUiply the exponent of each literal quardity by the expo- 
nent of the power to which it is to be raised, prefixing the 
proper sign to the result, 

2. Find the square of Qx^y. 

3. Find the cube of —4a'^b^, 

4. Find the third power of — Sab^. 

5. Find the square of — Sc^d^, 

6. Find the fifth power of 2ax^y^. 

7. Find the sixth power of 2x^yz^. 

8. Find the fourth power of 4ab^d^. 

9. Find the seventh power of — a^b^c^. 
10. Find the fourth power of — 4aH^c^, 

II. Find the fifth power of 2x^yz^. 

12. Find the third power of — ba^bc^. 

13. Find the eighth power of a^b^^c"^. 

14. Find the fourth power of — ia'^b^c^, 

16. Find the ninth power of 2a~^b^c^. 



INVOLUTION. 
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Baise to the required power 

16. (2a;2y82)4, 

17. (3x-2y-*)'. 

18. (—4aH^yy. 

19. (— 2a-V^)^- 

20. {2ax^ir^y. 

21. (a;-V^2;")'- 



Eaise to the required power 

22. (aj"*jr"2r»)«. 

23. (a-2»2»w;'")4. 

24. (a-V^'*2-3«)2. 

25. (—x^y-H-^y. 

26. (— a*62c-"d-2«)5». 

27. (a86-'*c8d-^2)n-2. 



28. What is the third power of 



2x^y y 
3^ 



PROCESS. 



2a;2y \3 2a;2y 2a;2y 2a;2y ^x^y^ 



( 2x^y V 

\ 3a26 / 



3a26 / 3a26 ^ Sa'^b ^ Sa^b 27a^b^ 

Explanation. — In raising a fraction to a power, both numera- 
tor and denominator must be raised to the required power^ 



29. Find 



the square of — 
^ 36 



30. Find the square of 



31. Find the cube of 



2a;2 

32/ 
6xy_ 

dab 



32. Find the fourth power of 



8a2& 
7aj2y 



ar'^b^ 
33. Find the sixth power of 



34. Find the seventh power of — 



35. Find the nth power of 



a262c«-i 



y.n-2yn-Z 



36. Find the 2nth power of 



a^b^c-^ 

< 

QT^y^^z^ 
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CASE II. 
313. Involution of polynomials. 

XIXAMPIiES. 

I. Find the third power of x-\-y. 

The process is ^mply to use x-\- y as b, factor three times. 

Rule. — Use (he given qiia^itity as a factor as many times as 
(Jiere are units in the exponent of Hie required power. 

2. Find the second power of (a-{-b). 

3. Find the second power of (a -f- 1). 

4. Find the third power of (x-{- y). 

5. Find the third power of (2 + x)' 

6. Find the third power of (3 + y)« 

7. Find the second power of (2 + ^^)- 

8. Find the second power of (a^ — 6). 

9. Find the second power of (a + 6 + <')• 
10. Find the fourth power of (x -f 2y). 

II. Find the fourth power of (n — m). 

12. Find the third power of (a + &)• 

13. Find the second power of (of H-t/**). 

14. Find the third power of (2a + 36). 

15. Find the third power of (3a; — 2y), 

16. Find the second power of (n^ -(- wi^). 

17. Find the fifth power of (a + 6). 

18. Find the sixth power of (a; + y)- 

19. Find the fourth power of (2a + 26). 

20. Find the seventh power of (a -|- x), 

21. Find the fifth power of (3a; + 2z). 

22. Find the fourth power of (2y + z^), 

23. Find the square of (a -\- b -\- c -\- d). 
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OASE m. 

314. Special method of squaring a polynomial. 

1. Examining the result obtained in the solution of the 
last example, which was sgiuiring (a + & + c + d), how 
many terms are squares? Of what are they the squares? 

2. What is the coefficient of each of the other terms? 

3. How many terms contain a ? By what quantities is a 
multiplied in the terms which contain it? 

4. What other terms contain 6? By what is b multi- 
plied in the terms which contain it? 

5. How many other terms contain c? By what is o mul- 
tiplied in the terms which contain it? 

216. Principle. — The square of a polynomial contains the 
square of each term and twice the product of each term multi- 
plied by eadi of the terms following it. 

EXAMPUSS. 

1. Square (a -\- b -{- c -{- d), 

PROCESS. 

(a + b + c + d)^ = a2+62+c2+d2 4-2a6 + 2ac + 

2ad + 2bc+2bd + 2cd 

Explanation. — ^We write down without multiplication the square 
of each term with twice the product of each term multiplied by- 
each of the terms which follow it. 



Find the square of 

2. a + b + c. 

3. X — y + 2. 

4. a -{- c -{- d -{- e, 

5. 1 — a-{-a^ — a^, 



Find the square of 

6. a + 26 + 3c + cZ. 

7. l + 2a — 3a2 + a^. 

8. l — 2x—y^+xy. 

9. 2a — b+c — d. 
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CASE IV. 

316. Involution of binomials by the Binomial The^ 
orem. 

(a + hy = a* + 4a36 + 6a262 + 4ab^ + 6*. 

(a + 6)5 = a« + ba^h + lOaSfez _^ 10^2 js ^ 5^54 ^ js. 

(a — 6)2=a2— 2a6 + 62. 

(a — 6)3 ^ a8 — 3a26 + 3a62 — fts. 

(a — 6)4 = a* — 4a36 + 6a262 — 406* + 6*. 

(a — 6) « = a« — 5a46 + 10a862 — 10a263 + bab^ — 6«. 

Examine carefully the above powers of (a + 6) and (a — 6). 

1. How many terms are there in the second power of 
(a + 6) ? Of (a — 6) ? How many terms in the third 
power? How many in the fourth power? How many in 
the fifth i>owcr? 

2. How does the number of terms in any power compare 
with the exponent of the power? 

3. In what terms is a found in the second power of 
(a + 6) ? Of (a — 6) ? In the third power? In the fourth 
power? In the fifth power? 

4. In what terms of any power of a binomial is the first 
letter of a binomial found? 

5. In what terms of any power of a binomial is the second 
letter of a binomial found? 

6. What is the exponent of the first letter in each term 
of the second power of (a + 6) ? Of (a — 6) ? What in the 
third power? What in the fourth power? What in the 
fifth power? 

7. What will be the exponent of the first letter of the 
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binomial in the first term of any power of a binomial? 
In the second? In the third, etc.? 

8. What will be the exponent of the second letter in the 
second term of any power ? In the third term ? In the 
fourth term, etc.? 

9. What is the coefficient of the first and the last terms 
in any power? 

10. How does the coefficient of the second term compare 
with the exponent of the power to which the binomial is 
to be raised? 

11. If the coefficient of the second term is multiplied by 
the exponent of the first quantity in that term, and divided 
by the number of the term, or by the exponent of the 
second quantity in that term increased by 1, what is the 
result? Of what term is it the coefficient? 

12. If the same thing is done to the coefficient of the 
third term, what coefficient is obtained ? 

13. What are the signs of the terms in all the powers 
of(a + 6)? 

14. What terms have the plus sign in the second power 
of (a — 5)? In the third power? In the fourth power? 
In the fifth power? 

15. What terms have the minvs sign in the second power 
of (a — 6)? In the third power? In the fourth power? 
In the fifth power? 

16. What terms are positive and what negative in any 
j)Ower of (a — 6) ? 

217. Principles. — 1. The number of terms in the power 
of any binomial is one more than the exponent of the required 
power, 

2. The letter of tlie first term of iliG binomial is found in 
aU the terms except the last; the second letter in all the terms 
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except the first, and boih letters are found in aU (he terms ex- 
cept Vie first and last 

3. The exponent of the letter of the first term of the binomial 
' in the first term of the power is the same as the index of the 

required power, and decreases by 1 in each term at the right. 
The exponent of the letter cf the second term of ike bimymial 
is 1 in the second term, and increases by 1 in each term at 
the right, 

4. The coefficient of the first term is 1. The coeffieient of 
the second term is the same as ihe index of the required power. 
The coefficient of any term, multiplied by ihe exponent of ihe 
first letter in that term, and divided by the number of the 
term, or by the exponent of ihe second letter increased by 1, 
will be ihe coefficient of the next term. 

5. If both terms of ihe binomial are positive, all ihe terms 
of any power will be positive, 

^, If ihe second term of the binomial has ihe minus sign, 
all the odd terms counting from the left wUl be positive, and 
all tJie even terms wUl be negative. 

The sum of the exponents in any term is always equal to the 
exponent of the required power. 

EXAMPLES. 

1. Find the fifth power of (x — y) by the binomial 
theorem. 

SOLUTION 

Letters, x xy xy xy ^ y 

Letters and Exponents, x^ x^y x^y^ x^y^ xy^ y^ 
Coefficients, 1 5 10 10 5 1 

Signs, — + — + — 

Combined, x^ — dx^y + lOx^y^ — lOx^y^ + dxy^ — y« 
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2. Expand (x + y)^ 

3. Expand (a +6)* 

4. Expand (a — c)* 

5. Expand (a — x)^ 

6. Expand (a-{-x)^ 

7. Expand (a— c)» 

8. Expand (x — yy 



9. Expand C^ + y)'"*- 

10. Expand (x+iy, 

11. Expand (x — iy. 

12. Expand (l+a)5. 

13. Expand (1— a)?. 

14. Expand (a; + ac)*. 

15. Expand (x + be)^. 



When the terms of the binomial have coefficients, the 
binomial may be expanded as follows : 

16. Fmd the third power of 2a2 + 3ft. 

SOLUTION. 

Let 2a2 =x and 36 = y. Then x + y = 2a^ -{- Sb. 

ip + y)* =x^ -\- 3aj2y -f- ^xy^ + y^« 

Restoring the values of x and y, we have 

«» = 8a6 

3a;2y =: 3 X 4a4 X 3ft = 36a*ft 
3a^2 ^ 3 >x 2a2 X 9ft2 = 54a2ft2 



y^ = 



27ft3 



(2a2 + 3ft)8 = 8a6 + 36a*ft + 54a2ft2 + 27ft ^ 

17. What is the fourth power of 2x — 3?/? 

18. What is the third power of 3a + 2c ? 

19. What is the fourth power of — -| — ^ 

20. What is the fourth power of 2 + | ? 

21. What is the third power of x ^ 

y 

22. What is the fourth power of 2ax +3fty? 

23. What is the third power of 2a2aj + 2h'^y'^ ? 
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218. 1. What are the factors of 16? What are the 
two equal factors of 16? Of 36? Of 49? Of 81? 

2. What is one of the two equal factors of a^, or what 
is the second root of a2? 4a2? IGa^? 25a*? 36a*? 
81a2? 121x2? 

3. What quantity used three times as a factor will pro- 
duce a*, or what quantity is the third root of a*? Of 8a^? 
Of27a3? OfSafi? Of 64a6? 

4. What is the product of — 2 multiplied by — 2 ? 
What of +2 multiplied by +2? Of— 2X— 2X 
— 2? Of +2 X +2 X +2? 

5. When any number of positive factors is multiplied 
together, what is the sign of the product? 

6. When an even number of negative factors is multiplied 
together, what is the sign of the product? What is the 
sign of the product when an odd number of factors is 
multiplied together? 

7. Since a power which has a negative sign is the prod- 
uct of an odd number of equal factors each having the 
minus sign, what is the sign of an odd root of any negative 
quantity? 

8. Since a power having the plus sign may oe the prod- 
uct of an even or of an odd number of positive equal 
factors, and can not be the product of an odd number of 
negative equal factors, what is the sign of an odd root of 
a positive quantity? 
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9. Since a power having the plus sign may be the prod- 
uct of an even number of either positive or negative factors, 
what is the sign of an even root of a positive quantity? ' 

10. What quantity used twice as a factor will give a 
product with the negative sign ? What used four times as 
a factor? What used six times as a factor? 

11. What may be said,- then, regarding an even root of a 
negative quantity? 

DEFINITIONS. 

219. A Boot of a quantity is one of the equal factors 
of the quantity. 

Thus, 4a is a root of ICa^, and 3a of 27a*. 

Roots are named as follows: 

One of two equal factors is called the second, or square root 
One of three equal factors is called the third, or cube root. 
One of four equal factors is called the fourth root. 
Oue of five equal factors is called the ffth root, etc. 

220. Evolution is the process of finding a root of a 
quantity. It is also called the process of extracting a root 
of a quantity. 

221. The Badicaly or Boot, Sign is t/~. When it is 
placed before a quantity, it shows that a root of the 
quantity is required. 

222. The Index of the root is a figure, or quantity, 
written in the opening of the radical sign to show what 
root is sought. 

When no index is written the square root is indicated. 



Thus, Va-\-b shows that the square root of (a -f h) is sought, and 
Va^-hV indicates that the fifth root of (a^+y) Ih to be found. 
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223. Fractional exponents also are used to indicate 
roots. 

Thus, (fi means the third root of a; a^ means the eighth root of a. 

224. In fractional exponents the nuToerator indicates the 
'power, and the denominator the root. For, since in raising 
a quantity to a given power we multiply the exponent of 
the quantity by the exponent of the power to which it is to 
be raised, in finding a root the exponent of the quantity 
should be divided by the index of the root. 

Thus, a^ means the third root of a^; a^ the seventh root of a*. 

226. Principles. — 1. An odd root of a tpuMMty Jias the 
same sign as the quantity itself, 

2. An even root of a positive qtmntvty is eKher positive or 
negative, 

3. An even root of a negative quantity is impossible or tw- 
aginary, 

CASE I. 

226. Evolution of perfect powers by flEtctoring. 

1. What is the square root of IGa^b^c^ ? 

PROCESS. 

16a*62c« = 2 X 2 X 2 X 2, a, a, a, a. 6, 6, c, c, c, c, c, c. 
2 X 2, a, a, 6, c, c, c = 4a^bc^, 

Explanation. — Since the square root of a quantity is one of its 
two equal factors, the square root of IGa^i^c® may be found by 
separating it into its prime factors, and finding the product of the 
quantities forming one of the two equal sets of factors. Separating 
into prime factors, one of the twt) equal sets of factors is found to 
be 2 X 2, o, a, 6, c, c, c, which is equal to ^^bc^. 
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Rule. — Separate tJie quardities into (heir prime factors. Ar- 
range these into as many sets containing the same factors as there 
are units in the degree of the required root. The product of the 
factors which form a set will he the root 

2. Find the square root of l^x'^yH'^. Of ^^a'^h^c^. 

3. Find the cube root of ^x^y^z^. Of 276326^8, 

4. Find the cube root of Mx^y^z^, Of 21a^x^z^. 

5. Find the square root of 144. Of 256. Of 324. 

6. Find the cube root of 64. Of 512. Of 4096. 

7. Find the fourth root of 1296. The fifth root of 
248832. 

8. Fmd the square root of a'^ -\-2ab^h'^. Of a'^ + 
2a + 1. 

9. Find the square root of a* + 2a^h + a'^h'^. Of m'^n'^ 
+ 2m*n 4" wi*. 

CASE II. 

227. Evolution of any monomial. 

1. What is the square root of 2bx^y^ ? 

PROCESS Explanation. — Since, to square 

a monomial, we square the co- 



l/25a;«y« = ± 5x*y« g^^j^^t ^„^ multiply the expo- 

nents of the letters by 2, to extract the square root we must extract 
the square root of the coefficient and divide the exponents of the 
letters by 2. Since the even root of a positive quantity is either 
positive or negative (Prin. 2), the sign of the root is either plus or 
minus. Hence, the square root of the quantity is di bx^y^. 

Rule. — Exiraxi the required root of ike numerical coefficient; 
divide the exponent of each letter by the index of the root sought, 
and prefix the proper sign to Uis result. 

The root of a fraction is found by taking the root of the nu- 
merator and of the denominator. 
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2. What is the square root of IGa^ft^c* ? 

3. What is the cube root of —Sa^b^c^2 

4. What is the square root of 4a^c^x^ ? 

5. What is the cube root of 27x^y^z^ ? 

6. What is the fourth root of IQa^b^c^ ? 

7. What is the cube root of — Sah^c^? 

8. What is the fifth root of —a^c^H^-y 2 

9. What is the mth root of oTx^'^ft 

10. Find the required root of f^aH^y^z^^ 

11. Find the required root of \/x^y^z^w^7 

12. Find the required root of {/W^Y^^ 

13. Find the required root of (a^x^y^z^)^ 7 

J. 

14. Find the required root of (a^^a;*'*!/^") " ? 

15. What is the square root of ? 

16! What is the cube root of ? 

27y^ 

17. What is the cube root of —2 

216a^y^ 

CASE in. 

338. To extract the square root of a polynomial. 

1. What is the square of (a + 6) ? 

2. Since a^ -\-2ab-{-b^ is the square of (a + 6), what is 
the square root of a^ -{- 2ab + 6^^ 

3. How may the first term "of the square root be found 
from a2 _(_ 2a6 + 62 ? 

4. How may the second term of the square root be found 
from the second term of the power, 2a6? 
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5. What are the factors of 2ab -{-b^? 

6. Since 2ab-\-b^ is equal to b(2a-{-b), what are the 
factors of the last two terms of the square of a binomial? 



EXAMPLES. 

1. Find the square root of a^ -\- 2ab -{-b^. 

PROCESS. 

a^ +2cLb + b^ \a + b 



a2 



Trial divisor, 2a 
Complete divisor, 2a + 6 



2ab + b^ 
2ab + b'^ 



Explanation. — Since, if the quantity is a square, one of its terms 
is a perfect square, the first term of the root is the square root 
of a^, which is a. 

Subtracting a^ from the entire quantity, there is left 2ab-\-b^. 

Since the second term of the root can be obtained from the first 
term of the remainder by dividing it by twice the term of the root 
already found, the second term of the root of this quantity will be 
found by dividing 2ah by 2a, the trial divisor, which gives b for the 
second term of the root. And since the last two terms of the square 
of a binomial consist of the product of the second term of the root 
multiplied by twice the first plus or minus the second, 2a-\-b is 
the entire quantity or complete divisor^ which is to be multiplied by b. 
Multiplying by b and subtracting, there is no remainder. 

Therefore, a + 6 is the square root of the quantity. 

Since, in squaring a + ft-fc, a -\- b may be represented 
by X, the square will be x^ + 2xc -\- c^. Hence, it is obvi- 
ous that the square root of a quantity, whqge root consists 
of more than tvx> termSy may be extracted in the same way 
as in example 1, by considering the terms already found as 
one term. 
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2. Find the square root of x^ -\- 4x^ — 6x^ — 20a; + 25. 

PROCESS. 

a;4 _j_ 4^.3 _ 6x2 _ 20x + 25 \ x^ +2x — 5 
x^ 
2x^ + 2x~\ 4x8 _ ea;^ 



4x^ -\-4x^ 



4x^ -\-4x^ 
2a:2 -{-4x — d | — lOx^ — 2Qa; + 25 

— 10x2 — 20a; + 25 



Explanation. — By proceeding as in the previous example, the 
first two terms of the root are found to be x^ -\--2x. 

To find the next term of the root, we consider x' + 2x as one 
quantity, which we multiply by 2 for the trial divisor. Dividing 
the first term of the remainder by the first term of the' divisor, the 
third term of the root is obtained, which is — 5. Annexing this, 
as before, to the trial divisor already found, the entire divisor is 
2x2 -f 4a; — 5. This multiplied by — 5, and subtracted from — lOz* 
— 20x -f- 25, leaves no remainder. 

Hence, the square root of the quantity, x^-{-4x^ — 61* — 20a: + 25 
LM x^ -\-2x — 5. 

Rule. — Arrange the terms of the polynomial vjvth reference 
to the powers of some letter. 

Extract the square root of tJie first term, write the result as 
tlie first term of Oie root, and svhtrad its square from ihe given 
polynomial. 

Divide ihe first term of ihe remainder by twice the root 
already found, as a trial divisor, and the quotient wiU he Hie 
next term of ihe root. Write ihis result in the root, and an- 
nex it to the trial divisor, to form a complete divisor. 

Multiply the complete divisor by this term of the root, and 
subtract the product from ihe first remainder. 

Continue in this manner until all Hie terms of ihe root are 
found. 
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Find the square root 

3. Of a;2 + 4a; + 4. 

4. Of 62 -I- 26a; 4- a;2. 

5. Of 4a;2 + 4a; + 1. 

6. Of a2 + a6 + ^62. 

7. Of 9a2 — 12a6 + 462. 

8. Of a2+2a6 + 62— 2ac — 26c + c2. 

9. Of 4a;4 — 12a;8 + 13a;2*— 6x + 1. 

10. Of 4a4 + 4a3 — 7a2 — 4a + 4. 

11. Of x^—4x^ + 10a;* — 12a;3 + 9a;2. 

12. Of 16a4 — 24a8a; + 49a2a;2 — 30aa;3 + 25x4. 

13. Of a2 + 62 + c2 — 2a6 — 2ac + 26c. 

14. Of 40a;2 — 12a;8 + 9a;* — 24a; + 36. 

15. Of 4a;« + 5a;* + 12a;5 — 5a;2 — lOa;^ + 2a; + 1. 

16. Of 49a;* — 28a;3 — 17a;2 _|_ 6a; + -^ • 

4 



SQUARE ROOT OF NUMBERS. 



12—1 


102 — 100 


1002 — 10000 


92 — 81 


992—9801 


9992—998001 



229« 1. How many figures are required to express the 
square of any number of units f 

2. How does the number of figures required to express 
the second power of any number of tens compare with the 
number of figures expressing the tens? How does the 
number of figures expressing the second power of hundreds 
compare with the number of figures expressing hundreds ? 

3. If the second power of a number is expressed by 3 fig- 
ures, how many orders of units are there in thejiumber? If 
by 4, how many? If by 5, how many? If by 7, how many? 

4. How, therefore, may the number of figures in the 
square root of any number be found ? 
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230. Principles. — 1. Tlie square of a number is expressed 
by twice as, many figures as is tJie number itself y or one less, 

2. The orders of units in the square root of a number cor- 
respond to the number of periods of two figures eajch into which 
ilie number can be separated, beginning at units. 

231. Any number may be separated into its parts and 
squared, according to the principles abeady given. Thus, 
if any number consisting of tens and units is separated 
into tens and units, and raised to the second power, the 
result will be the tens ^ -(- 2 times the tens X the units 
-\- the tinits 2. Or, representing the tens by t and the 
units by it, the result may be expressed as follows: 

Principle. — The square of a number consisting of tens and 
units is equal to t^ -\- 2tu -{- u^. 

Thus, 35 = 3 tens plus 5, or 30 + 5 and 352=302+2 (30X5) 
+ 52=1225. 

EXAMPLES. 

1. What is the square root of 1225? 

FIRST PROCESS. EXPLANATION. — Ac- 

12-25 130 + 5 !:f °« **'/'•" f ^!^ 

^^^ ■ — 230, the orders of units 

in the square root of a 
number may be deter- 
mined by separating the 
number into periods of 
two figures each, begin- 
ning at units. Separa- 
ting 1225 thus, there are found to be two orders of units in the root — 
that is, it is composed of tens and units. Since tlie square of tens 
is hundreds, 12 hundreds must be the square of at least 3 tens. 3 
tens, or 30 squared, are 900, and 900 subtracted from 1225 leaves 
325, which is equal to 2 times the tens X the units + the units '• 



<2 — 


900 




325 


2t —60 




u — 5 




2^ + 1^ — 65 


325 
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Since two times the tens multiplied by the units is much greater 
than the square of the units, 325 is Tiearly 2 times the tens multi- 
plied by the units. Therefore, if 325 is divided by 2 times the 
tens, or 60, the quotient will be approximately the units of the 
root. Dividing by 60, the trial divism^j the units are found to be 5. 
And since, the complete divisor is found by adding the units to 
twice the tens, the complete divisor is 60 -|- 5, or 65. This multiplied 
by 5 gives as a product 325. Therefore, the square root of 1225 
is 35. 



SECOND PROCESS. 

12-25 I 35 



<2 — 


9 


2t —60 


325 


u 5 




2t + u — 65 


325 



Explanation. — In prac- 
tice it is usiuil to place the 
figures of the same order in a 
column, and to disregard the 
ciphers on the right of the 
products. 



Since any number may be regarded as composed of tens 
and units, the processes given above have a general ap- 
plication. 

Thus, 325 = 32 tens + 5 units; 4685 = 468 tens + 5 units. 
2. Find the square root of 137641. 

PROCESS. 

13-76-41 I 371 
9 

Trial divisor = 2 X 30 = 60 476 

Complete divisor = 60 + 7 = 67 469 

Trial divisor = 2 X 370 == 740 741 

Complete divisor = 740 + 1 = 741 741 

Rule. — Separate the rmmher into perioda of two figures eac/i, 
beginning ai units. 

Find ike greatest square in Vie lefi-kand period, and vrrite its 
root for Hie first figure of the required root. 
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Square this root and Buhtnust (he result from the left-hand 
period, and anv^ to the remamder the next period for a neu> 
dividend. 

Double the root already found, with a cypher annexed^ for a 
trial divisor, and by it divide the dividend. The quotient, or 
quotient diminisJied, vrill be the second figure of the root.. Add 
to the trial divisor the figure last found, multiply this complete 
divisor by the figure of the root found, subtract the product 
from the dividend, and to the remainder annex the next period 
for the next dividend. 

Proceed in this manner until all the periods have been used 
thus. The result xviU be the square root sought. 

1. When the number is not a perfect square annex periods of 
ciphers and continue the process. 

2. Decimals are pointed off into periods of two figures each, by 
beginning at tenths and passing to the right. 

3. The square root of a common fraction may be found by ex- 
tracting the square root of both numerator and denominator sepa- 
rately, or by reducing it to a decimal and then extracting its root. 

(For explanation with blocks, see Practical Arithmetic, page 322.) 

Extract the square root of the following: 



3. 


2809. 


7. 70756. 


11. 


938961. 


4. 


3969. 


8. 118336. 


12. 


5875776. 


5. 


4356. 


9. 674041. 


13. 


12574116. 


6. 


9216. 


10. 784996. 


14. 


30858025. 



15. Find the value of 1/222784. 



16. Find the value of 1/11390625. 

17. Find the value of i/.763876. 



18. Find the value of v/ 30858025. 

19. What is the square root of .093636? 

20. What is the square root of .099225? 

21. What is the square root of .7075613? 



22. What 

23. What 

24. What 

25. What 
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s the square root of y ^g^^ ^ y ^ ? 

s the square root of ^f|f ^f ? 

s the square root of ^ to five decimal places? 

s the square root of f to five decimal places? 



26. What is the square root of .9 to five decimal places? 

CASE IV. 

333. To extract the cube root of a polynomial. 

1. What is the cube of (a + 6) ? 

2. Since a^ + Sa^ + 3ab^ + 6« is the cube of (a + b\ 
what is the cube root of a^ + Sa^b + 3ab^ + 6» ? 

3. How may the first term of the root be found from 

4. How may the second term of the root be found from 
the second term of the power, Sa^ft? 

5. What are the factors of Sa^ + Sab^ + b^ ? 

6. Since Sa^b + Sab^ + b^ is equal to b(Sa^ +Sab + b^), 
what are the factors of the last three terms of the cube 
of a binomial ? 

EXAMPIifiS. 

1. Find the cube root of a^ + Sa^b + 3ab^ + b^. 

PROCESS. 

a* + 3a26 + Sab^ + 68 | g^b 
a* 



Trial divisor, 3a? 

Complete divisor, Sa^ -\-Sab-\-b^ 



Sa^b + 3a62 + b^ 
Sa^b + Sab^ + ft* 



Explanation. — Since, if the quantity is a cube one of the terms 
is a cube, the first term of the root is the cube root of a', which 
is a. Subtracting a^ from the entire quantity, there is left Sa^fc-f- 
Sab^ + bK 
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Since the second term of the root can be obtained from the first 
term of the remainder, by dividing it by three times the square of 
the root already found, the second term of the root of tlie quantity 
will be found by dividing 3a*6 by 3a*, the tibial divisor^ which gives 
6 for the second term of the root. And since the last three terms 
of the cube of a binomial consist of the product of the second term 
of the root with 3 times the square of the first, 3 times the product 
of the first and second, and the square of the second, Sa* -|- 3a6 + 6*, is 
the entire quantity, or complete dimsoTj which is to be multiplied by 6. 

Multiplying by 6, and subtracting, there is no remainder. There- 
fore, a + 6 is the cube root of a' + 3a'6 + Sab^ -f 6*. 

Since, in cubing a-\-b-\-Cy a + 6 may be expressed by 
X, the cube will be re* + Sx^c -j- Socc^ + ^^- Hence, it is 
obvious that the cube root of a quantity, whose root con- 
sists of more than two terms, may be extracted in the same 
way as in example 1, by considering the terms already 
found as one term. 

2. Find the cube root of x^ — Bx^ + 5^* — 3a; — 1. 

PROCESS. 

x^—Sx^ + 5x^—Sx—l I x^ — x — l 
x^ 



Trial divisor, 3x* 

Complete divisor, Sx^ — 3a;* + x^ 



— 3a;«+5a;« 
—Sx^+Sx^ — x^ 



Trial divisor, 3a;* — Ga;* + 3a;2 
Complete divisor, 3a;* — 6a;* -\-Sx-\-l 



— 3a;*+6a;«— 3a;— 1 
— 3a;*4-6a;3— 3a;— 1 



Explanation. — ^The first two terms are found in the same manner 
as in the previous example. To find the next term x^ — x is con- 
sidered as one quantity, which we square and multiply by 3 for a 
trial divisor. Dividing the remainder by this trial divisor, the next 
term of the root is found to be — 1. Adding to this trial divisor 3 
times (x2 — x), multiplied by — 1 and the square of — 1, we obtain 
the complete divisor. This, multiplied by — 1, and subtracted, leaves 
no remainder. Hence, the cube root of the quantity is x' — x — 1. 
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Rule. — An^atige the pdyncnnicd ivith reference to Hie "powers 
of some letter. 

Extract the cube root of the first temiy write Hw result as Hie 
first term of the quotient, and subtract its cube from the given 
polynomial. 

Divide the first term of Hie remainder by 3 times tJie square 
of the root already found, as a trial divisor, and the quotient 
will be the next term of the root 

Add to this trial divisor 3 times the product of ike first and 
second terms of the root, and tlw square of the second term, 
TJie result will be the complete divisor. 

Multiply the complete divisor by the last term of the root 
found, and subtract Hits product from the dividend. Continue 
in this manner until all the terms of the root are found. 

Each succeeding term of the root may be obtained by dividing the 
first term of each successive remainder by 3 timcK the square of tlie 
first term of the root. 

Find the cube root 

3. Of x^ + Qx^y + 12xy^ + Hy^. 

4. Of 27a3+27a2+9a+l. 

5. Of Sx^ — 36x2 + 54a; — 27. 

6. Of 27a;« + 108x2 + 144x + 64. 

7. Of a3 + 3a + - + ~- 

a a^ 

8. Of a^ — 12a2 -f 48a— 64. 

9. Of 8a8 + 12a2 + 6a + 1. 

10. Of 27a;« — 5ix^ + 63x4 __ 44^3 ^ 21x2 — 6x + 1. 

11. Of 8m«— 36ms + 66m4 — 63m8+33m2— 9m+l. 

12. Of 1 — 3a + 6a2 — 7a^ + 6a^ — %a^ + a^. 

13. Of m8-3m2 4-5--^ ^ 



?n2 m^ 



14. Of x« — 3x2y — 2/8 +823 + 6x2z — 12x2/2 + 6^22 + 
12xz2 _ 121/22 _j_ 3j^2, 
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Any root of a polynomial may be extracted in the same 
manner as the cube and square roots have been extracted. 
Thus, to find a formula for obtaining the complete divisor 
in extracting the fourth, fifih, sixth, or any required root of 
a polynomial, raise (a-\-b) to the required power, and sepa- 
rate all the terms after the first into two factors, one of 
which shall be the first power of the second term of the 
root. The other factor will be the formula for the complete 
divisor. 

(a + 5)5 r=a5 4- iya^b + lOa^b^ + lOa^b^ + 5ab^ + 6«. 

Trial divisor, 5a*. 

Complete divisor, (Sa* + lOa^b + lOa^b'^ + 5ah^ + 6*). 

(a + 6)7 = a7 + 7a^b + 21a^b'^ + Sba^b^ + Sda^b^ + 
21a265 4. 7a66 _|. 57. 

Trial divisor, 7a*. 

Complete divisor, (7a« + 21a^b + 35a*62 _|. Sda^b^ + 
21a264 -f 7ab^ + 6*). 

Since the fourth power is the square of the second power, 
the sixth power the cube of the second power, etc., any root 
whose index is composed of the factors 2 or 3, or 2 and 3, 
may be found by extracting successively the roots corre- 
sponding to the factors of the index. 

Thus, the fourth root may be obtained by extracting the square 
root of the square root; the sixth root, by extracting the cube root 
of the square root; the eighth root, by extracting the square root of 
the square root of the square root; the ninth root, by extracting the 
cube root of the cube root. 

# 

16. Find the fourth root of 1 —8a + 24a2 — 32a8 + 16a*. 

17. Find the fifth root of a;^ 4-5a;*+10a:H-10a;2+5a;+l. 

18. Find the sixth root of x^ + 6x^ + 15x^ + 20x8 + 15a;2 

+ ^ + 1. 
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CUBE ROOT OF NUMBERS. 

18 = i 103 = 1000 1003 = 1000000 

98 = 729 993 = 970299 9998 ^ 997002999 

233« 1. How many figures are required to express the 
cube of any number of units t 

2. How does the number of figures required to express 
the cube of any number of teTia compare with the number 
of figures expressing the tens? How does the number of 
figures expressing the cube of any number of hundreds com- 
pare with the number of figures expressing hundreds? 

3. If, then, the cube of a number is expressed by 4 fig- 
ures, how many orders of units are there in the root? If by 
5 figures, how many? If by 6 figures, how many? If by 
8 figures, how many? 

4. How may the number of figures in the cube root of a 
number be found? 

234. Principles. — 1. The cvbe of a number is expressed by 
three times as many figures as the number itself, or one or two less, 

2. The orders of units in the cube root of a number correspond 
to the number of periods of three fibres each into which Uie num- 
ber can be separated, beginning at units, 

235« Any number may be separated into its parts, and 
cubed according to the principles already given. Hence, if 
any number consisting of tens and units is separated into tens 
and units, and raised to the third power, the result will be 
the tens^ + S times the tens^ X the units + 3 times the 
tens X units ^ + the units\ 

Or, representing the tens by t and the units by u, the 
result may be expressed as follows ; 
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Principle. — The cvhe of a number consisting of tens and 
units is equal to t^ -{- Bt^u + 3^^ + w'. 

Thus, 35 = 3 tens + 6 units, or 30 + 6, and 35»=308-f3 
(302 X 5) + 3(30 + 52) + 5« = 42876. 

EXAMPLES. 

1. What is the cube root of 13824? 

FIRST PROCESS. 

13-824 )20 + 4 
<8 == 8000 

Trial divisor, 3*2 = 1200 



3tu= 240 

7*2 = 16 



Complete divisor, = 1456 



582 



5824 



Explanation. — According to Prin. 2, Art. 234, the orders of units 
may be determined by separating the number into periods of three 
figures each, beginning at units. Separating 13824 thus, there are 
found to be two orders of units in the root; that is, it is composed of 
tens and units. 

Since the cube of tens is thousands, 13 thousands must be the 
cube of at least 2 tens. 2 tens, or 20 cubed, is 8000, and 8000 
subtracted from 13824 leaves 5824, which is equal to three times the 
tens 2 X the units + 3 times the tens X the units* + the units*. 

Since three times the tens^ is much greater than 3 times the tens 
X the units^, 5824 is a little more than three times the tens' X 
the units. If, then, 5824 is divided by 3 times the tens', or 1200, 
the trial divisor, the quotient 4 will be the units of the root, pro- 
vided proper allowance has been made for the additions to be made 
to obtain the complete divisor. * 

Since the complete divisor is found by adding to 3 times the 
tens', 3 times the tens X the units and the units', the complete 
divisor will be 1200 + 240 + 16, or 1456. This multiplied by 4 gives 
as a product, 5824. Therefore, the cube root of 13824 is 24. 
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SECOND PROCESS. 

13-824 

t^= _8 

3<2 = 1200 

Ztu= 240 
w2= 16 



1456 



5824 



5824 



24 



Explanation. — In practice it 
is usual to place figures of the 
same order in a column, and to 
disregard the ciphers on the right 
of the products. 



Since any number may be regarded as composed of tens 
and units, the processes given have a general application. 

Thus, 468 = 46 tens + 8 units; 3829 = 382 tens + 9 units. 
2. What is the cube root of 48228544? 



PROCESS. 



48 -228 -544 \jm_ 
27 



Trial divisor = 3(30) 2 =2700 

3(30X6) = 540 

6^ = 36 

Complete divisor = 3276 

Trial divisor = 3(360)2 = 388800 

3(360 X 4) = 4320 

42= 16 

Complete divisor = 393136 



21228 



19656 



1572544 



1572544 



Rule. — SeparaJte ihe number into periods of three figures 
each, beginning at units. 

Find the greatest cvbe in the leftrhand period , and lurite 
its root for the first figure of the required root Cube Vie 
root, subtract Vie result from ihe left-hand period, and annex to 
the remainder the next period for a dividend. 

Take 3 times ihe square of the root already found toith a 
17 
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cipher annexed, for a trial divisor, and by it divide the did- 
dend. The qiiotient, or quotient diminished, wiU he the second 
figure of the root. 

lb this trial divisor add 3 times tJie product of the first 
part of Hie root with a cipher annexed, by the second part, 
and also the square of the second part. Their sum will he ike 
complete divisor. 

Multiply the complete divisor by Hie second part of the root, 
and subtract the product from the dividend. Continue thus 
until all the figures of the root Imve been found. 

1. When there is a remainder after Bubtractlng the last product, 
annex decimal ciphers and continue the process. 

2. Decimals are pointed off into periods of three figures each, by 
beginning at tenths and passing to the right. 

3. The cube root of a common fraction may be found by extract- 
ing the cube root of both numerator and denominator separately, or 
by reducing it to a decimal and then extracting its root. 

4. A rule for the extraction of any root may be formed from 
the general formulas, as is shown on page 190. 

5. For explanation with blocks, see Practical Arithmetic, ^age 330. 



Extract the cube root of the following: 



3. 74088. 

4. 262144. 

5. 166375. 



6. 704969. 

7. 18519&. 

8. 250047. 



9. 5545233. 

10. 2000376. 

11. 153990656. 



12. Find the cube root of 2 to 3 decimal places. 

13. Find the cube root of 9 to 4 decimal places. 

14. Find the cube root of .27. Of .64. 

15. Find the cube root of -J. 

16. Find the cube root of ^. 

17. Find the fourth root of 145161. 

18. Find the fifth root of 248832. 



RADICAL QUANTITIES. 

236. 1. In what two ways may the root of a quantity be 
indicated ? 

2. What is indicated by l/^? By (3a)i? By 56^? 

3. In the expression 5i/a;*, what shows how many times 
V^ is taken ? 

4. What is that called which shows how many times a 
quantity is taken? 

5. To what quantity without the radical sign is i/9^ 
exactly equal ? i/36P ? i/49m2 ? f^Ta^ ? 

6. To what quantity without the radical sign is l/7a 
exactly equal? \/Sx? i/T2i'3? fT^? fTO^? 

7. What is the square root of 9? Of 4? Of 9 X 4? 
What is the square root of a^ ? Of 62 ? Of a2 x ^2 ? 
What is the cube root of 8 ? Of 27 ? Of 8 X 27 ? 

8. How does the product of the roots of two quan- 
tities compare with the root of the product of the quan- 
tities? 

9. How, then, does the root of a quantity compare witli 
the product of the roots of the factors ? 

. DEFINITIONS. 

237. A Badical Quantity, or Radical, is a quantity 
whose root is indicated. 

(195) 
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The root may be indicated by the radical sign or by a 
fractional exponent, 

ThuB, Vlx^y V2ba^f l?^4x, 2*, 5a;* and 4a' are radical quantities. 

238. The Coefficient of a radical is the quantity pre- 
fixed to the radical part to show how many times it is 
taken. 

Thus, 5, a, and be are, severally, the coefficients of the expressions 
5v^x, aVx^yy hex*. 

239. The Degree of a radical is indicated by the index 
of the radical or the denominator of the fractional ex- 
ponent. 

Thus, VXf aoTf (x-\-yr, are radicals of the second degree. 

f'y^y f^a-^by (c-|-d)*, are radicals of the third degree. 

240. Similar Badicals are .those which have the same 
quantity under the radical sign, with the same index, or 
which have the same fractional exponent. 

Thus, bf x'^y, af^x'^y, bb{x^y)^, are similar radicals. 

241. A Ratioiml Quantity is a quantity whose indi- 
cated root can be extracted exactly. 

Thus, 1^49^2, f27y^, (a* -f 2a6 + 62)^, are rational quantities. 

242. A Surdy or Irrational Quantity, is a quantity 
whose indicated root can not be extracted exactly. 

Thus, VSXj I^'Tx^, (a2 -|-62)% are irrational quantities. 

243. Principle. — The root of any quantity is equal to the 
product of the roots of its factors. 
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REDUCTION OF RADICALS. 

CASE I. 

244. To reduce a radical to its simplest form. 

When a radical contains no &ctor which is a perfect 
power corresponding to the degree of the radical, it is in 
its simplest form, 

1. Eeduce \/16a^x to its simplest form. 

PROCESS. Explanation.— 

l/16P^= 1/16^5 X l^= 4ai/F ^^^ * "f'^ '" 

m its simplest form 
when it contains no factor which is a perfect power corresponding 
to the degree of the radical, we separate IQaH into two factors, one 
of which is a perfect square, since the radical is of the second 
degree. The factors are 16a* and x. Then, hy Principle (Art. 243), 

l/16a*x= VlQa^ X ^^t or, extracting the root of the perfect square, 
it becomes 4ay^, 

Rule. — Separate Ihe qiumtity under the radical sign into two 
fadorSy one of which shall contain all the perfect 'powers of 
the radical corresponding in degree with the radical. Extranet 
the root of the rational factor, multiply it by ihe coefficient of the 
given radical, and place the product as ike coefficient of ihe siird. 



Eeduce the following radicals to their simplest form: 

2. \/m^. 

3. i/36a26. 

4. i/75^V^ 



5. ]/100a«68. 

6. V4S2a^x^y. 



7. VSla'^xy, 

8. W^xyH'K 

9. d\/TSx^yHK 

10. i/cfi—a'^x, 

11. fx^—xhjK 
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12. afa^ — aH^. 

13. ai/a* + 2a26 + ab'^. 



14. (a + 6)i/a* — a262. 



15. (x-\-y)\/x^—2ac'^y+xy'^, 

16. (a;2 + aj2y ^ a;2y2)i 

17. 4a(aj + 2xy + 0^2)1 



345. A Fractional Radical Quantity is in its simplest form, 
when only a surd without a denominator is left under the 
radical. 



VQ 2 
-TT- to its simplest form. 



So" X 56 
56X56 



/HP" f 

\"2562 — "V 156 X 2552 — 



i^^^ 



PROCESS. Explanation. — Since 

the denominator is to be 
removed, it must be made 
a perfect square. This 
can be done by multiply- 
ing the terms of the frac- 
tion by 56. Then factor- 
ing, as in previous exam- 
ples, and extracting the 
root of the rational part, 
the result is -— 1/156, in which the radical is in its simplest form. 

Rule. — Multiply (he terms of the fraction by a quantity 
which vrUl make its denominator a perfect power of the same 
degree a>s the given root 

Simplify this resvJUt according to the prevums rude. 

Reduce the following to their simplest form: 



a 



•Vf- 



21-vl- 



22. VI- 



• V'"' 



M" 






5a 



■4 
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27 



9 /^a;* 



28. (a+&) V^. 



29 






X 



■^ + y) 



30. ia^-h^)yl- 



X 



2+62 



\ 4a;2y2 ^ 



CASE n. 

346. To reduce a rational quantity to the form of 
a radical. 



1. What is the root of i/4a2? Xo what quantity under 
the radical sign of the second degree is 2a equal? 

2. What is the value of i/27a^? To what quantity 
under the radical sign of the third degree is 3a equal ? 



EXAMPLES. 

1. Eeduce &a^xy to the form of the cube root. 

PROCESS. 

Explanation. — Since any quantity is equal to the cube root of 
its cube, ^"^Ty is equal to the cube root of {Qa'^xyYy or i?^216a®x'y*. 

Rule. — Raise the quantity to the power corresponding to the 
index of the given root, and place Hue remit under the appro- 
priate radical sign. 

The coefficient of a radical quantity may be placed under the 
radical sign by raising the coefficient to the power indicated by the 
index of the radical, and multiplying the quantity under the radi- 
cal by the result. 
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2. Reduce Sax^ to the form of the square root. 

3. Reduce 4x^y to the form of the square root. 

4. Reduce 2a^x'^y to the form of the cube root. 

5. Reduce a -|- 6 to the form of the square root. 

6. Reduce a — 6 to the form of the cube root. 

7. Express 2a\/ab entirely under the radical. 

8. Express Sb]/bxy entirely under the radical. 

9. Express 2x[/x^ -\- y^ entirely under the radical. 

10. Express (x-\-y)i/2x entirely under the radical. 

11. Express Sa\/a^ — b^ entirely under the radical. 

12. Express (a — b)ya-\-b entirely under the radical. 

13. Express (x — y)\/ entirely under the radical. 

14. Express (x^ — y^) V / \2 entirely under the radical. 

CASE III. 

247. To reduce radicals to equivalent radicals of 
the same degree. 

1. To what fraction in lower terms is f equal? By 
what equivalent expression having an exponent in lower 
terms can a^ be expressed? By what a*? By what a®? 
By what x^? 

2. Express a^ by an equivalent expression, with an ex- 
ponent in higher terms. Express, in like manner, x^ and y^. 

3. By what equivalent expressions having fractional ex- 
ponents with a common denominator, may a^ and a^ be 
expressed ? 
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i:XAMPI.£S. 

1. Reduce \/xy and ^x^y to equivalent radicals of the 

same degree. 

PBOCESS. Explanation. — 

/ — ^ N-J- • N# 6/ a a Since the quantities 

Vxy = (a^)^ = (xy)^ = y x^y^ ^^ ^^ ^^^^^ ^^_ 

reduced to the same 
degree by finding equivalent exponents which have for their denom- 
inator the least common multiple of the given denominators. 

Expressing the quantities with their fractional exponents, they 

are (xy)^ and (x^y)* These, expressed as radicals of the same de- 
gree, are (a^)* and (z^y)^. Raising each quantity to the power in- 
dicated by the numerator of its exponent, and placing the result 
under the radical sign, with an index equal to the denominator of 
the exponent, we have as a result vx^y^ and vx^y^, 

■Rule. — Jff necessary express the given radicals witli fractional 
exponents. Reduce the fractional exponents to equivalent expo- 
nents having a common denominator. 

Raise each quantity to the power indicated by tJie numerator 
of its eaponenty and indicate Hie root which is expressed by Hie 
common denominator. 

Reduce the following to radicals of the same degree: 



2. i/lO and #"3. 

3. i/o^S and f^3^, 

4. i/rc^yS an J i/xy^* 

5. \/a^xy and '^xy^z, 

6. i/axy^ and \/a^xy^, 

7. y/ax and J/hy, 



8. \/aXy f^by, and \/az, 

9. VdHy f^oy^y and VW' 
10. l/f , f%, and /2. 

12. ^/crvT> ^^^ VaVV>. 
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ADDITION AND SUBTRACTION OF 

RADICALS. 

248. Principle. — Only similar radicals can be combined 
in one term by addition or svhtraMon, 

1. Find the sum of i/27, 2i/48, and 3l/l08. 

FBOGiss. Explanation. — Since the radical 

y^ n yo" quantities are not similar, they must be 

_ reduced to similar radicals before adding. 

z]/4o = oy 6 Expressing the radicals in their simplest 

3l/108 = I81/3" form, 1/27 = 3/3; 2/48 = 81/3; and 

Sum = 29/3 3/108"= 18/a; Therefore, since they 

all have the same radical factor with 
the same index, they are similar, and their sum is the sum of 
the coefficients prefixed to the common radical factor. 

Rule for Addition. — Rediice the radicals^ if necessary', to 
their simplest form. If the radicals are then similar, add their 
coefficients and prefix tlie sum to (he common radical factor; 
bvt if they are not then similar, indicate the process by connect- 
ing them wiSi their proper signs. 

Rule for Subtraction. — Qiange Hie signs of the subtra- 
liendy and proceed as in Addition. 

2. Find the sum of v^Ts; l/l28, and l/32. 

3. Find the sum of i/75, i/T2, and i/48. 

4. Find the sum of 1^32, #"108, and #"256. 

5. Find the sum of 3i/200, 4v 50, and i/72. 

6. Find the sum of #"162, #"384, and ^750. 

7. Find the sum of Z\/\ and ly"^. 
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8. Find the sum of i/24, VM, and i/29l 

9. Find the sum of i/f , \/\, and |i/ 3. 
10. Find the sum of |i/|", \\/% and i/ f 



11. Find the sum of W2A2x^y^ and llxyV^x^y^. 

12. From i/243 take i/l08. 

13. From i/l2Sx^y^ take i/98Jy". 

14. From ^40 take #"135. 

15. Simplify i/24 + i/54 — l/96. 

16. Simplify i/l2 + 3v^75 — 2i/27. 

17. SimpUfy 5i/72 + 3i/l8 — 1/50. 

18. Simplify i/45a8+5i/20^— V 50^. 

19. Simplify i/8^ + l/SPy — 1/50^. 

20. SimpUfy l/2a;2 -)- 4fl?y + 2y2 _ |/2a;2 — 4a^ + 22/2. 

2L SimpUfy j^'32^ + ^162^ — i/ 512^ + 

^T25^V^ - 

22. SimpUfy 3^^^ + 2 VsP" — \ 27I2 ' 
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249. 1. When quantities have fractional exponents, 
what does the numerator of the exponent show? What 
the denominator? 

2. Express with the radical sign a^; a^; a^; (pb)^ y 
(ab)^; . (a^b)^. 

3. Express with the radical sign (6a)^; (3a)^; (5a)^; 

(6a)^; (6a268)^. 

4. How is a2 multiplied by a^? a^ by a«? a" by a"? 

a* by a*? a"^ by a^? a^ by a^t 
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5. What is the product of a* by a*? Of a^ by a*? 

Of a^ X ah Of a* X a^? 

6. What must be done to the exponents ^ and J before 
they can be added? 

7. When quantities have fractional exponents with differ- 
ent denominators, what must be done to the fractional ex- 
ponents before multiplying? 

EXAMPLBS. 



1. Multiply SaV6xy by 2bVSy. 

PROCESS. 

SaV^X 2b\/Sy = 6abVl^xy^ = 



6a6i/9t/2 X V2x = lSabyV2x 

Explanation. — Since the radical quantities have the same index, 
their product may be found by multiplying together the various fac- 
tors. Multiplying the coefficients, we obtain 6ah; multiplying the 
radical parts, we obtain VlSry^. Consequently, the entire product 
18 QabVlSxy^f which, simplified, gives lSabyV2z. 

2. Multiply f^axy by {/ax^yK 

PROCESS. 

f^axy X Vcux^y^ = («^) X (ax^y^)^ ==(axy)^ X (aa;'y*)*= 
V^o^Jy X f/'oVp = f/'a^aj'y' = xyi^a^x^y^ 

Explanation. — Inasmuch as the quantities have not fractional 

exponents with the same denominator, they must be changed to 

equivalent quantities whose fractional exponents have the same 

denominator. Thus, they become ya^x^y^ and {/a^x^y^, Multi- 

plying as beforCy and simpViiymg, t\ve xeswW. \a xyV"^^^. 
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Rule. — Reduce Hie radical factors to ike same degree, if 
necessary. 

Multiply the coefficients together for the coefficient of the prod- 
vet J and the fadtors under the radical for the radical factor of 
the product, and simplify the result. 



Multiply 

3. 2v/8 by 3i/5. 

4. 2|/12 by 3v^. 

5. 3\/9x by 2i/3x. 

6. S^S^hj2fS, 

7. 6f^ by 2f4c. 

8. d{/Qxy by 2i/3^. 

9. 4f^2xy by df^Wy, 

10. dfS^ by 6f %». 

11. 2i/l4 by 3i/20. 



Multiply 

12. 2i/l5 by 3 k 35. 

13. 2v^by 1/200. 

14. fS^ by f 9^. 

15. f^2x^ by ]/Sx^y^, 

16. Va2^ by i/o^^ 

17. f^axy^ by ]/Sasy, 

18. 2i/2^ by 3f^^, 

19: >/f ^y ^if 



260. The product of polynomials containing radical quan- 
tities, or quantities with fractional exponents, may be found 
by the rules already given. 

20. What is the product of 2 + 1/6 multiplied by 
2 — i/6 ? Of a^ + b^ multiplied by a^ + b^? 



PROCESS. 

2 + T/6 
2 — 1/6 

4 + 2i/6 

— 2i/6- 
4 — 6 or — 



6 
2 



PROCESS. 



a^ + 6^ 
ai + 6^ 



8 



a^fti 



+ 



a^6^ 



+ 6^ 



0^ _jf- a^b^ -V ^^ \^ 
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21. Multiply v'S + 1/2 by 1/3 — 1/2. 

22. Multiply 7 + /3 by 7 — 1/3. 

23. Multiply 5 — 1/2 by 5 — v2. 

24. Multiply 2x — \/y by 2x + j/y] 

25. Multiply t/2 — l/l5 by i/3 — 1/5". 

26. Multiply i/i^ + \^y ^y v^^ — v^y- 

27. Multiply Vx — i/y by V^ — Vy, 

28. Multiply x + i/a^ + y by re — \/^y + y- 

29. Multiply a — \/a^~+b by a + v^a^ -f 6. 

30. Multiply a^ + 6^ by J + b^. 

31. Multiply J + ah^ + b^ by a* — 6*. 

32. Multiply a^ — 6* by a* — 6*. 

33. Multiply a^ — a\/2 + 4 hj a^ + a^^ + 4. 

34. Multiply 3 + 6v 6" by 4 + 51/8". 



DIVISION OF RADICALS. 

261. 1. How is a* divided by a^ ? a^ by a** ^ a** (»y 
a" ? J by a*? a^ by a^? a^ by a^? 

2. How are literal quantities divided? 

3. What is the quotient of a^-^a^? Of a^-^ah 0/ 
J -^0^2 Ofai-4-a^? Ofa*-r-ai? 

4. Since, in dividing literal quantities, the exponent of 
the divisor is subtracted from the exponent of the dividend, 
when quantities have fractional exponents with different 
denominators, what must be done to the exponents before 
dividing? 
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XaCAMPIiES. 

1. Divide 3v^ by 2^/9. 

PKOCESS. 

3i/45 -^ 2i/9 = 1^1/5 

ExpiiANATiON. — Since the radical quantities have tKe same index, 
the quotient may be found by dividing the various factors of the 
dividend by the corresponding factors of the divisor. Dividing the 
coefl&cients, the quotient is IJ; dividing the radical factors, the quo- 
tient is v/5. Consequently, the entire quotient is IJl/ 5. 



2. Divide \/ax^y^ by ^aay, 

PROCESS. 

(aa;8y8)f _s_ (axyy = {/a^x^y^ -^ i/a^x^y^ = 

f/ax'^y'^ z= xyl/axy 

ExPiiANATiON. — Inasmuch as the quantities have not fractional 
exponents with the same denominator, they must be changed to 
equivalent quantities whose fractional exponents have the same de- 
nominator. Thus, they become ^^a^x^y^ and Va^x^y^, Dividing, as 
before, and simplifying, the result is ryl/axy. 

KuLE. — Reduce the radical factors to the same degree, if nec- 
essary. Divide ike coefficient of the dividend by the coefficient 
of the divisor, and (he radical factors of the dividend by Hie 
radical factors of the divisor. The result will be the quotient. 

Divide 



3. 6i/5i by 3i/2. 

4. 2/96 by 3i/6. 

5. Vl25 by 2i/6. 

6. 6i/l2^2 by 31/4 



Divide 

7. T/96a2 by 4a. 

8. 8^512 by 4f^. 

9. iV^ by iv/2^ 
10. ef^oxb^ 1V^^ 
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11. Divide ay^ by 6^f 



y 



+ y '' '^x-\-y 

12. Divide i/a;^ — y^ by x — y. 

13. Divide ^f^ by i^i. 

14. Divide (4a;2)4 by (2aaj)*. 



15. Divide l/3a;2y — 3a;y2 ^y j/a; — y. 

16. Divide 4(a;2_y2)i by 2(a;— y)* 

253. Polynomials containing radical quantities, or quan- 
tities having fractional exponents, may be divided according 
to the rules already given. 

17. Divide x^ + i*^V^ — 6y by a; — 2i/y; also, a;^ + 
2x^y^ + y^ by a;^ + V * 



PROCESS 

x^-\- x\/y Qy 


x — 2\/y 


PROCESS. 

a;* + 2a:*yi + y* 


^ + 3^ 


a;2 — 2xi/y 


x + ^Vy 


rci + yi 


O ■■ / /? 




oaJK y — oy 
Zx\/y — Qy 







18. Divide c^ — y^ bya^ — y*. 

19. Divide a^—2a^y^ + y^ by a^ — yi 

20. Divide i/20 + i/T2 by i/5 + 1/3. 

21. Divide 6 + lll/2 + 6 by 3 + 1/2. 

22. Divide 8 + 10v^5 + 15 by 2 + V% 

23. Divide 12 + 17/6 + 36 by 3 + 2i/6. 
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INVOLUTION OF RADICALS. 

263. 1. What is the cube of 3v/«? 

PBOCESS. Explanation. — Expressing the 

/Q /"^a /Q ^NS radical quantity with a fractional 

^ ^ ^ ^ exponent, and raising it to the 

38a; = 27x2 = ^j^.^ power, we have 3« X «^, or 

27l/a;» = 27xyx 27A Expressing this in the form 

of a radical, and simplifying, the result is 272; /z. 

2. What is the square of 2 + 3 l/i? 

PBOCESS. Explanation. — Since the 

(2 + 3i/^2 = 4_|_i2vT+9fl; «®^°*^ P^^®^ ^^ *^® P^^y- 

nomial is sought, the power 
will be the square of the first term, plus twice the product of the 
first and second, plus the square of the second. 

Rule. — Raise the rational factor of a monomial radical to 
the required power, and annex to this he required pou)er of 
the radical part, expressed under the radical sign or vrith 
fractional exponents. 

Expand a polynomial which contains a radical part accord- 
ing to the binomial formula, or perform the involution by 
actual multiplication. 

3. Find the square of S\/x. 

4. Find the square of 2^2x2. 

5. Find the square of 4a^Sb^. 

6. Find the cube of 3i/S. 

7. Find the cube of 2a\/Sa. 

8. Find the cube of S^Uax. 

9. Find the cube of (a + h)^. 

18 
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10. Find the cube of (2a + 82)^ 

11. Find the square of l/3 + 2i/5. 

12. Find the square of 2 + 4i/3. 

13. Find the square of 2 + 3i/5. 

14. Find the square of x^ -\-y^> 

15. Find the square of a* -}" y • 



EVOLUTION OP RADICALS. 

264. 1. What is the cube root of a« ? Ofa»? OfxY? 

2. What is done to the exponent of a literal quantity to 
extract the cube root of the quantity? To extract the 
fourth root? To extract the fifth root? To extract any 
root? 

EXAMPLES. 

1. What is the cube root of 8a* 1/ oft? 



■4 



PROCESS. Explanation. — Since any root 

Sa^\/ah = 8a3a^6^ ^^ * lii^TaX quantity may be found 
by dividing the exponent of the 

Sa^aH'^ = 2aaH^ = ^^^^^^ quantity by the index of the 

root sought, we express all the 

Zay ab literal quantities with their ex- 

ponents, obtaining 8a'a*6% and 
divide the exponents by 3, and 
\ 8a* {/ab = 2a\/ab extract the cube root of the nu- 

merical factor. The result is 
2aa*6*, which, expressed as a radical, is 2a^^ 

The same result might have been obtained by extracting the 
cube root of the coefficient and multiplying the index of the radical 
by 3. 



OB 



/fi^a./^jv ^ ^ 
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Rule. — Extrdct (he required root of the coefficient and of 
the quantity under the radical dgn, by extracting the root of the 
numerical quantities, when possiUe, and dividing the eopponents 
of the literal qtumtities by the index of the required root. Or, 

Extract the required root of the coefficient, multiply the index 
of the radical by the index of the required root, and leave the 
quantity under the radical sign unchanged. 

2. Find the square root of l^x^Vaz. 

3. Find the square root of SQa^x^i/yz. 

4. Find the cube root of 27a^b^\/xyz. 

5. Find the fourth root of a^b^f^a^x^. 

a la 




6. Find the cube root o^ q \ q 

7. Find the square root of 16a;^2y. 

8. Find the square root of (x + y)'[/x -j- y. 



RATIONALIZATION. 

CASE I. 

255. To rationalize a monomial surd. 

1. By what quantity may [/a be multiplied to produce a 
rational quantity? #^? l/'2a? ^o^"? 

2. By what quantity may a^ be multiplied to produce a 
rational quantity or a quantity with an integral exponent? 

ah x^i xh xh yh 

256. nationalization is the process of removing the 
radical sign, or fractional exponent, feonv «ki c^'axyJCxVj * 
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BXAMPIiKS. 

1. Rationalize i/2a. 

PROCESS. 

/2a X V"^ = 2a 
Therefore, i/2a is the rationalizing factor. 

Explanation. — Since the square root of any quantity multiplied 
hy itself will remove the radical sign, we multiply l/2a by i/2o. 

1 1 

2. Rationalize d^x^, 

PROCESS. 

d^^ X a^aJ^ = ax 
Therefore, ors^ is the rationalizing fector. 
Explanation. — Since a radical quantity is rationalized by re- 
moving the radical sign or fractional exponent, we multiply cPx^ 
by such a factor as will make the exponents integral. Hence, to 
produce integral exponents in the product, we must multiply by 
a factor such that, when the exponent of each letter of the factor 
is added to the exponent of the corresponding letter of the surd, the 
sum of the exponents will be 1. Therefore, <j?i^ is the rationalizing 
factor. 

Rule. — Multiply Ike surd by the same quumtiiy toUh an ex- 
ponent suck that, when added to the fractional exponent of 
the surd, ike sum of the exponents will be egiud to 1. 



3. What factor will rationalize l/4aa;? 

4. What factor will rationalize ^Sa^y? 

5. What factor will rationalize ai/3ic? 

6. What factor will rationalize 2^^^? 

7. What factor will rationalize 2\/abyi 

8. What factor will ritionalize 2ax\/Syz? 



0. What factor will ratioiia\\i.e 4x'^'^^^a*^i^ 
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CASE II. 

257. To rationalize a binomial surd of the second 
degree. 

1. When a + 6 is multiplied by a — 6, what is the prod- 
uct? 

2. When \/^-\-\/h \a multiplied by j/a — 1/6, what is 
the product? 

3. When \/x-\-\/y is multiplied by i/fl5 — Vy, what is 
the product? 

1. Eationalize i/2 — 1/3. . 

ExPiiANATiON. — Inasmuch aa each of 
PKOCESS. , ,.,.,, 

_ _ the terms may be rationalized by squar- 

y *^ y ^ ing it, we may obtain the pquare of the 

|/2 -j- |/3 tefms by multiplying the binomial by the 

"Z o T sum of the quantities. Hence, v^ 2 + i/ 3 

is the rationalizing factor. 

Rule. — Mxdtiply the binomial by another binomial having 
the same quantities connected with tlie opposite sign. 

2. What factor will rationalize i/5 — T/2? 

3. What factor will rationalize i/9 — 1/6? 

4. What factor will rationalize a;-fT/3? 

5. What factor will rationalize x — S\/Q7 

6. What factor will rationalize \/a — \/x? 

7. What factor Avill rationalize 2i/a-\-S\/y? 

8. What factor Avill rationalize \/4a — i/3a;? 

9. What factor will rationalize x — l/y? 
10. What factor will rationalize x^ — Vvl^^ 
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OASE m. 

358. To rationalize either term of a ft^action. 

2a 
1. Reduce to a fraction whose denominator is 

Vy 

rational. 

FBOCESS. Explanation. — Since 

^ o \/ /"" 9 / — ^^ denominator is to 

__ — _ y_ __. g \^ rationalized, we mul- 

Vy VyXVy V tiply the terms of the 

fraction by a quantity 
which will render the denominator a rational quantity. By Case I 
it is seen to be v^y. Therefore, the fraction, when its denominator 

is rationalized, is y. • 



Rule. — Multiply Hie terms of ihefrcKitum by such a quantih/ 
as wUl render ih^ required term ralimud. 



3 

2. Rationalize the denominator of — z:-- 

2 

8. Rationalize the denominator of 



vT 



4 
4. Rationalize the denominator of — ir 

l/a 



5. Rationalize the numerator of 



6. Rationalize the numerator of 



2i/3 
2\/a 



7. Rationalize the numerator of ^ ■ 
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2 



8. Rationalize the denominator of 



9. Rationalize the denominator of 



1/}? — 1/3 
2x 



Va + Vh 
10. Rationalize the denominator of _^1_^. 

x—Vy 

2ah 



11. Rationalize the denominator of 



12. Rationalize the denominator of 



\/x — \/y 
3 



l/x — 1 — Vx-]- 1 



IMAGINART QUANTITIES. 

259. 1. What is the square root of a^ ? Of a* ? Of 
— a2? Of— a*? 

2. Into what factors may V — a^ be separated so that 
one of them shall be a perfect square ? 

3. Into what factors may \/ — 4 be separated so that 
one of them shall be a perfect square? ]/ — 9? V — 16? 

4 When the Va is multiplied by the j/a, what is the 
product? What, when \/2x is multiplied by i/25? i/3y 
by ]/%? 

5. What is the square of any radical quantity of the 
second degree? What is the square of \/bl Of y/ — 5? 
Ofi/=^? Ofi/=^? 

260. An Imaginary Quantity is an indicated even root 
of a negative quantity. 

Thus, V — 2fl, i/ — 3x^ {/ — a, are imag^naTy q\iwil\l\s». 



216 ELEMENTS OF ALGEBRA. 

261. Principle. — Every inuiginary monomial can he re- 
duced to the form of a y — 1. 

263. To add or subtract imaginary quantities. 

1. Add i/=^ and 2i/=^'S2. 

PROCESS. Explanation.— Since the radi- 

-,/ J.2 J.-,/ 1 cal expressions are dissimilar, they 

' must be reduced to similar radicals 
before adding. Reducing and add- 



2/_ 4x2 = 4x\/^^ 



^Xi/ 1 i°g coefl&cients, the sum is 5xl/ — L 

2. Add i/— a2 and V — 4a2. 

3. Add 2i/=4P" and 26i/=9: 

4. Add 3i/— 16a2a;2 and aj/— 25a;2. 

5. From |/ — Oa^ subtract ai/ — 16. 

6. From i/— arn^x^ subtract i/=27mV. 

263. To multiply imaginary quantities. 

1. Multiply 2i/=^ by 2i/=^. 

2i/=3=-2i/ 3Xl/=r 

2i/=6 = 2/6Xl/=l 

(2i/3 X T/=i) X (2i/6 X l/=i) = 

VIS X (l/=r)2 = — 4i/l8 = — 12i/2 

Explanation. — In order to determine the sign of the product, we 
rieparate the imaginary quantities into their surd and imaginary 
factors. We then multiply, os in radical quantities, observing that 
(V — 1)^ = — 1. V — 1 X V — 1 would, according to the ordinary 
rules for multiplication of radicals, give as a product 1^+1, which 
is equal to zh 1 ; but, inasmuch as we know that V^l was derived 
from the product of two negative factors, viz., V — ^1 and V — 1, the 
root of V-\-'i, in this case, is — \, axvd xvtit -V-l. Hence, 
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264. Principle. — The 'product of two imaginary qtumtUiea 
i& realy and, the dgn before the radical is determined by the 
ordinary rules reversed. 

2. Multiply i/=4 by i/^. 

3. Multiply 2i/^ by 3i/=?. 

4. Multiply 2i/=i by 3y'=9: 

5. Multiply 3i/^=a2 fey 2t/— a^a;. 

6. Multiply l+l/=T by l—V—T. 

7. Multiply 1— i/=i by \—V—i. 

265. To divide imaginary quantities. 

L Divide 6i/=6 by 3i/=2: 

ExpiiANATioN. — Division of 

PROCESS. imaginary quantities is per- 

6|/ — 6 -1- 3l/ — 2 = 2l/3^ formed in the same manner as 

division of radicals. 

2. Divide 3v/=8 by i/=4. 

3. Divide 2i/=^ by 3i/=52; 

4. Divide 2i/=a25 by 3i/^=i? 

5. Divide 2 by l+l/=T. 



6. Divide — 2;/— 1 by l—V—T. 

REVIEW EXERCISES. 

266. 1. Raise ax^y^ to the m — 1 power. 

2. Expand (a + 6)7. 

3. Expand (2a — 36)*. 

6 \3 



4Expand(|--). 
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5. Expand (j + I)*. 

6. Expand (f + ff. 

7. Expand (a + 6)* to 6 terms. 

8. Expand (a + 6)*"^ to 5 terms. 

9. Expand (flJ + y)'" to 6 terms. 

10. Expand (1 + 2a; + 3y + 2) 2. 

11. Extract the square root of 9a; — 24a;*y* + 12a;^ -f 

16y^ — le/ + 4 

12. Extract the cube root of 5a;» — 1 — 3a;« +a;« — ftc 

13. Divide m^ -f- mn -\-n^ by m + i/mn + n. 

14. Divide a;*+y* ^Y x^+xy\/2 + y^. 

15. Multiply l/a+ j/a — a;+l/i^by "j/a — i/a — x-\-\/^ 

16. Multiply i/a + i/a — a; by i/a — j/a — a;. 

17. Cube V2p X v W 

18. Square 2-}-a^\/2x + y. 

19. Express the nth root of tr^o' 



20. Bationalize the denominator of 



21. Bationalize the denominator of 



22. Bationalize the denominator of 



l/a — 1/6 

4+3i/2 
3 — 21/2 

a + l/a2— a;2 



« — l/a^— a;2 

23. Bationalize the denominator of — ■ - _ : 

V^ma + l + i/ma— 1 



RADICAL EQUATIONS. 

267. 1. In the equation \/x = 2, what is the value of «? 
Row is it obtained? 

2. In the equation \/2x = 4, how may the value of x be 
obtained? How in the equation v^x-{-2 = 47 

3. What is the square of 2 + i/«? What of a; + \/x? 
Which of the results contains the highest powers of ic? 

4. What is the square of Vx-\- i/2i? What of i/« + 
1/2? Which result contains the highest powers of re? 

5. When the sum or difference of two radical expressions, 
one of which contains the unknown quantity in one term, 
and the other in both, is raised to a power corresponding 
to the index of the radical, which result contains the highest 
powers of the unknown quantity? 

268. A Radical Equation is an equation containing a 
radical quantity. 

Thus, i/i"=5, T/«'-f3=6, i/a;+5=i/3a;, are radical equations. 

BXAIklPIiES. 

1. Given i/aF+6 = 9, to find the value of x. 

PROCESS. 

l/x + 6 = 9 

Transposing and uniting, y'x = 3 
Squaring, x = 9 
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2. Given 1/4 + a? = 4 — i/a;, to find the value of x. 

PROCESS. 

1/4 + a; = 4 — i/i" 

Squaring, 4-\-x=16 — 81/a; + x^ 

Transposing and uniting, S\/x = 12 
Dividing by 4, 2/i"= 3 

Squaring, 4fl; = 9 

a: = 2J 



X ~~~ (Z27 ^f X 

3. Given :z~ = > to find the value of x. 

l/x ^ 

PROCESS. 

X — ajx l/x 



l/x ^ 

Clearing of fractions, x^ -»- ax^ = x 
Dividing hj x, x — ckc = 1 

Factoring, (1 — a)x = 1 

1 



x 



1 — a 



269. From an examination of the solutions of the above 
examples, some of the following suggestions will be seen to 
be of value. 

Experience will teach the student the value of the other 
suggestions, and his own ingenuity will devise elegant 
methods, not mentioned here. 

Suggestions. — 1. Traiispose the terms so that the radical 
qtuintity, if there be but one, — or Hie more complex radical, 
if there be more than one, — maij coirvst^tiute oris tnem6er of tii€ 
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equation ; ihen raise eadi member to a power of the saine degree 
€L8 the radical, 

2. When the eguation is not freed from radicals by Uie first 
involution, proceed again as indicated in Suggestion 1, 

3. Simplify the equation as mucHi as possible b^ore perform- 
ing the involution. 

4. Sometimes it may be advantageous to dear a radical 
equation of fra^ions, either in whole or in part. EspedaUy 
will it be so when a radical denominator and another numeror 
tor are similar. 

5. It is sometimes convenient to rationalize the derwmirudor 
before clearing of fractions or involving. 

4. Given \/x + 7 = 9, to find x. 

5. Given i/25 — 6 = 3, to find x. 

6. Given i/x — 7 = 7, to find x. 

7. Given #"40;— 16 = 2, to find x. 

8. Given i/aj + 9 = 6, to find x. 

9. Given ^2^+^ + 4 = 7, to find x. 

10. Given Vx^ — 9 + x = 9, to find x. 

11. Given Vx^ — H-f l = a;, to find x. 

12. Given i/16 + a; + l/« = .8, to find x. 

13. Given Vx—16 = S — Vx, to find x. 

14. Given \/x — 21 = ^/x— 1 , to find x. 

15. Given Vx + \/x — 9= , r, to find x. 

yx — 9 

_ 4 

16. Given Vx + \/ir^= , to find x. 

yx — 4 

17. Given ?^^±M=v:^±32, to find.. 

l/rc + 4 1/74- 12 

18. Given -hizl V^^-^ =4, to find x, 

l/3x+l 2 
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19. Given x + ^7?'-Vl^^=l, to find x. 

20. Given y\l + z\/x^ -\-Vl = 1 + a;, to find a?. 

oi n- V'x — S \/z — 4 . £ , 

21. Given — — ^—— , to find z. 

l/a; — 6 Vx-{'2 

. d 

22. Given ya — a;= — — a;, to find ic 

l/a — X 

23. Given — —= = h 4, to find re 

l/ax + l 2 • 

24. Given — —r ^ — —: \-l, to find x. 

l/o; + 4 l/o; + 6 

25. Given --— = = — ::= , to find x. 

^\/2x — 10 l/2a: — 4 

26. Given \/x+~S — i/i"=^ = 2i/2, to find x. 



a , l/a 



2 



o;^ 



27. Given 1 = -—, to find an. 

X X 



28 



. Given \/ Vx ^ l/l -\-Xy \K} find a;. 

29. Given >^« + «' + A = 6, to find x. 

■|/o-|ra; — Vx 

30. Given ^^^ + ^ + ^^ = 9. to find x. 

l/4a; + 1 — 2i/a; 

31. Given l/^T'x + Vb=^ _^^ ^ ^^ ^^ 

l/5 + a? — 1/5 — X 



32. Given — — :=—, to find a?, 

l/a — l/a — a; a 



33. Given ^a^ to find a?. 



QUADRATIC EQUATIONS. 



270. 1. How is the degree of an equation determined? 
(Art. 177.) 

2. What is the degree of the equation a; -(- 2 = 7 ? Of 
aj24.4 = 8? Of a;2+4flj = 15? Ofx + xy = 12? 

3. What are equations of the second degree called? 

4. When x^ = 4, what is the value of x? What, when 
a;2=9? What, when a;2 = a2 ? 

5. How many values has x in these equations? How do 
the numerical values of x compare? What are the signs of 
the values of x2 

DIIFINITIONS. 

271. A Quadratic Equation is an equation of the 
second degree. 

ThuR, 2'= 9, and x* -{•bx=^Cf are quadratic equations. 

273. A Pure Quadratic Equation is an equation which 
contains only the second power of the unknown quantity. 

Thus, 4x2 = 16, and ax^ = b, are pure quadratics. 

273. A Pure Quadratic Equation is sometimes called an 
Incomplete Qyadratie Equation. 

274. A Boot of an equation is the value of the unknown 
quantity. 
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PURE QUADRATICS. 

275. Since pure quadratic equations contain only the 
second power of the unknown quantity, they may always 
be reduced to the general form of ax^ = 6, in which a 
represents the coefficient of a; 2, and h the other terms. 

276, Principle. — E/very pure guadratic equation has two 
roots numericaUy equal, but having opposite signs. 



fXAMPUBS. 



a;2 



1. Given 3x^ + -— = 14, to find the value of z. 

PROCESS. 

3a:2+ ^ = 14 
2 

Clearing of fractions, Ga;^ -f ic^ == 28 
Uniting terms, Ix^ = 28 

a;2= 4 
Extracting the square root, a; = it 2 

2. Given ax^ + c = fta;^ + cJ, to find %. 

PROCESS. 

Transposing, ax'^ — fec^ = c? — c 

Factoring, (a — V)x^ = d — c 

2 rf — c 
a — 6 

Extracting the square root, x = ih\/ r 
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3. Given x^ — 3 = 46, to find the value of x. 

4. Given Sx^ -|- 7 = ic^ -f- 15, to find the value of x. 

5. Given 2x^ — 6 = 66, to find the value of x. 

a;2 12 x^ 4 

6. Given — = — ;; — , to find tne value of x. 

3 4 

7. Given 5a;2 — 3 = 2x^ + 24, to find the value of x. 

8. Given Sx^+7=- f- 43, to find the value of x. 

4 

3x^ 

9. Given 2x^ = (- 35, to find the value of x. 

5 

x^ A-2 

10. Given — — 1- 8 =42, to find the value of x. 

3 

/p 3 4 

11. Given == -, to find the value of x. 

4 x + 3 

x^ 3aj2 3 

12. Given -—+9 = , to find the value of x, 

3 5 



X + 4 a; — 4 

X — 4 x-\- 4 



13. Given ; -f — ;— ; = 3^, to find the value of x. 



14. Given -f =2f, to find the value of x. 

1 — X 1 -\-x 

ic r^- x^+dx 3(aj + 2) ^ ^ , ^, , . 

15. Given = — ^^ — ' — -, to find the value of x. 

15 5 

x^ 

16. Given (x-\-2) (x — 2) = — 1, to find the value of x. 

4 

17. Given i/a -\-x= ——=> to find the value of x. 

yx — a 

18. Given ^ - =^a; + \^x^ + 5> to find the value of x. 

l/aj2+5 

19. Given x+ yx^—2\/\~x=\^\i^ii\A'(Sx^^^^^^^'s:'^ 
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20. Given i/o-f-o; ='\x+ 1/»" — b', to find the value of x. 

21. Given "^ — *^ = -, to find the value of a. 

!/«« + 1 + !/»»— 1 2 

22. Given ' ^ H ^ = - ♦„ (i„A 

x + V2^^^ x-V2^^ ^' to find 

the value of x. 

l+» 1— a 

23. Given — =a — > to 

1 + a; + -/l +'x^ l_a;_|_|/i 4.3:2 

find the value of x. 



PBOBUBMS. 

277, 1. What number is that, to the square of which, 
if f be added, the sum will be 1 ? 

2. Find a number such that the square of | of it will 
be 7 less than the square of it. 

3. Find a number such that if 320 is divided by it, and 
the quotient added to the number itself, the sum will be 
equal to 6 times the number. 

4. If a certain number is increased by 3 and also dimin- 
ished by 3, the product of the sum and difference will be 
55. What is the number? 

5. Two numbers are to each other as 3 to 5, and the 
sum of their squares is 3400. What are the numbers? 

6. A gentleman said that his son's age was :J^ of his own 
age, and that the difference of the squares of the numbers 
which represent their ages was 960. What were their ages? 

7. A man lent a sum of money at 6^ per annum, and 
found that, if he multiplied the principal by the number 
which expressed the interest for 8 months, the product 
would be $900. What was t\iei T^T\xid^\'l 
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8. A gentleman has two square rooms whose sides are 
to each other as 2 to 3. He finds that it will require 20 
square yards more of carpeting to cover the floor of the 
larger than of the smaller room. What is the length of 
one side of each room? 

9. The sum of two numbers is 12, and their product is 
27. What are the numbers? 

Note. — Let 6 + a? = one number, and 6 — x == the other number. ' 

10. The sum of two numbers is 15, and their product is 
56. What are the numbers? 

11. The sum of two numbers is 13, and their product is 
42. What are the numbers? 

12. Divide 20 into two such parts that their product will 
be 96. 

13. Divide 32 into two such parts that their product will 
be 240. 

14. A merchant bought a piece of cloth for $24, paying 
•| as many dollars per yard as there were yards in the 
piece. How many yards were there? 

15. A man purchased a rectangular field whose length 
was 1^ times its breadth. It contained 9 acres. What was 
the length of each side? 

16. Find two numbers which are to each other as 5 to 
4, and the sum of whose squares is 164. 

AFFECTED QUADRATICS. 

278. 1. How is a binomial squared? What is the square 
of a; + 2? 

2. Since the second term of the square of a binomial con- 
tains twice the product of both terms, if the second term of 
the square is given, how may the second term of the binomial 
be found when the first term of the \)moTcvY«\ \a Ywct^xj^^ 
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• 

3. What term is it necessary to add to x^ -{■ 4tx to make 

a perfect square? How is the term found? 

4. What term must be added to x^ -\-^x to make a per- 
fect square? How is it found? 

5. What must be added to a;^ + ^* ^ make it a perfect 
square ? 

6. What is the square root of the completed square of 
which a;2 -f- 8a; are two terms ? 

7. What is the square root of the completed square of 
which x^ -{■ 12a; are two terms? 

8. What is the square root of the completed square of 
which x^ -f 6a; are two terms? 

9. What is the square root of the completed square of 
which a; 2 4" 10a; are two terms ? 

10. What is the square root of the completed square of 
which a;2 -|- 20a; are two terms ? 

11. In the equation a;^ +4a;-{-4 = 9, what is the square 
root of the first member ? What is the square root of the 
second member? 

12. Since, in the solution of the equation a;^ -f 4a; + 
4^9, we obtain the result a; + 2 = it 3, how many values 
has a;? 

13. In the equation a;^ -f 6a; + 9 = 16, what is the square 
root of the first member ? What of the second member ? 
How many values has a;? 

PEFINTTIONS, 

279. An Affected Quadratic Equation is an equation 
which contains both the first and second powers of the un- 
known quantity. 

Thus, x^+2x = 4j 5y2 + 6g; = 8, and ax^-\-bx = e, are affected 
quadratic equations. 
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280. An Affected Quadratic Equation is sometimes called 
a Complete Quadratic Equation. 

281. Since affected quadratic equations contain both the 
second and first powers of the unknown quantity, they may 
always be reduced to the general form of aa^ -f- &r = c, in 
which a and h represent respectively the coefficients of x^ 
and Xy and e the other terms^ 

282. PiONCiPLE. — Emery effected quadratic equation has two 
roots, and only two. 

These roots are always numerically unequal, except when the 
second member of the equation reduces to 0. 

283. First mefhod of completing the square. 

1. Given x^ -{-4x = dQ, to find the values of ar. 

PROCESS. Explanation. — Com- 

^2 ^ 4a. ^ 96 Pleting the square in the 

0,2 + 4, + 4 _ 96 + 4 ^^' ^^^^^ ^y ^^f f^ 

the square of one-half 
re + 4a; + 4 = 100 ^^^ coefficient of x to 

^ I ^ ^^^ — -1" both members, we have 

a; = 10 — 2 = 8 a:2 + 4ar + 4 = 96 + 4. 

X = — 10 — 2= — 12 Extracting the square 

root of each member, 
we have a; + 2 = ±10. Using, first, the positive value of 10, we 
obtain 8 for one value of x; using next the negative value of 10, 
we obtain — 12 for the other value of x, 

VERIFICATION. Substituting the values of x for 

aAi^o QA n '\ ^» ^" *^® original equation, we see 

1AA J a nn /r»N that the \«A.\v^ «ct^ ^iort^RX. 

J44 — 48 = db (2) 
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2. Given x^ — 5a; == 24, to find the values of x, 

PROCESS. 

ic2— 5a;=24 

25 25 

Completing the square, x^ — 5a? + ' — = 24H 

4 4 

25 121 
Uniting terms in second member, x^ — bx-\ = 

4 4 

5 11 
Extracting the square root, x = ±: — 

5 11 
Transposing, x = — | = 8 

^22 

Therefore, x = S or — 3 

3. Given 2x^ — 7x = 30, to find the values of x. 

PROCESS. 

2x^ — 7aj = 30 

7 
Dividing by coefficient of rc^^ /p2 x=15 

Completing the square, a:^ a; -I = 15 J = 

^ 2 16 16 16 

7 17 

Extracting the square root, x = ib — 

4 4 

Transposing. - = U^ = 6 

4 4 

4 4 4 * 

Therefore, x = &ot — "i^ 
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Rule. — Beduce Hie equcdion to the form x^ ±:bx= ±Cy by 
dividing both members of the equation by (he coefficient of the 
highest 'power of the unknown quantity. 

Add the square of oncrhalf the coefficient of the second term 
to both members of {he equMion, extract the square root of each 
member, and reduce the equxUion. 

The solution of the equation x^ -}-bx = c gives x = 



4 



62 



dz \G + "x* Hence, the values of the unknown quantity 
may be found as follows: 

Write one-half (he coefficient of the second term urvth die con- 
trary sign, ±1 the square root of the sum of the square of half 
this coefficient and {he second meTnber of {he equation. 

Inasmuch as it is impossible to extract the square root of a n^a- 
tive quantity, it is necessary that the term containing the second 
power of the unknown quantity should have the positive sign. If it 
should be negative, change the signs of all the terms in both mem- 
bers. 



Find the values of a; in the 

4. x^ + 4fl; = 45. 

5. aj2+ 6aj = 27. 

6. x^+ 8a;=^20. 

7. ic2 + 10a; = ll. 

8. x^ + 20a; = 21. 

9. x^ + ISx = 19. 

10. a;2 + 24fl; = 25. 

11. aj2 — 12a; = 45. 

12. x^— 8a; = 33. 

13. a;2 — 14a; = 51. 

14. a;2— 28a; = 60. 

15. a;2 — 30a; = 64. 



following equations: 

16. 2a;2 + 3a; = 14. 

17. 3a;2 + 4a; = 39. 

18. 2a;2 + 7a; = 39. 

19. 5a;2 + 15a; = 50. 

20. 6a;2 — 21a; = 12. 
X — 5 a; + 1 



21. 



22. 



10 

a; + 2 



X — 6 
8 



23. 3a;— 



3a; + 4 
3a; — 3 3a;— 6 
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284. other methods of completing the square. 

When the second power of the unknown quantity has 
coefficients, the following method, sometimes called the 
Hindoo Method, will avoid fractions. 

Let it be required to find the values of x in the equa- 
tion ax^ -f. &r = c. 

PROCESS. 

ax^ -f- &r = c (1) 

Dividing by the coefficient of a;^, x^ -\ — »=— (2) 

a a 

b b^ c b^ 
Completing the square, x^ -\ — x-\ = — -|- (3) 

o 4a^ a 4a^ 
Multiplying by 4a2, 4aH^ + 4abx + b^=4ac+b^ (4) 

Explanation. — Solving this partially by the preceding method, 
we find, when the square is completed, that equation (3) is obtained. 
By multiplying the members of this equation by 4a', all fractions are 
removed, giving equation (4). That is, in eonipleting the squarCf frac- 
tions may be avoided by mtUtiplying both members by 4 times the eoeffieient 
of x^f and adding the square of the coefficient of x to both members. 

When the coefficient of a; is an even number, the method 
may be modified as follows: 

Let it be required to find the values of a; in the equation 
ax^ + 2dx = c, in which 2d is an even number. 

PROCESS. 

(tx^ + 2dx = c (1) 

a a 

X2J^ x+— = -^-\.— (3) 

a a^ a a^ 

Multiplying by a^, a^x^+^odx^d*^ =oa-V ^^^ (^^ 
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Explanation. — Solving partially by the first method, equation 
(4) is obtained after clearing of fractions. That is, in computing 
ih/& aquare, when the (^efficient of z is even, fractums may be avoided by 
mvUvpLying both members of the eqiwiiofn by the coefficient of x', and add- • 
ing the aquare of one-half of the coefficient of x to both members. 

SXAMPIiES. 

1. Given 2x^ -\-3x = 14, to find the values of a;. 

PROCESS. Explanation. — Inasmuch 

Q 2 _L Qr 14 as x^ has a coefficient and the 

coefficient of ^ is not even, to 

loaj -\- 2Ax -|-9 = 112 + 9 avoid fractions we multiply 

4flj -f- 3 = di 11 both members by 4 times this 

4fl; = 8, or — 14 coefficient, or 8, and add the 

X = 2 or 3i square of the coefficient of jb, 

or 9, to both members. 
Extracting the square root of each member, transposing, etc., 
the values of x are 3, and — 3}. 

2. Given 5x^ -j- 4a; = 57, to find the values of x. 

PROCESS. Explanation. — ^Inasmuch 

e 2 A^ Ax 57 as X* has a coefficient, and 

the coefficient of x is an 

25aj + 20a; -f- ^ = 275 + 4 even number, to avoid frac- 

5ac -4" 2 = dz 17 tions we multiply both mem- 

5a; = 15, or — 19 bers of the equation by the 

x= 3 or — 34 coefficient of x*, which is 5, 

and add the square of one- 
half the coefficient of x, or 4, to both members. 

Extracting the square root of each member, transposing, etc., 
the values of x are 3, and — 3|. 

Rule. — Jff the coefficient of the first power of the unhfwvm 
quantity he odd, multiply the eqtiation by four times the coeffwierd 
of (he second power of the unlcnown gvantity, and add ihe 
square of the coefficient of the fiT4 pcKiDer to \KrtK Ttv^ntAieit^* 
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If ike coefficient of the first power of ike unhunmi quantiiy he 
even, mulUply ihe eqaaiion by the coefficient of the second power y 
and add the square of one-half the coefficient of the first power 
'to both members. 

When {he coefficient of the second power of the unknown 
quantity is a perfed square, divide the coeffi^dent of the first 
power by twice the square root of iJie coeffMent of ihe second 
power, and add the square of the result to both members. 

Extranet the square root of both members, and find the value of 
X in ihe resulting equation. 

The student* may solve, in a manner similar to the above, a^x^ -f- 
hx = c, and deduce a rule similar to that already given for com- 
pleting the square when the coefficient of x^ is a square. 



Find the values of x in the 

3. dx^+bx = S. 

4. 2a;2+7a; = 22. 

5. 4x^+5x = 84. 

6. 5x2— 4a; =105. 

7. 3x2 — 16a; = 140. 

8. 4x2 __ 7a; = 102. 

9. 9x2+4x = 44. 

10. 8x2 — 6a; = 464. 

11. 5x2— 6x = 144. 

12. 3x^+2ax = b. 

13. x2— 6x— 14 = 2. 

14. x2 — 13x — 6 = 8. 

15. x2+17x— 18 = 0. 

16. x2 — llx— 7 = 5. 

17. 2x2 — 18x = — 40. 

18. 2x2+5x = 18. 

19. 3x2 + 2x = 21. 

20. 2x^ — 7x = U. 



following: 

21. 5x2 — 6x = 41. 



22. 



4x 



X — 3 



x+3 2x4-5 



= 2. 



23. 3x- — = 26. 

X 

^, 7 2x — 5 3x— 7 
24. = — • 

4 x + 5 2x 



25. 



26. 



27. 



28. 



29. 



3x— 5 
9x 
1 



6x 



1 



X — 1 x + 2 
X 7 



3x— 25 3 

2 1 
^2 



x + 60 3aj — 5 

x + ll ^ 9 + 4x 



= 7 



X 



X' 



4x — 10 7— 3x ^7 
x-V^ X "2 
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EQUATIONS IN THE QUADRATIC POEM. 

285. An equation which contains but two powers of an 
unknown quantity, the exponent of one power being twice 
that of the other power, is in the Qaadrcdio Form, 

These equations in the quadratic form can be reduced to 
the general form aa;2*» -|- fof» =: c, in which n represents any 
number. 

SXAMPIiES. 

1. Given x^ + Zx^ = 28, to find the values of x. 

PROCESS. 

a;4+3a?2 = 28 

9 121 
Completing the square, a?* + Sx^ "f" T ^^ "T" 

3 11 

Extracting the square root, x^ -j- --■ = ±: — 

aj2 = 4 or — 7 
Extracting the square root, »= ±2 or itl/ — 7 

2. Given ^ + 3a;* = 10, to find the values of x, 

FIRST PROCESS. 

^ + 3aj* = 10 

Completing the square, o^ + 3a;^ + — - = — 

4 4 

13 7 

Extracting the square root, ^ + "^ "^ — "o" 

Zt Zi 

a;^ = 2 or- — 5 
Baising \x> third power, x=^% oit — "V^ 
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SECOND PBOCESS. 
Let ST =1? 

Then, x^=p^ 
Substituting in giver equation, p^ -\-Sp = 10 



J>» + 3p + 


9 
4 


49 
4 




P + 


3 

■ 

2 


--,-7 
2 






P^ 


= 2 or - 


-5 


Hence, 


■^: 


— 2 or - 


-5 


Cubing, 


X- 


— 8 or - 


-125 



3. Given x^ — 2x^ ==:8, to find the values of x, 

4. Given x^ — 3aj* = 40, to find the values of a?. 

5. Given x^ — 4x^ = 32, to find the values of x. 

6. Given 2a;* — 4x^ = 16, to find the values of x, 

3 

7. Given 2x^ — 1 == — , to find the values of x, 

x^ 

8. Given x^ + 4x^ = 12, to find the values of x. 

9. Given x^ + 2x* = 8, to find the values of x. 

10. Given x^ + ^^ = 88, to find the values of x. 

11. Given x^ -f 3x^ = 4, to find the values of x. 

12. Given x^ — a;* = 20, to find the values of x, 

13. Given ax^"^ -f- fof* = c, to find the values of x. 

286. Polynomials are sometimes affected with exponents, 
one of which is twice the other. When such expressions 
coDtaiDiDg the unknown qvianXily «tfe iwwA ybl ^a^tions, 
the equations may be solved Wkft X>aft ^T%ftfe^\i^, 
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14 Given (a!+2)a +(a:+2)=20, to find the values of a;. 

FIBST FROCESJ. 

(a; + 2)2 + (a;+2) = 20 

1 ^1 

Completing the square, (a; + 2)2 + (a; + 2) + - = — 

4 4 

1 9 

Extractmg the square root, (x + 2) -| — =±: — 

a; + 2==4 or— 5 
ic = 2 or — 7 

SECOND PROCESS. 

Let ' i> = (« + 2) 

Then, |)2 = (a; + 2)2 

Then, p^ -\-p = 20 

^^2 2 

j5 = 4 or — 5 

a: + 2==4 or — 5 
a; = 2 or — 7 

15. Given (x^ + 1)2 + (a;2 + 1) = 30, to find the values 
of X. 

16. Given (a:2 -f 4)2 _|. (a;2 _^ 4) =30, to find the values 
of X. 

17. Given (a;— 1)2 + 5(0;— 1) = 14, to find the values 
of X, 

18. Given (a;2 _ 9)2 _ n (3.2 _ 9) == 80, to find the 
values of x. 

19. Given (a;2 —xy — {x^—x) = 132, to find the values 
of X. 
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20. Given x-\-5 — \/x-\-6 = 6, to find the values of x. 



21. Given 3a? + 4 + 4 i/3a? + 4 = 32, to find the values 

of X. 

22. Given ( — + a? ) V ( — + « ) = 42, to find the 



values of x. 

23. Given I ^ + x\ + I — + « I = 30, to find the 
values of x. 



I. Given/ — + a;y + /— + a;\=30, to find 



24. Given (2a;2 — 4a;+ 1)2 — (2x2 — 4fl;+ 1) =42, to 
find the values of x. 



25. Given x^—7x + 18 + Vx^ — 7x,+ 18 = 42, to find 
the values of x. 

26. Given 2a;2 -f 3a; + 9 — dV2x^ + 3a; + 9 = 6, to find 
the values of x. 

27. Given 2(3a;2 + l)* + 3a?2 + 1 = 63, to find the values 
of X, 

28. Given Vx-\-V2. + \/x + 12 = 6, to find the values 

of X. 

PROBLEH& 

287. 1. Find two numbers whose sum is 12, and whose 
product is 35. 

SOLUTION. 

Let a; = one. 
Then, 12 — a; = the other. 

12a; — a;2 = 35 
a;2 — 12a; = —35 
a;2 — 12a; + 36 = 1 

a; — 6 = =bl 

a; = 7 or 5 
12 — x = 5 OT T 
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2. The sum of two numbers is 10, and their product is 
21. What are the numbers? 

3. Divide 27 into two such parts that their product may 
be 140. 

4. A rectangular field is 12 rods longer than it is wide, 
and contains seven acres. What is the length of its sides? 

5. A person purchased a flock of sheep for $100. If he 
had purchased 5 more for the same sum, they would have 
cost 91 less per head. How many did he buy? 

6. An orchard containing 2000 trees had 10 rows more 
than it had trees in a row. How many rows were there? 
How many trees were there in each row? 

7. The difference between two numbers is 2, and the 
sum of their squares is 244. What are the numbers? 

8. One hundred and ten dollars was divided among a 
certain number of persons. If each person had received 
$1 more, he would have received as many dollars aa there 
were persons. How many persons were there? 

9. A man worked a certain number of days, receiving for 
his pay $18. If he had received $1 per day less than he 
did he would have had to work 3 days longer to earn the 
same sum. How many days did he work? 

10. Find the price of eggs when 2 less for 12 cents raises 
the price 1 cent per dozen. 

11. A person sold goods for $24, gaining a per cent, 
equal to the number of dollars which the goods cost him. 
What did they cost him? 

Let a;=the cost; then, — =the gain per cent. 

100 

12. The expenses of a party amount to $10. If each 
pays 30 cents more than there are persons, the bill will be 
settled. How many are there in the party? 

13. A picture, which is 18 mcViea Xi^ VI, \^ \i^ \^ 
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surrounded with a frame of uniform width, whose area is 
equal to that of the glass. What is the width of the 
frame? 

14. A man sold a quantity of goods for $39, and gained 
a per cent, equal to the number of dollars which the goods 
cost him? What did they cost him? 

15. Two men dig a ditch 100 rods in length for 8100, each 
receiving $50. A is to have 25 cents a rod more than B. 
How many rods does each dig? What is the price j)er rod? 

16. A rectangular park, 60 rods long and 40 rods wide, is 
surrounded by a street of uniform width, containing 1344 
square rods. How wide is the street? 

17. A person purchased two pieces of cloth which to- 
gether measured 36 yards. Each cost as many shillings per 
yard as there were yards in the piece. If one piece cost 4 
times aa much as the other, how many yards were there 
in each? 

18. A person drew a quantity of pure wine from a vessel 
which was full, holding 81 gallons, and then filled the vessel 
up with water. He then drew from the mixture as much 
as he drew before of pure wine, when it was found that the 
vessel contained 64 gallons of pure wine. How much did 
he draw each time? 

19. Two persons start at the same time and travel toward 
a place 90 miles distant. A traveled one mile per hour 
faster than B, and reached the place one hour before him. 
At what rate did each travel? 

20. A person found that he had in his purse, in silver 
and copper coins, just one dollar. Each copper coin was 
worth as many cents as there were silver coins, and each 
silver coin was worth as many cents as there were copper 
coins. There were in all 27 coins. How many were there 
of each ? 
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FORMATION OF QUADRATIC 

EQUATIONS. 

288. 1. What are the factors of a;^ + 5aj + 6 ? 

2. If x^ -]- 4x — 5 = 0, to what is each factor equal? 

3. If a; — 1 = 0, and X'\-5 = 0, what are the values of a;, 
or the roots of the equation ? 

4. Jf x^ -\-4x = 5, what is the form when 5 is transposed 
to the first member? 

5. How is the term that does not contain the unknown 
quantity formed from the roots? How is the coeflScient of 
the first power of the unknown quantity formed from the 
roots? 

289. When the unknown quantities are collected in the 
first member, and the known quantities united in the second 
member, the term of the second member is called the 
Absolute Term. 

290. By the solution of the general equation x^ -{-bx=Cf 
the facts developed may be shown in general: 

x^ -[- fee = c 

x=— 2- + -^c + 



4 

-V^ + T. 

The sum of the two roots gives — b. Hence, 



''=^2 



Principles: — 1. The mm of the two roots of an affected 
quadratiG is equal to the coefficient of the first power of the 
unknoion quantity wiih ike sign changed, 

2. The product of the two roots is equal to the absolute term 

' wUh the sign changed. 
21 
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EXAMPIiES. 

1. Form a quadratic equation whose roots are 2 and 3. 
PROCESS. Explanation.— Since the coefficient 

3 -[- 2 = 5 ^^ the first power is the sum of the 

3 w 2 = 6 roots, with the sign changed| and the ab- 

2 rr o solute term is the product of the roots 

with the sign changed, x* — 5x = — 6 
is a quadratic fulfilling the required conditions. 

Form quadratic equations whose roots are as follows: 



2. 3 and 4. 

3. 2 and —5. 

4. 3 and 7. 

5. — 4 and — 6. 
6.-3 and 2. 

7. —4 and —5. 



8.-2 and 6. 
9.-3 and — 7. 

10. a and — 6. 

11. 6 and — c. 

12. i/5 and 2i/5. 

13. 2 + i/7and2 — 1/7. 



SIMULTANEOUS QUADRATIC 
EQUATIONS. 

291. A Homogeneous Equation is an equation in which 
the sum of the exponents of the unknown quantities in 
each term which contains unknown quantities, is the same. 

Thus, x' + 2y2 and xy + y' are homogeneous equations. 

« 
393. Simultaneous Quadratic Equations can usually be 

solved by the rules for quadratics, if they belong to one 

of the following classes: 

1. When one is simple and ihe other quadraiie. 
. 2. When (he unknown quantities in ea^ equation are eom- 
hined in a similar manner, 

3. When each egitation xa hcmvogervwyua awl ^s^iodroiie. 
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293. The following solutions will illustrate the processes 
in many of the ordinary forms of simultaneous quadratics: 

(I.) Simple and Quadratic. 

1. Given J ^ > , to find the values of x and y. 

SOLUTION. 

x+y = b (1) 

2a;2 _^. y2 =: 17 (2) 

From (1), X =b—y (3) 

2a;2 = 50 — 20y + 2y2 (4) 

Substituting m (2) , 50 — 20y + y 2 ^ 2y « = 17 (5) 

Collecting terms, etc., 3y2 — 20y = — 33 (6) 

Solving, y = 3or3| (7) 

Substituting in (1), a? = 2 or 1^ (8) . 

(n.) Unknown quantities similarly combined. 

2. Given \ ^ r > *^ fi^d tiie values of x and y. 

I a;y=6J 

SOLUTION. 

x + y = b (1) 

ay = 6 (2) 

Squaring (1) , a:^ + 2ajy + y 2 = 25 (3) 

Multiplying (2) by 4, 4iBy = 24 (4) 

Subtracting (4) from (3), a?^ — 2a?y + y^ = 1 (5) 

Extracting square root of (5), x — y = ±: 1 (6) 

From (1), a; + y = 5 (7) 

Adding (7) and (6), 2aj = 6 or 4 (8) 

a; = 3 or 2 (9> 

Subtracting (6) from (7), 2y = 4 or 6 (10) 
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3. Given < . T • «^ >, to find the values of a; and y. 



SOLUTION. 



as + y — 5 


(1) 


**y + ay* — 30 


(2) 


Factoring (2), xy(x -\- y) 30 


(3) 


Dividing (3) by (1), ay — 6 


(4) 


Squaring (1), x" + 2ay + y« — 25 


-(5) 


Multiplying (4) by 4, 4a!y 24 


(6) 


Subtracting (6) from (j5i), x^ — 2mf + y^ —1 


(7) 


Extracting square root of (7), x — y -h 1 


(8) 


Adding (8) and (1), 2a; — 6 or 4 


(9) 


a; — 3 or 2 


(10) 


Subtracting (8) from (1), 2y — 4 or 6 


(11) 


y — 2or3 


(12) 



4. Given < ^ ^ ?• > to find the values of x and y. 



SOLUTION. 



x + y 8 


(1) 


a;3 + y3 _ 152 


(2) 


Dividing (2) by (1), x^ xy + y^ — 19 


(3) 


Squaring (1), x^ +2saf + y^ — 64 


(4) 


Subtracting (3) from (4), Sxy — 45 


(5)- 


xy — ld 


(6) 


Subtracting (6) from (S), x^ — 2xy + y^ =4 


(7) 


Extracting square root of (7) x — y -4-2 


(8) 


Adding (8) and (1), 2a; — 10 or 6 


(9) 


X 5 or 3 


(10) 


Subtracting (8) from (1), 2y--6 or 10 


(11) 


>J "^ Qt ^ 


(m 
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(m.) Homogeneous equations. 

5. Given < "^ > , to find the values of x and y. 

SOLUTION. 



a;2 — ^ — 15 




(1) 


2xy—y^ 16 




(2) 


Assume, x — vy 




(3) 


Substituting vy in (1), v^y^ — vy^ 15 




(4) 


Substituting vy in (2), 2vy^ — y^ 16 




(5) 


From (4), y^ -^ 




(6) 


From (5), y» - ^^ 




(7) 


Equating (6) and (7), -^ - -^ 

2v — 1 v^ — V 

Clearing of fractions and 
reducing, 16t;2 — 4&v — — 16 




(8) 
(9) 


Whence, v — — or — 

2 8 




(10) 


16 
Substituting the value of v in (7), y^ — - — - or 4 

5 — 1 




(11) 


And y^ — or — 

i 1 


-64 


(12) 


y \-2 or -+- 


8i/: 


1 



X 



5 or ±: 20]/— 1 



Find the values of the unknown quantities in the following : 

( X — y = i,} I ^ ( X + y = b.) 

• \ x^— y^=32.) I 'I x^Jr ^1^=1%.S 
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s.{ 



2x + y 



9 



= 15.1 
= 13.j 

/ ay = 6. 1 

■ I2x — 3y = 9./ 

10./ =^+2^ = 7.1 
l2x»— y2 = 14./ 

jj f2x +3y =22.1 
* I 2xy =40./ 



12 



. ^ 




13./ ^=24.1 

\ a;2— 2y«= 4./ 

14./ *y=10.1 

I X — y = Z.i 



15. 1 ^ = 12.1 

16. I* -y = i-l 

U»— y« = 37. J 

= 4.1 

= 28./ 






^3/ .3+^3^28.1 

I a;2y + 0^2 := 12. J 



20. 



jx^ — xy= 6. 

U2+1 



= 6.1 

= 61./ 



2j (3*2+ ay = 18.1 
■ \4y«4-3a!y = 54. J 

22/x»+ay=70.1 
lay— y2 = 12. / 

23 (-2*+ y = 22.1 
■lay+2y« = 120.J 

24. 1 -=2y3.1 
U— w=15. / 



f a;+4y=14. 1 

■1««— 2y + 4a; = ll.J 



25 



<.y 



2g |4ay+a;V=96.1 



27 



\ x+ y 



f x«+y2 = 52.1 
■ I a;+y + ay=34. J 



28. fx'' +y« = 13.1 
lay +y« = 16./ 

29.|^^+^=«- I 
I a;+ y=72./ 

x«— y»=56. 
30. I 16 

31./* +y = 3.1 
\ Vx*-V^*=17.i 
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32. Given {('^-J'>(*'+yp=f I, to find x and y. 



33 



. Given^'+^ + J'=l/-J'' }, to find 0= and y 
34. Giveni'' +^^+y =;^, I. to find x and y. 



36. Given jg^^3 l^^Z^^ "^ | , to find « and y. 

36. Given|* + y + ^'^ =^^ | , to find a; and y. 

37. Given (''' +J''-(^+y) = 78 | g^^ ^ ^„^ 

I ay +(a! + y) = 39 J ' ' 

38. Given {^^+ 3'^ +^'^^7+'^:= ^H , to find . and y. 

I a:* + y* = 337/ ^ 



PROBLEMS. 

294. 1. The sum of two numbers is 8, and their prod- 
uct 12. What are the numbers? 

2. The sum of two numbers is 12, and the sum of their 
squares 104. What are the numbers? 

3. Divide 13 into two such parts that the sum of their 
square roots is 5. 

4. The product of two numbers is 99, and their sum 20. 
What are the numbers? 

5. The sum of two numbers is 100, and the differeuce 
of their square roots is 2. What are the numbers? 

6. The difference of two numbers is 2, and the difference 
of their cubes is 66. What are tlae numXi^T^'l 
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7. Find two numbers whose sum multiplied by the second 
is 84, and whose difference multiplied by the first is 16. 

8. The product of two numbers is 48, and the difference 
of their cubes is 37 times the cube of their difference. 
What are the numbers? 

9. The sum of two numbers is a, and the sum of their 
squares is 6. What are the numbers? 

10. What two numbers are there such that their sum in- 
creased by their product is 34, and the sum of their squares 
diminished by their sum is 42? 

11. There is a number expressed by two digits, such that 
the sum of the squares of the digits is equal to the number in- 
creased by the product of its digits, and if 36 is added to the 
number the digits will be reversed. What is the number? 

12. From two places, distant 720 miles, A and B set out 
to meet each other. A traveled 12 miles a day more than 
B, and the number of days before they met was equal to 
one-half the number of miles B went per day. How many 
miles did each travel per day? 

13. A merchant received $12 for a quantity of linen, and 
an equal sum, at 50 cents a yard less, for a quantity of 
cotton. The cotton exceeded the linen by 32 yards. How 
many yards did he sell of each? 

14. A farmer has a field 18 rods long and 12 rods wide, 
which he wishes to enlarge so that it may contain twice its 
former area by making a unifbrm addition on all sides. 
What will be the sides of the field when it is enlarged? 

15. A merchant bought a piece of cloth for J147, from 
which he cut off 12 yards which were damaged, and sold 
the remainder for $120.25, gaining 25 cents on each yard 
sold. How many yards did he buy? How much did it 
cost per yard? 

16. The fore wheel of a caTi\a.^^ makes 6 revolutions 



8IMULTANE0 US Q UADBA TICS. 249 

more than the hind wheel, in going 360 feet. If the circum- 
ference of each wheel had been 3 feet greater, the fore 
wheel would have made only 4 revolutions more than the 
hind wheel in going that distance. What is the circum- 
ference of each wheel? 

17. Find two numbers such that their sum, product, and 
difference of their squares shall all be equal. 

18. The joint capital of A and B waa $416. A's money 
was in trade 9 months, and B's 6 months. When they 
shared stock and gain, A received $228 and B $252. 
What was the capital of each? 

19. A rectangular piece of ground haa a perimeter of 
100 rods, and its area is 589 square rods. What are its 
length and breadth? 

20. Twenty persons sent together $48 to a benevolent 
society. One-half the amount was contributed by women, 
and the other half by men; but each man gave a dollar 
more than each woman. How many women contributed? 
How many men? What was the contribution of each? 

21. In a purse containing 9 coins, some are of gold, 
others of silver. Each gold coin is worth as many dollars 
as there are silver coins, and each silver coin is worth as 
many cents as there are gold coins, and the value of the 
whole is $20^20. How many are there of each? 

22. The difference of two numbers is 15, and half their prod- 
uct equals the cube of the smaller. What are the numbers? 

23. A and B set out from two places, C and D, at the 
same time. A started from C and traveled through D in the 
same direction in which B traveled. When A overtook B, 
it was found that they had together traveled 60 miles, that 
A had passed through D 5 hours before, and that it would 
have required 20 hours for B to return to C at the rate he 
had been traveling. What was the distance from C to D? 



RATIO. 

395. 1. How does $2 compare with $6? 3 pounds with 
9 pounds? 4 tons with 8 tons? 

2. How does 3a compare with 6a? 5a with 15a? 4x 
with 12a;? 5aa; with lOa^oj? Sax^ with 6a^x^ ? 

3. What relation has 2a to 4a? 3a to 6a? 3a2 to ISa^? 

4. What is the relation of 8a; to 16a;? 5y to lOy? 4aa;y 
to SaH^y^ ? 

5. How does 8a compare with 2a ? What is the relation 
of 8a to 2a? 

6. How does 9xy compare with 3a^? What is the rek- 
tion of 9xy to Sxy ? 

7. What is the relation of 2a to 4a? What is the rek- 
tion between 2a and 4a? 

8. What is the relation of 3a;2 to 9a;2? What is the 
relation betioeen Sx^ and 9x^ ? 

9. What is the relation of (x + y) to 2(a; + y)? Be- 
tween (x + y) and 2(a; + y) ? 

10, What is the relation of (a + a^) to b(a-{-x)? Be- 
tween (a 4" «) and b(a -+- a;) ? 

11. What is the relation of Sx^y to 9x^y1 Between Sx^y 
and 9x^y? 

DEFINITIONS. 

396. Batio is the relation of one quantity to another of 
the same kind. 

1. This relation is expressed either as the quotient of one quantitT' 
(250) 
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divided by the other) and is called Geometrical BcUio or simply Baiio, 
or as the difference between two quantities, and is called ArUhmeH/xd 
Batio. ., 

2. When it is required to determine what (he relajtion of one quantity 
to another is, it is evident that ih& first is the dividend and the second the 
dvmoT, Thus, when the question is, " What is the relation of 5a to 
lOo?" the answer is J. 

3. When it is required to determine the relation between two quan- 
tities, eiiher may be regarded as dividend or divisor. Thus, when the 
question is, "What is the relation between 6a and 10a?" the answer is 
h or 2. 

4. The first quantity is commonly regarded as the dividend, al- 
though whether it should be such or not depends upon the question 
asked, as shown in Notes 2 and 3. 

297. The Terms of a Batio are the quantities compared. 

298. The Sign of ratio is a colon ( : ). 

Thus, the ratio between 12a and 6a is expressed 12a : 6a. 
The colon is sometimes regarded as derived from the sign of 
division, by omitting the line. 

299. The Antecedent is the first term of the ratio. 
Thus, in the expression 5a : 3a,' 5a is the antecedent. 

300. The Consequent is the second term of the ratio. 
Thus, in the expression 5a : 3a, 3a is the consequent. 

301. A Couplet is the antecedent and consequent taken 
together. 

302. A Simple Batio is the ratio of two quantities. 

Thus, (2a + 6):3x, and 3a;:4y, are simple ratios. 

303. Batios are compounded by multiplying the ante- 
cedents of the ratios together, for the antecedent of tha 
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new ratio, and the consequents for the consequent of the 
new ratio. 

Thus, if the ratios a : e and a : h are compounded, the resulting 
ratio is a' : &c. 

304. The ratio of the squares of two quantities is called 
the Duplicate ratio of the quantities; the ratio of their 
cubes, their Triplicate ratio. 

Thus, a* : 6* and a' : 6* are respectively the duplicate and trip- 
licate ratios of a and 6. 

305. Since the ratio of two quantities, as the ratio of a to 
6, may be expressed by a fraction, as — , it follows that the 

changes which may be made upon a fraction without altering 
its value, may be made upon the terms of a ratio without 
changing the ratio of the terms, since the numerator is the 
antecedent and the denominator the consequent. Hence — 

Principle. — Multiplying or dividing both terms of a ratio 
by Uie same quantity does not change the ratio of the terms. 



BXABIPIiES. 

1. What is the ratio of 3a to 6a? 5a to 10a? 

2. What is the ratio of 7x to 35x? 12ay to 13a? 

3. If the antecedent is 15a, and the consequent 20a, what 
is the ratio? 

4. What is the ratio of ^ to i? J to i? | to |? 

When fractions are reduced to similar fractions they have the 
ratio of their numerators. 

5. When the antecedent is 2a,* and the ratio is J, what 
is the consequent? 



PROPORTION. 



306. 1. What two numbers have the same relation to 
each other as 3 to 6? As 2 to 8? As 5 to 15? As 8 
to 24? 

2. What two quantities have the same relation to each 
other as 2a to 4a? As 36 to 66? As 86 to 166? 

3. What quantity has the same relation to 6a that 26 
has to 46? 

4. What quantity has the same relation to 10a; that 3y 
has to 9y? 

5. What quantity has the same relation to 4x^ that 5a 
has to 10a? 

6. What quantity has the same relation to 5a that 56 
has to 5a6? 

7. What quantity has the same relation to 4aa; that 3x 
has to 6x^? 

8. What two quantities have the same ratio to each 
other that 5ay has to lOay^ ? 

9. What two quantities have the same ratio to each 
other that %ax has to 4aa;2? 

10. How have the two ratios in each of the several exam- 
ples given above compared in value? 

DEFINITIONS. 

307. A Proportion is an equality of ratios. 
Thus, 5 : 6 = 10 : 12, and bxy : lOay = 4aa : 8fl«, are proportions. 
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308. The Sign of proportion is a double colon (::). 

This sign has heen supposed to be the extremities of the lines 
which form the sign of equality. It is vrritten between the ratios 
thus: X : y :: 2a : 2b. 

The sign of equality is frequently used instead of the double 
colon. 

309. The Antecedents of a proportion are the anteced- 
ents of the ratios which form the proportion. 

Thus, in the proportion a: b :: c: df a and c are the antecedents. 

310. The Consequents of a proportion are the conse- 
quents of the ratios which form the proportion. 

Thus, in the proportion a:b::c:djb and d are the consequents. 

311. The Extremes of a proportion are the first and 
fourth terms of the proportion. 

Thus, in the proportion a:b :: e: dj a and d are the extremes. 

313. The Means of a proportion are the second and third 
terms of the proportion. 

Thus, in the proportion a:b::e: dfb and c are the means, 

313. A Mean Proportional is a quantity which serves 
as both means of a proportion. 

Thus, in the proportion a : 6 : : 6 : c, 6 is a mean proportionaL 

314. Since a proportion is an equality of ratios, and the 
ratio of two quantities is found by dividing the antecedent 
by the consequent, it follows that — 

Principle. — A proportion may he expressed as an equation 
in which both members are frad;ions. 

Thus, the proportion a:b :: c: d may be expressed as — ^ — . 
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315. Since a proportion may be regarded as an equation 
in which both members are fractions, it follows that — 

Principle. —The changes that may be made upon a pro- 
portion rmthout destroying the proportion^ are ba^ed upon the 
changes thai may be m/ide upon an equation vnjthotd destroying 
the equality, and upon a fraction vnthout altering its value. 
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316. 1. Let aoy four quantities form a proportion ; as, 
a:b::c:d. 

2. In what other manner may this proportion be ex- 
pressed? See Art. 314. Express it in that manner. 

3. Clear the equation of fractions. 

4. What does each member of the resultiog equation contain ? 

5. How are the members of the equation produced from 
the terms of the proportion? 

Principle 1. — In any proportion the product of the extremes 
is equal to tiie product of the m^eans. 

Thus, when a:b ::c: dfad = bc. 

Since a m£an proportional serves as both means of a pro- 
portion, as a : 6 : : 6 : c, it follows that 

The product of Hie extremes is equal to the square of iJie 
mean proportional, 

DEMONSTRATION OF PRINCIPLE I. 

Let a : b : : c: d represent any proportion. 

Then, ^:=-^. 
' b d 

Clearing of fractions, ad := 6c. Therefore, eta. 
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NUMEBICAL ILLUSTRATION. 

8: 6 :: 8: 16 
3X16 = 8X6 
48 = 48 



317. 1. Change the proportion a : ( : : c : d into an equar 
tion, according to Principle 1. 

2. Since, then, ad = hc^ how may the value of a be found? 
How the value of d? What are a and d of the proportion? 

3. How, then, may either extreme of a proportion be 
found? How may either mean be found? 

Principle 2. — EUher extreme w eqwd to ihe product of ihe 
means divided by ihe other extreme, EUher mean is equal to 
ihe product of the extremes divided by the other mean. 

Thua, when a:b :: cidy a-= -— , d = — , 6 = — , c = -— . 

a a e b 

Demonstrate Prin. 2, and illustrate its truth with numbers. 



318. 1. If ad = be, what will be the resulting equation 
when both members are divided by W? 

2. Express the resulting equation as a proportion. 

3. What does ad, the first member of the equation, form 
in the proportion? What 6c? 

Principle 3. — Jff' the product of tv)0 quantities is equal to 
the product of two other quantities, ttoo of ihem may be made 
the extremes, and the other two the means, of a proportion. 

Thus, when ad=^bc, a-.b'.icid. 

Demonstrate Prin. 3, and iUustrata its truth with numbers. 
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319. 1. Change the general proportion aihiicid into 
an equation, according to Principle 1. 

2. Divide the members of the equation by cd, 

3. Express the result as a proportion. 

4. What change has taken place in the order of an- 
tecedents and consequents, compared with the original 
proportion ? 

Principle 4. — If four quantities are in proportion^ the 
antecedents wiU have the same ratio to each other as the 
consequents. 

Thus, when a:b:: c: d, a:c::h : d. 

When the antecedents have the same ratio as the consequents, 
the quantities are said to be in proportion by AUemoUion, 

Demonstrate Prin. 4, and illustrate its truth with numbers. 



320. 1. Change the general proportion a:b::c:d into 
an equation, according to Principle 1. 

2. Divide the members of the equation by ac, 

3. Express the result as a proportion. 

4. What change has taken place in the order of the 
terras in each couplet, compared with the original pro- 
portion? 

Principle 5. — If four quantities are in proportion^ the sec- 
ond vriU be to the first as the fourth to the third. 

Thus, when a:&::c:d, b:a::d:c. 

When the second is to the first as the fourth is to the third, 
or when the terms of each ratio are written in the inverse order, 
the quantities are said to be in proportion by Inversion. 

Demonstrate Prin. 5, and illustrate \la tTUl\vml\v\iN«s!fcfcT%.. 
22 
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321. 1. Express the proportion a : & : : e : d as a fractional 
equation. 

2. Add 1 to each member of the equation. 

3. Beduce each of the mixed quantities to the fractional 
form. 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
terms of the original proportion? 

6. Since, when a : 6 : : c : d, h \ a :: di c (Prin. 5), if 
the changes just indicated are made in the second pro- 
portion, how may the terms of the resulting proportion be 
obtained from the terms of the original proportion? 

Principle 6. — If four qvantHiea are in proportion, the sum 
of the terms of the first ratio is to either term of the first ratio 
as Hie sum of the terms of the second ratio is to the e&rre- 
sponding term of the second ratio. 

Thus, when a:b :: e:dj a-f 6:6 :: e+did and a+6:a :: c+d:c 
When the sum of the terms of a ratio is to one of the terms 
as the sum of the terms of another ratio is to its corresponding 
term, the quantities are said to be in proportion by ComposUion, 

Demonstrate Prin. 6, and illustrate its truth with numbers. 



332. 1. Express the proportion a:b::c: d as sl fractional 
equation. 

2. Subtract 1 from each member of the equation. 

3. Eeduce each of the mixed quantities to the fractional 
form. 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
terms of the original proportion? 

6. Since, when a : 6 : : c ; d, 6 ; a •. \ d\c (Prin. 5), if 
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the changes just indicated are made in the second pro- 
portion, how may the terms of the resulting proportion 
be obtained from the terms of the original proportion? 

Principle 7. — Jfffour quantities are in proportion, (he de- 
ference between the teiina of the first ratio is to either term of 
the first ratio as the difference between the terms of the second 
ratio is to the corresponding term of the second ratio. 

Thus, when a:b ::c:df a — b:b:: c — did and o — biaiic — die 
When the difference of the terms of a ratio is to one of the terms 
as the difference of the terms of another ratio is to its corresponding 
term, the quantities are said to be in proportion by Division, 

Demonstrate Principle 7, and illustrate by numerical 
examples. 



323. 1. Change the proportion a : 6 : : e : d, according to 
Principle 6. Express the resulting proportion. 

2. Change the same proportion according to Principle 7. 
Express the resulting proportion. 

8. Change these proportions to fractional equations. 

4. Divide the first equation by the second. 

5. Express the result as a proportion. 

6. How are the terms of this proportion formed fi^m the 
terms of the original proportion? 

Principle 8. — If four qaardvties are in proportion^ the sum 
of the quantities which form the first couplet is to their difference 
ajs the sum of the quantities which form the second couplet is to 
their difference. 

Thus, when a : b :: c : dj a + b : a — bi: c-\- die — d. 

Demonstrate Principle 8, and illustrate by numerical 
examples. 
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324. 1. Express the proportion a: & : : e : d as a fractional 
equation. 

2. Raise both members to the nth power. 

3. Express the nth root of both members. 

4. Express each of the equations as a proportion. 

5. How may these proportions be formed from the original 
proportion ? 

Principle 9. — If four quxintities are in proportiony the same 
powers of those qtuintitiea, or the same roots, will be in pro- 
portion, 

J- 1- i JL 
Thus, when a:b :: c: d, a* : 6* : : c" : d*» , and o** : 6** : : c" : d» . 

Demonstrate Principle 9, and illustrate by numerical 
examples. 



335. 1. Express the proportion a : ( : : e : d as a fractional 
equation. 

2. What may be done to a fraction without changing its 
value? 

3. Multiply the terms of the first fraction by m, and the 
terms of the second by n. 

4. Express^the result as a proportion. 

5. How are the terms of this proportion formed from the 
original proportion? 

Principle 10. — If fcmr qtuintities are in proportion, any 
equi-myUiple of the terms of His first coujJet vnll be proportional 
to any equi-mvUiple of the terms of the second couplet. 

Thus, when a : 6 : : c : d, mairnb :: ncind. 

Demonstrate Principle 10, and illustrate by numerical 
examples. 
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326. 1. Express the proportions a:h::c:d and x:y::z:w 
as fractional equations. 

2. Multiply the resulting equations together. 

3. Express the resulting equation as a proportion. 

4. How are the terms of this proportion formed from 
the terms of the original proportions a : b :: c : d and 
x:y::z:w2 

Principle 11. — If four quantities in proportion are mvUi- 
plied term by term by four other quantities in proportion, the 
products wUl be in proportion. 

Thus, when a\h : : c;d and xiy :: z\Wj axihy :: ez: dw. 

Demonstrate Principle 11, and illustrate by numerical 
examples. 

Prove that the quotients will be in proportion if the 
proportions are dhnded term by ter^n. 



327. 1. Express the proportions a:b:: c:d and a:b::e:f 
as fractional equations. 

2. Since the first members of the equations are equal, 
what will the second members form? 

3. Express the resulting equation as a proportion. 

4. How are the terms of this proportion formed from 
the terras of the original proportions a:b : : c:d and 
a : b :: e :ft 

Principle 12. — If two proportions have a couplet in each 
the same, Uie other couplets will form a proportion. 

Thus, when a\h : : c : d, and a : 6 : : eify then cid :\ e:f. 

Demonstrate Principle 12, and illustrate by numerical 
examples. 
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2. 


In 3 : a; : : 4 


3. 


In 2; : 5 : : 3 


4. 


In 4 : 6 : : re 


5. 


In Zi xii X 


6. 


In a; : 4 : : re' 



338. 1. In 5 : 8 : : 4 : re, find the value of x. 

SOLUTION. 

5:8 : : 4 : re 

By Prin. 1, 5rB = 32 
Therefore, re = 6f 

In Holving examples like the following, the student should employ 
as many of the Principles of Proportion as are applicable. 

6, find the value of re. 
10, find the value of x. 
4, find the value of x, 
12, find the value of re. 
re^ : 6, find the value of x. 

7. In X — l:rc — 2 :: 2a;+l-^ + 2, find the value 
of X, 

8. Divide $40 between two men so that their shares 
shall be in the proportion of 3 to 7. 

9. There are two numbers in the ratio of 2 to 3, and if 
3 is added to each, the ratio of the resulting numbers will 
be 5 to 7. What are the numbers? 

10. There are two numbers which have to each other 
the ratio of 3 to 5, and if 4 is added to each, the results 
will have the ratio of 2 to 3. What are the numbers ? 

11. Mr. A's crop of wheat was to his crop of oats as 2 to 
3. If he had raised 50 bushels more of each, the quantity of 
wheat would have been to the quantity of oats as 5 to 7. 
How many bushels of each kind of grain did he raise? 

12. Find two numbers such that the greater is to the 
less as their sum is to 6, and the greater is to the less as 
their difference is to 2. 
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SOLUTION. 




Let « = 


rthe 


greater; 


y — the less. 




By the conditions, 






X : y :: x-{-y : 6 
X : y :: x — y : 2 


(1) 
(2) 


By Prin. 12, 




X 


+ y : 6 :: x — y : 2 


(3) 


By Prin. 4, 




X 


-f y : X — y : : 6 : 2 


(4) 


By Prin. 8, 






2a; : 2y : . 8 : 4 


0^) 


By Prin., Art. 305, 






X : y :: 2 : 1 


(6) 


From (1) and (6), 


Prii 


\. 12, 


x + y : 6 :: 2 : 1 


(7) 


From (2) and (6), 


Prir 


I. 12, 


X — y : 2 : : 2 : 1 


(8) 


From (7), 






a! + y_12 


(9) 


From (8), 






X — y— 4 


(10) 


Whence, 2x — 


16 (11), 


x-8 (12), y-4 


(13) 



13. The product of two numbers is 20, and the difference 
of their squares is to the square of their difference as 9 : 1. 



SOLUTION. 




Let X =: the greater ; y = the less. 




f MUft — Of) 

By the conditions, < ^ 
^ \x^—y^:(x — yy::d: 


1/(2) 


Dividing first couplet by 




(x — y), Prin., Art. 305, x-^-y : x — y : : 9 : 


1 (3) 


By Prin. 8, 2* : 2y : : 10 : 8 


(4) 


By Prin., Art. 305, x: y : : 5:4 


(5) 


By Prin. 1, 4x = 5y 


C6) 


.=1 


(7) 


Substituting in (1) ^' — 20 

4 


(8) 


y2 = 16 


(9) 


y =±4 


(10) 


X =±:?> 


^.VCn 
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14. Find two numbers such that their sum is 8 and their 
product is to the sum of their squares as 15 to 34. 

15. Find two numbers whose difference is 3, and whose 
product is to the sum of their squares as 10 is to 29. 

16. What two numbers are those whose sum is to theii* dif- 
ference as 7 to 1, and whose product is to the sum as 24 to 7? 

17. The sum of two numbers is 12, and their product is to 
the sum of their squares as 2 to 5. What are the numbers? 

18. The sum of two numbers is 6, and the sum of their 
squares is to the square of their sum as 5 to 9. What are 
the numbers? 

19. What two numbers are those whose product is 12, and 
the difference of whose cubes is to the cube of their difference 
as 37 to 1? 



FRACTIONAL EQUATIONS SOLVED BY THE 
PRINCIPLES OP PROPORTION. 

329. Since a proportion is an equality of ratios, and the 
ratio of two quantities may be expressed as a fraction, it is 
evident that the Principles of Proportion are applicable to 
equations which have both members fractions. 

Begarding the numerator of each fraction as an anteced- 
ent, and the denominator as a consequent, the terms of 
each fraction as a couplet, and the equation as a proportion, 
the Principles of Proportion may be easily applied. 



1. Given _ =7Tt to find ». 

x-^Vx + l 11 

SOLUTION. 

x — Vx + 1 5 



x + v/x-V^ ^'^ 



(1) 
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By Principle 8, the sum of the numerator and denomuiar 
tor of each member, divided by their difference, will form 
an equation. 

Hence, ■ = — (2) 

2v/iTT 6 '■ 

By Prin., Art. 305, " = — (3) 

gquanng, -^^T = T ^^^ 

Clearing of fractions, etc., Qrc^ — 64a; = 64 (5) 

Whence a? = 8 or 

9 

2. Given — izii^zl = — » to find x, 

\/x-{-a-{'\/x — a 2a 

SOLUTION. 

Yx^a — i/aj — a x 



\/x + « + y^^ — <* 2a 



(1) 



By Prin. 8. ^^^^^ = ^^±^ (2) 

^V X — a 2a — x 

T» -o . A . oAir Vx A- a a; + 2a 

By Prin. , Art. 305, ^ = — ■ (3) 

\^x — a 2a — X 

Squaring, = — '—— (4) 

X — a x^ — 4ax + 4a2 

T, T>. o 2x 2x^ + Sa^ ... 

By Prin. 8, -= —^-— (5) 

By Prin., Art. 305, — = £!j±i^ (6) 

a 4ax 

Dividing denominators by a, x= ^^^^^ (7) 

4a; 

Whence x = ±:'2<aV\ 
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Solve the following by applying the Principles of ProportioD 
when possible: 

3. Giyen — =i = zz: , to find a?. 

l/6a:+2 V6» + 6 

^. l/aa; — 6 S\/^—% . n . 

4. Given = , to find x. 

l/ai + .6 3]/aa; + 56 

5. Given — — == — ■ 7= = 9, to find x. 

\/4z-{-l — yS 

In the solution the second member may be written as {. 



6. Given V^^^+^ + V^ ^^^ t„ g^^ ^ 

l/a-\-x — ya — x 

7. Given — zzzzzz: -:= = — > to find x. 

\/x^ + l+Vx^ — l 2 

^ ^. 3|/g~4 3i/^+15 ^ . , 

8. Given — *^ = — — -^ , -to find x. 

Vx + 2 i/aj + 40 

Multiply the denominators by 3, and apply Prin. 7. 



9. Given ■ = — zr , to find x. 

\/x + 4 Vx + 6 

1A n- a + x + \/2ax+l^ i x i: j 
10. Given — ■ — = 6, to find x. 

a-i-x — y2ax + x^ 



11. Given — z==: = — > to find a;. 

l/a^ + aj^— a; c 

i2. Given — — — ^ == a, to find x. 

|/a— Va — X* 



PROGRESSIONS. 



330. 1. How does each of the numbers 2, 4, 6, 8, 10, 
12, compare with the number that follows it? 

2. How may each of the numbers 4, 6, 8, etc., be ob- 
tained from the one that precedes it? 

3. Write five numbers in succession, beginning with 2 
and increasing regularly by 3. 

4. Write five quantities in succession, beginning with x 
and increasing regularly by 2x. 

5. Write a series of five quantities, beginning with a and 
increasing regularly by d, 

6. How does each of the quantities 2a;, 4x, Sx, 16a;, com- 
pare with the one that precedes it ? 

7. Write a series of six quantities, beginning with 2a and 
increasing by a constant multiplier 8a. 

8. Write a series of six quantities, beginning with a and 
increasing by a constant multiplier r. 

DEFINITIONS. 

331. A Series of quantities is quantities in succession, 
each derived from the preceding according to some fixed law. 

332. The first and last terms of a series are called the 
extreTneSf the intervening terms tlie means. 

Thus, in the aeries a, a-f-d, a-f-2(f, a-|-3(f, the quantities a and 
a+3d are extremes, and the others are means. 
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333. An Ascending Series is one in which the quanti- 
ties increcm regularly from the first term. 

Thus, 2, 4, 8, 16, and a, a-|-(2, a-f 2(2, etc., are ascending series. 

334. A Descending Series is one in which the quanti- 
ties decrease regularly from the first term. 

Thus, 24, 12, 6, 3, and a, a — d, a — 2d, a — 3<f, are descending 



series. 



ARITHMETICAL PROGRESSION. 

335. An Arithmetical Progression is a series of quan- 
tities which increase or decrease by the addition or subtrac- 
tion of a constant quantity. 

Thus, 4, 6, 8, 10, 12, 14, and a, o — d, a — 2d, a^Sd, are arith- 
metical progressions. 

336. The constant quantity which is added or subtracted 
is called the Common Difference. 

Thus, in the progression 2, 4, 6, 8, 10, the common difference is 2. 

CASE I. 

337. To find the last term. 

1. In the arithmetical progression 2, 4, 6, 8, 10, what is 
the common difference? How is the second term obtained 
from the first? How is the third term obtained from the 
first? How is the fourth? 

2. In the arithmetical progression x, x-^2, x-{-4, x-^6, 
what is the common difference? How many times does the 
common difference enter into the second term? How many 
times into the third term ? How many times into the fourth 
term? 
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3. In the series a, a-\-d, a -\-2d, a + 3d, how is the 
second term formed from the first term? The third term? 
The fourth term? 

4. Since, in an arithmetical series in which a is the first 
term and d the common difference, the first three terms are 
a, a + d, a-\-2d, what is the fourth term? The seventh 
term? The eleventh term? Any terra? 

5. If the above series were descending, the first three 
terms would be a, a — d, a — 2d, What would be the 
fifth term? The seventh term? The eleventh term? Any 
term? 

838. Let a represent the first term, d the common dif- 
ference, I the last term, and n the number of terms. Then, 
since each term contains the first teiyn, increased or dimin- 
ished by the common difference multiplied by the num- 
ber of terms less 1, according as the series is ascending 
or descending, the rule for finding the last term may be 
expressed by the following formula: 

l = azt(n — l)d That is. 

The last term is equal to the first term increased by the com- 
mon difference multiplied by the number of terms less 1, when 
the series is ascending, or decreased by the common difference 
midtiplied by the number of terms less 1, when the series is 
descending, 

EXAMPUSS. 

1. Find the 15th term of the series 1, 3, 5, 7, etc. 

PBOCUSS 

Explanation. — ^In this example a = 1, 
l = a-\-(n — l)d d = 2, and » = 15. Substituting these 

1=1 -j- (15 — 1)2 values in the formula, the value of 2, or 
1 = 29 the last term, la ^, 
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2. Find the 18th term of the series 4, 7, 10, 13, etc. 

3. Find the 12th term of the series 3, 7, 11, 15, etc. 

4. Find the 10th term of the series 1^, 2, 2^, 3, etc. 

5. Find the 13th term of the series 2^, 3, 3f , 4^, etc. 

6. Find the 12th term of the series 25, 23, 21, 19, etc. 

7. Find the 20th term of the series 8, 4, 0, — 4, etc. 

8. Find the 30th term of the series a, 2a, 3a, 4a, etc. 

9. Find the 18th term of the series a;, 3a;, 5a;, 7a;, etc. 

10. Find the 15th term of the series ^, \^, f , ^, etc. 

11. Find the nth term of the series 1, 3, 5, 7, etc. 

12. A boy agreed to work for 50 days, at 25 cents for the 
first day, and an increase of 3 cents per day. What were 
his wages the last day? 

13. A body &lls l&J- feet the first second, 3 times as far 
the second second, 5 times as &.r the third second. How 
far will it fall the seventh second? 



OASB n. 

339. To find the sum of the terms. 

1. What is the sum of the terms of the series 2, 4, 6, 8, 
10? Since there are five terms, what is the average term? 
How does it compare with the sum of the first and last 
terms? 

2. What is the sum of the terms of the series 3, 6, 9, 12, ' 
15? Since there are five terms, what is the average term? 
How does it compare with the sum of the first and last 
terms? 

3. What is the sum of the series 1, 3, 5, 7, 9, 11, 13? 
Since there are seven terms, what is the average term? 
How does it compare with the sum of the first and last 

termB? 
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4. How does the average term in any arithmetical series 
compare with the sum of the first and last terms? 

340. The formula for the sura of an arithmetical series 
may be deduced as follows: 

Let a represent the first term ; d, the common difference ; 
Z, the last term; n, the number of terms; and 8, the sum 
of the terms. Writing the sum of a series of four terms, 
we have 

«= a -|-( a+ (!) + ( «+2^ + ( «+30 

Inverting, « = ( a-\-M) + ( a-\-2d) -\- ( a-\- d) -\- a 

Adding, 2« = (2a+3d) + (2a+3d) + (2a+3d) + (2a+3d) 
Whence, 2« = 4(2a+3d) or 4 times the sum of the first 

and last terms. 

And in general, 2s=n{a-\-l) 

Whence, « = — (a + or ni ~^ j. That is, 

The sum of any arithmetical progression is equal to on&-half 
the sum of ihe extremes mvUiplied by the number of terms. 



EXAMPUSS. 

1. What is the sum of the series 2, 4, 6, 8, etc., contain- 
ing 12 terms? 

PROCESS. 

l = a-\- (n — l)d Explanation.— Since the last 

1 = 2 -\- (11 X 2) = 24 term is not given, it is found by 

_L M the previous case to be 24. Then, 

by the formula given for obtaining 
the sum, it is found to be 156. 



5=12/i±ii\=i56 
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2. What is the sum of 12 terms of the series 1, 3, 5, 
7, etc.? 

3. What is the sum of 9 terms of the series 4, 6, 8, 
10, etc.? 

4. What is the sum of 8 terms of the series 5, 8, 11, 
14, etc.? 

5. What is the sum of 7 terms of the series 3, 4J, 6, 
7^, etc.? 

6. What is the sum of 8 terms of the series 3a, 5a, 7a, 
9a, etc.? 

7. What is the sum of 9 terms of the series a + 6, 
a + 6 -f- c, a + 6 -[- 2c, etc.? 

8. What is the sum of n terms of the series a;, 3a;, 5a;, 
7a;, etc.? 

9. What is the sum of 8 terms of- the series 2, 1, 0, 
—1, —2, etc.? 

10. A man walked 15 miles the first day, and increased 
his rate 3 miles per day. How far did he walk in 11 
days? 

11. How many strokes does a common clock strike in 12 
hours? 

12. A person received a gift of $100 per year from his 
birth until he was 21 years old. These sums were de- 
posited in a bank, and drew simple interest at 6^. How 
much was due him when he became of age ? 

341. Formulas for finding any element. 

By combining the fundamental formulas given in the pre- 
vious cases, all problems which may arise in Arithmetical 
Progression may be solved. 

When any three of the elements are given, the other 
two may be found. 
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Deduce the following formulas: 



• 

> 

M 

o 


D 


a,d,n, 


I, «. 


l,d,n, 


a, 8. 


a,n,l, 


<j,fc 


<i,n,«, 


Oy Z. 


o,n,«, 


d, I 


^n,«, 


djtt. 


«,d,^ 


Uf 8. 


0,Z, 8, 


n,d 


a,<^«, 


/, n. 


^d,«, 


a, n. 



FORMULAS. 



i =:a+(» — l)d. 

a^ — (» — l)<i. 

- i — a 
(i= — -• 
n — ^1 

28— «(»— l)d 

— — 

2n 

* - 2(8 — cm) 

a=— ^ ^ 

n(»— 1) 

n(n— 1) 
«— a - 

28 



n=- 



a+/ 



8=i7i(2f— (»— l)d). 



-4^^ 



. 28+n(wr— l)d 
"" 2n 

I 28 
1= a, 

n 

28_7 
n 

2d 



d= 



2»—(l-{-a) 



•id±V 2ds+ia^id)^ , ^d=V(2a-^)^+8<fe-2a +d^ 



=id±V (l+id)^—2d8. 



2l-{-d±V (21-^dySds 
2d 



SPECIAL APPLICATIONS. 

342« In solving some of the problems in Arithmetical 
Progression there are several ways of representing the un- 
known terms of the series. 

1. When X represents the first term of a series, and y 
the common difference, the series is represented by 

a:, x+y, re + 2j/, x + So), e\fc. 
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2. When there are Uiree terms in the aeries, the middle 
term may be represented by x, and the common difference 
by y; as, x — y, x, x-^y. 

3. When there are jive terms in the series, the middle 
term may be represented by a?, and the common difference 
by y; as, x — 2y, x — y, x, x + y, x + 2y. 

4. When there are four terms in the series, x — Sy may 
represent the first term, and 2y the common difference; as, 

a; — 3y, x — y, x + y, x + Sy. 

It is obvious that by this notation the mm of the quantities 
contains but one unknown quantity. 

PBOBIiEMS. 

1. There are three numbers in arithmetical progression, 
whose sum is 18 and the sum of whose squares is 116. What 
are the numbers? 

SOLUTION. 

Let X — y = the first term. 

a; = the second term. 
aj + y = the third term. 

y = the common difference. 

By the conditions, \ > ^ ^ 

I3x2+2y2 = ii6i (2) 

From (1), aj = 6 (3) 

Substituting in (2), 108 + 2y2 = 116 (4) 

Whence, y==2 ' (5) 

^x — y = 4, 1st term 

ic==6, 2d term 



Therefore, 






(6) 
(7) 
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2. The first term of an arithmetical series is 5, the last 
term 92, and the sum of the terms 1455. What is the num- 
ber of terms ? 

3. The first term of an arithmetical series is 2, the last 
term 30, and the &um of the terms 160. What is the num- 
ber of terms? 

4. The first term of an arithmetical series is 16, the com- 
mon difierence — 3|^, and the sum of the terms 30. What is 
the number of terms ? 

5. The sum of three numbers in arithmetical progression 
is 15, and the product of the second and third is 35. What 
are the numbers? 

6. The sum of three numbers in arithmetical progres- 
sion is 9, and their product is 15. What are the num- 
bers? 

• 7. The sum of three numbers in arithmetical progression 
is 18, and the sum of their squares is 126. What are the 
numbers ? 

8. There are three numbers in arithmetical progression 
such that the product of the first and third is 16, and the 
sum of the squares of the numbers is 93. What are the 
numbers? 

9. There are three numbers in arithmetical progression 
such that the first is 3, and the product of the first and 
third is 21. What are the numbers? 

10. The sum of four numbers in arithmetical progression 
is 10, and their product is 24. What are the numbers? 

11. There are four numbers in arithmetical progression 
such that the product of the first and fourth is 27, and the 
product of the second and third is 35. What are the 
numbers? 

12. There are four numbers in arithmetical progression 
Bucb that the product of the fourt\\ nxraAiet \s^ ^^ ^^^scksssvs. 
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difierence is 16, and the product of the second and third is 
24. What are the numbers? 

13. There are five numbers in arithmetical progression 
such that their sum is 40, and the sum of their squares 410. 

*What are the numbers? 

14. The sum of five numbers in arithmetical progression 
is 25, and their product is 945. What are the numbers? 

15. The product of four numbers in arithmetical progres- 
sion is 280, and the sum of their squares is 166. What 
are the numbers? 

16. A number is expressed by three digits which are in 
arithmetical progression. If the number is divided by the 
sum of the digits, the quotient will be 26, and if 198 be 
added to the number, the digits will be inverted. What 
is the number? 



GEOMETRICAL PROGRESSION. 

343. A Geometrical Progression is a series of quanti- 
ties which increase or decrease by a constant multiplier or 
divisor. 

Thus, 2, 4, 8, 16, 32, and a6', a6*, a6, a, are geometrical pro- 
gressions. 

344. The constant multiplier or divisor is called the 
Ratio. 

Thus, in the progression 2, 4, 8, 16, 32, the ratio is 2. 

OASE I. 

345. To find the last term. 

1. In the geometrical progression 2, 4, 8, 16, 32, what is 
the ratio? How is the secoivA. Y^ttcv ^\»I\w%^^^\£!L\3aft.^r8t? 
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How is the third term obtained from the first? How is the 
fourth term obtained from the first? How is the fifth term 
obtained from the first? 

2. In the geometrical progression x, xy, xy^, xy^, xy^, , 
what is the ratio? How many times does the ratio enter as 

a &ctor into the second term? How many times into the 
third term? How many times into the fourth term? How 
many times into the fifth? 

3. Since, in a geometrical series in which a is the first 
term and r the ratio, the first four terms are a, ar, ar^, 
ar^, what is the fifth term? The seventh term? The 
eleventh term? Any term? 

346. Let a represent the first term, r the ratio, I the 
last term, and n the number of terms. Since each term 
contains the first term multiplied by the ratio used as a 
factor 1 less time than the number of terms, the rule for find- 
ing the last term may be expressed by the following formula : 

l = ar'^K That is, 

The last term is equal to tiie first tenn, multiplied by the 
ratio raised to a power whose index is 1 less than Hie number 
of terms. 

EXAMPLES. 

1. Find the 8th term of the series 2, 4, 8, etc. 

PROCESS. Explanation, — In this example a = 2, r = 2, 

I = ar**~^ and n = 8. 

^=2X2^ Substituting these values in the formula, the 

I z= 256 value of /, or the last term, is 256. 

2. Find the 6th term of the series 5, 10, 20, etc. 

3. Find the 9th term of the series 2, 4, 8, etc. 

4. Find the 7th term of the series 3, 9, 27, etc. 

5. Find the 10th term of tlie sema \, ^, \^ '^^ ^\r.* 
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6. Find the 7th term of the series 2a, 4a2, 8a^, etc. 

7. Find the 9th term of the series 3, 6aa;, 12a^x^, etc. 

8. Find the nth term of the series 1, 2, 4, 8, etc. 

9. Find the nth term of the series 3, 12, 36, etc. 

10. Find the 8th term of the series 3, 1, J, etc. 

11. If a person should be hired for 8 days for 91 the first 
day, ?3 for the next day, $9 for the third day, and so on, 
what would be his wages for the last day? 

12. If a man begins business with a capital of ff^lOOO, 
and doubles it every three years, how much will he have 
at the end of 15 years? 

CASE n. 

34:7. To find the sum of a series. 

1. In the geometrical series 5, 15, 45, 135, 405, what is 
the ratio? 

2. If each term of this series is multiplied by the ratio, 
how will the terms of the product compare with the terms 
in the given series? 

3. Since all the terms of both series except two are 
alike, if the sum of the terms of the given series is sub- 
tracted from the sum of the terms of the derived series, 
what terms will the remainder contain? 

4. Since the sum of the given series was subtracted from 
the same series multiplied by the ratio, when the subtraction 
is performed, how many times the sum of the given series 
remains ? 

5. Since the sum, multiplied by the ratio — 1, is equal 
to the first term multiplied by the ratio raised to a power 
equal to the number of terms, and the product dimin- 
ished by the first term, how may the sum of a geometrical 

series be found? 
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348. The formula for the sum of a geometrical series may 
be deduced as follows; 

Let a represent the first term ; r, the ratio ; ?, the last term ; 
n, the number of terms ; and 8, the sum of the terms. Then, 

B = a-\-ar -\- ar^ + <*^^ . . . . + ar^^ (1) 

r« = ar -f- or^ + a^* . . . . + a^~'+ ar* (2) 
Subtracting (1) from (2), r« — s=^ar^ — a (3) 

Whence, (r — l)« = ar^ — a, or 8 = (4) 

By formula, .Case I, ? = ar""i ; therefore, rl = ar*. 

Substituting rl for ar** in the formula for 8, the following 

formula is obtained* 

rl — a 



8 = 



r — 1 



EXAMPLES. 

1. Eind the sum of 10 terms of the series 2, 4, 8, etc. 

PROCESS. 

Explanation. — ^In this ex- 

^_or^jZL^ pie, a = 2, r = 2, n = 10. Sub- 

r — 1 stituting in the first formula 

2 V 910 9 obtained for the sum, the sum 

8 = ^^ ^ = 2046 is 2046. 
2 — 1 

2. Find the sum of 11 terms of the series 1, 2, 4, 8, etc. 

3. Find the sum of 9 terms of the geometrical series 1, 
3, 9, 27, etc. 

4. Find the sum of 12 terms of the geometrical series 4, 
8, 16, 32, 64, etc. 

5. Find the sum of 11 terms of the geometrical series 3, 
a, 27, %\, 243, etc. 
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6. Find the sum of 10 terms of the geometrical series 
2a, 4a, 8a, etc. 

7. Find the sum of 10 terms of the geometrical series 
2a;2, 6aj2, 18a;2, etc. 

8. Find the sum of n terms of the series 2, 4, 8, 16, etc. 

9. Find the sum of 10 terms of the series 2, 1, ^, \y etc. 

10. Find the sum of 8 terms of the series 8, 2, ^> ^, etc. 

11. The extremes of a geometrical progression are 4 and 
1024, and the ratio 4. What is the sum of the series? 

12. The extremes of a geometrical progression are 2 and 
612, and the ratio 2. What is the sum of the series? 

13. What is the sum of a series in which the first term is 
2, the last term 0, and the ratio ^; or what is the sum of the 
infinite series 2, 1, ^, ^, etc.? 

14. What is the sum of the infinite series 6, 3, 1^, etc. ; 
or what is the sum of a series in which the first term is 6, 
the last term 0, and the ratio ^? 

15. What is the sum of the infinite series 2, |, ^, etc. ? 

16. What is the sum of the infinite series 1 -| 1- 



a;2 



~ + i-, etc. ? 

x^ ^ x^ 

17. What is the sum of the infinite series x — y -\- 

X x^ x^ 

18. A man engaged to work for 8 months, upon condition 
that he should receive $2 for the first month, $4 for the 
second, $8 for the third, and so on. How much did he earn 
in the time? 

19. A man rented a fii,rm of 500 acres for 20 years, agree- 
ing to pay $1 for the first year, $2 for the second year, $4 
for the third year, and so on. What was the entire amount 
of rent paid for the farm? 
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349. Formulas for finding any element. 

By combiniDg the fundamental formulas given in the 
previous cases, all problems which may arise in Geometrical 
Progression may be solved. 

When any three of the elements are given, the other 
two can be found. 



Deduce the following formulas: 




a,r,n, 



Kr,nj 



n, r, 8, 



a, i, n, 



a, n, «, 



/, n, «, 
a, r, /, 

a, I, 8, 
I, r, «, 



I, a. 



Oy 8, 



Of L 



r, 8. 



r, Z. 



r, a. 



8, n. 



r, 71. 



2, n. 



a, n. 



FORMULAS. 



I = a7^\ 



0= 



«n — 1 



s{r-l) 



a=s= 



r*— 1 



or* — rs = a- 

(8— Z)7'^-|-Z = 



-8. 

87^'. 



8 = 



r = 



Z=^ 



r— 1 

8 — g 
8— i* 

a-{-(r 



-1)8 



a=r/— (r — 1)8. 



8 = 



8 = 



or" — a 
r— 1 * 

« ■ ■ » 



/ = 



8 



2(8 

a(8 



n = 



(r— l)8r»-' 
r*— 1 

^r* — ^' a* 



/)"-i = o(8— a)— \ 

— a)'»-^ = /(8— /)-^ 

log. Z— log, g ■ J 
log.r 



n=^ 



log. 2 — logg 



+ 1. 



n 



n = 



log. (8 — g) — log. {8—1) 

log, (g + (r— 1)8) — log, a 
log.r 

log ./-log.(/r-(r-l)8) 
log.r 



The values of n are given here to complete the scheme. They 
may be found by the student after Btudyin^ l/i^"M\\.\iXQa. 
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SPECIAL APPLICATIONS. 

350. 1. When x represents the first term and y the 
ratio, the series may be represented by 

a;, (xy, xy'^, xy^, xy^, etc. 

2. When there are Uiree terras in the series, they may 
be represented as follows: 

^^9 ^1 y^i ^ which — represents the ratio; or, by 

3. When there are four terms in the series, they may 
be represented as follows: 

X 11 1/ 

— , Xy y, and — , in which — represents the ratio. 
y X X 



PBOBLEBIS. 



1. The sum of three numbers in geometrical progression 
is 7, and the sum of their squares is 21. What are the 
numbers? 

SOLUTION. 



Let X, l/xy, and y represent the numbers. 

x + V^ + y = 7 



(1) 



By the conditions, 

x^ + xy + y^ =21) (2) 

Dividing (2) by (1), x-V^ + y = S (3) 

Adding (1) and (3), 2a; + 2y = 1 (4) 

x + y = d (5) 

Subtracting (5) from (1), V^= 2 (6) 

_ xy = 4 (7) 

Whence, a;=l, v'xy = 2, t/ = 4 
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2. The sum of a geometrical series containing 8 terras is 
1785, and the ratio 2. What is the first term ? 

3. The sum of a geometrical series containing 6 terms is 
1365, and the ratio 4. What is the first term ? 

4 The sum of a geometrical series is 1. The first term 
is \ and the last term 0. What is the ratio? 

5. The first term of a geometrical series is 32, the last 
term 4000, and the number of terms 4. What is the ratio? 

6. Find three terms in geometrical progression whose sum 
is 13, and the sum of whose squares is 91. 

7. The product of three numbers in geometrical progres- 
sion is 8, and the sum of their squares 21. What are the 
numbers ? 

8. The sum of the first and third of four numbers in 
geometrical progression is 10, and the sum of the second 
and fourth is 30. What are the numbers ? 

SuGOEsnoK. — Kepresent the numbers by a;, ary, jcy*, and xy^. 

9. The sum of four numbers in geometrical progression is 
15, and the last term divided by the sum of the means is ^. 
What are the numbers ? 

10. The sum of three numbers in geometrical progression 
is 14, and the sum of the extremes multiplied by the mean 
is 40. What are the numbers? 

11. The sum of the first two of four numbers in geo- 
metrical progression is 10, and the sum of the last two 
is 22 J. What are the numbers? 

12. Find three numbers in geometrical progression such 
that the sum of the first and last is 20, and the square 
of the mean 36. 

13. A man bought a farm for $5000, agreeing to pay 
principal and interest in five equal annual installments. 
What will be the annual payment, inclvidm^ mXet^^X. ^V^^o^ 
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SOLUTION. 

Let P = any principal. 

p = the annual payment, 
r = the rate per cent. 
P(l + r) = amount due at end of first year. 
P(l -\- r) — p = sum due after first payment is made. 
P(l-{-r)^ — p(l + r) = amount due at end of second 
year. 

P(l + r) 2 — p(l + r) — p = sum due afl«r second pay- 
ment is made. 

P(l + r) * — p(l + r) 2 — p(l + r) — p = sum due after 
third payment is made. 

P(l+r)5-p(l+r)*-p(l+r)8~p(l+r)2-p(l+r)~ 
p=:sum due after fifth payment is made. 

Since the debt was discharged when the fifth payment 
was made, 

P(l + r)« — p(l + ry — p(l +r)8 — p(l + r)2 
p(l + r) — p = 0. 

Whence, p(l + r)* + p(l+r)8 + p(l + r)2 + p(l + r) 
+ p=P(l+r)«. 

„_ pq + ry 

P (1 +r)4 + (1 +r)8 + (1 +r)2 + (1 +r) + 1 

Or, since the denominator forms a geometrical series, 

P(l+r)5 _ Pr(l +r)5 
P~ (14-r)5 — 1 ^ (l+r)« — 1* 

r 
And, in general, 

Pr(l+r)- ^^^OOOXMXdMy 

P (1+r)'' — 1 (1.06)« — 1 

14. If a man agrees to pay a debt of $3000, bearing 
interest at 7%, in 6 equal annual installments, what would 
be the annual payment? 
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351. 1. What is the value of 2^? What power of 2 
equals 8 ? What power of 2 equals 16 ? What power of 2 
equals 32? 

2. What power of 3 equals 9? What 27? What 81? 
What 243? 

3. What power of 4 equals 4? What 16? What 64? 
What 256? 

4. What power of 10 equals 10? What power of 10 
equals 1? What 100? What 1000? 

352. The Logarithm of a number is the index of the 
power to which a constant number must be raised to produce 
the given number. 

Thus, when 4 is the constant number, 2 is the logarithm of 16, 
for 42 = 16. 

353. The constant number which must be raised to some 
power in order to produce the given numbers is called the 
Base of the logarithms. 

354. Logarithms may be computed upon any base, but 
the base of the Common System of Logarithms is 10. 

Since 10<> = 1, the logarithm of 1 is 0. 
Since 10^ =10, the logarithm of 10 is 1. 
Since 10^ = 100, the logarithm of 100 is 2. 
Since 10^ = 1000, the logarithm of 1000 is 3. 
Since 10"^ ='iV» *^® logarithm of .1 is — 1. 
Since 10"^ = y^, the logarithm of .01 is — 2. 
Since 10"^ = y^Vrr* *^® logarit\\m oi .QQ\ \a> — ^- 
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355. It is evident that the logarithm of any number 
between 1 and 10 is less than 1, and is a fraction; between 
10 and 100, 1 plus a fraction; between 100 and 1000, 2 
plus a fraction, etc. 

356. The integral part of a logarithm is called the 
Characteristic; the fractional part, the Mantissa. 

From the examples given in Art. 354, it follows that — 

357. Principles. — 1. The characteristic of the logarithm of 
an integral number is a number which is 1 less than the num- 
ber of figures in the given number. 

2. m dutraderistw 0/ a decivwl fractwn U negative, and 
numerically one greater than the number of zeros immjediaJtdy 
following the decimal point 

Thus, the characteristic of 42 is 1; of 423 is 2; of 4234 is 3; of 
.01 is —2; of .42 is —1; of .324 is —1; of .00325 is —3. 

It is evident that the characieristie only is negative, and, conse- 
quently, the mantissa is positive. 

The sign of the characteristic is usually written above the charac- 
teristic. 

368. The following examples will illustrate the charac- 
teristic and mantissa, and their significance: 

Log. of 231.4 = 2.364363, or 231.4= 102-8«*8««, 

Log. of 23.14=1.364363, or 23.14 = 10i-86*8«8, 

Log. of 2.314 = 0.364363, or 2.314 = 10 -ss^aes, 

Log. of .2314 = 1364363, or .2314=10^-8 64 8 68, 

Log. of .02314 = 2.364363, or .02314 = 107-8«4863, 

From an examination of the examples given, it is seen 

that in the logarithms of numbers expressed by the same 

figures, the decimal part, or mantissa, is the same, and the 

logarithms differ only in the characteristic. Hence, tables 

of logarithma of numbers coii\aMi ot\^ \>a^ T^mvibUMSA. 
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TABLES OF LOGARITHMS. 

359. The tables of logarithms on the next two pages 
give the dedmal party or mantissa, of the common loga- 
rithms of all numbers from 1 to 999 correct to five decimal 
places. 

The logarithms given in the tables begin with the man- 
tissa of 10, but since the mantissas of 10, 20, 30, 40, 
etc., are the same as the mantissas of 1, 2, 3, 4, etc., 
the table may be said to give the logarithms of numbers 
from 1 to 1000. 

Explanation of Tables. 

The left-hand column of each page of the table is a column 
of numbers. It is designated by N. 

The mantissas of the logarithms of these numbers are opposite 
them in the next column. 

At the top of each page and extending across the top are found 
the figures o, 1, 2, 3, 4, 5, 6, 7, 8, 0, each standing over a column 
of figures. These figures are the right-hand figures of numbers whose 
left-hand figures are given in the left-hand column, and the figures 
under them are the corresponding mantissas of the numbers. 

It will be seen that the first column of mantissas contains five 
figures, while the others contain only four. This difference is due 
to the fact that the left-hand figure in the mantissas, which is 
usually the same for a whole horizontal column, is omitted except 
in the first column. When the first figure of the mantissa is 0, the 
left-hand figure of the mantissa for the rest of the numbers in that 
horizontal line, is one greater than the first figure of the left-hand 
column of mantissas in that same horizontal line. 

By subtracting these mantissas, each from the one next succeed- 
ing, it is found that those in the same horizontal line have nearly 
the same difference. 

This Average Difference is found in the eoVvimiv xti'axVft^ 1^« 
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Tabl£ of Common Looarithms. 



N. 





1 


a 


3 


4 


5 


e 


7 


8 


9 


D. 


10 


00000 


0432 


0860 


1284 


1793 


2119 


2531 


29SS 


'S.M2 


3743 


414 


u 


W1.TO 


4533 










6446 






7555 


378 






8^79 


8636 


8991 


am 


9691 


0037 


ai80 


m2i 




348 














3033 


3364 


3672 


3988 




322 


14 
















6T32 


7026 






IS 


17609 


7898 


8184 


8469 


8752 


9033 


B312 


9500 


9866 


2140 


280 


IS 








1219 




1718 


SOU 


2272 


■J531 






11 


a»H3 












■15.11 


4797 


BW2 




243 


18 


assw 






6245 


waa 












235 




2TB75 


8103 


8330 


8E66 


8780 


BOOS 


9226 


S147 


9667 


9885 


223 


to 














13«7 


1M7 


im 






at 


szaa 




2634 












3849 


4044 


aoa 


n 


8tM2 


+139 


4S35 


4830 


5025 


B218 


5411 


&m 


5793 


5984 




as 








6736 


6B22 


nor 












S4 






8382 






8917 












96 


SBTOf 


9967 


0140 


0312 


0483 


0654 


0824 


0994 


1163 


1330 


170 














2325 


2488 


















3016 




3933 










158 




44716 






617B 












B090 




SO 




6389 


6538 


6687 


GS35 


6932 


7129 


7278 


7422 


7567 




SO 


49m 


gSra 


8001 


teJ 


9M3 


8430 


99M 


0106 


0243 


0379 


i 




60515 




W86 


0920 


1055 


1188 


1323 


1455 


1587 


1720 




SS 






211* 


1£ili 


2376 


2604 




2763 








8* 


53143 




8403 


3529 






3908 






4283 


2S 


SS 


64407 


4531 


4^4 


47TT 


4900 


5023 


5145 


52BT 


6388 


5,W9 


122 


SS 




67SI 


5871 


6901 






£348 






0703 


119 


81 




ftraJ 


TOM 


7177 














116 


S8 


6T11V8 










8540 








8995 


113 








11329 


94a9 


5550 


9660 


9770 


9870 


9938 


0097 




40 


aoaoa 

61Z78 


0314 


0423 
1490 


^ 


1700 


Tm 


ffi 


0^ 


1066 
2118 


n 


i 






2m 


25«l 


2034 


2787 


■2m 


2M1 




B144 






4a 




S448 










3949 




*147 






44 


«5t6 






4640 






4933 




6m 






4S 


65321 


5418 


6SU 


6610 


5706 


5801 


5896 


5992 


mfi 


6181 


35 


48 
















€932 








47 


















7943 


8034 




48 


OSIM 




8305 


8395 


8485 


8574 




8763 


S842 


8931 


90 


it 


flSOM 


9108 


9197 


9285 


9373 


W61 




9686 


B723 


9810 




GO 




ess4 




0157 












HITS 


80 


51 


70757 


0842 


0927 


1012 


1099 


1181 


12B5 


1349 


1433 


1517 










1767 


1850 


1933 


2016 


KrOO 


21B1 


2263 






























H 


73239 


B320 


3400 


3480 


xao 


3840 


3719 


3799 


3378 


3057 


80 
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N. 





1 


± 


3 


4 


6 


6 


7 


8 


9 


\1 


J4036 


«1B 


4194 


4273 


4351 


4429 


4507 


4586 


4663 


4741 


78 


50 
























61 






















76 




76343 


6418 


5402 


6567 


6641 


6716 


6790 


6664 


6938 


7012 


7* 










730S 






7625 


7591 








OD 


T7Sia 


Tes; 


7960 


ma 


8104 


8176 


8247 


8319 


8890 


8462 


72 


fli 


"8533 


8601 


8675 




8817 




8958 


9020 


flO«9 


9169 


71 


62 




9309 
















9865 




es 














0346 








68 




80618 


0686 


0754 


0821 
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360. To find the Logarithm of a Kumber. 

I. Find the logarithm of 3824. 

Explanation. — Since the tables on the preceding pages contain 
the mantissas of no numbers expressed bj more than three figures, 
the mantissa of 382 is first found, which is the same as the man- 
tissa of 3820. It is found to be .58206. 

Since the mantissa of the next larger number, 383 or 3830, is 
114 hundred-thousandths greater than the mantissa of 3820, every 
unit added to 3820 will add .1 of 114 hundred-thousandths to the 
mantissa, and 4 will add .4 of 114 hundred-thousandths, or 45 
hundred-thousandths. This added to .58206 gives .58251, the man- 
tissa of 3824. 

Since the number is expressed by 4 figures, the characteristic is 3. 

Therefore, the logarithm of 3824 is 3.58251. Or, 

From the table, the decimal part of the logarithm of the first 
three figures, 382, is .58206; the average difierence, 113 multiplied 
by .4, the remaining part of the number, gives 45, which, added to 
the right-hand figures of the decimal part already found, gives .58251. 

Since the nlimber is expressed by 4 figures, the characteristic is 
3. Therefore, log. of 3824 = 3.58251. 

2. Find the logarithm of 318. 

3. Find the logarithm of 285. 

4. Find the logarithm of 486. 

5. Find the logarithm of 335. 

6. Find the logarithm of 33.6. 

7. Find the logarithm of 2.68. 

8. Find the logarithm of .384. 

9. Find the logarithm of 4831. 
10. Find the logarithm of 3846. 

II. Find the logarithm of 2785. 

12. Find the logarithm of 3169. 

13. Find the logarithm of 1875. 

14. Find the logarithm of 2.345. 

15. Find the logarltlam of 1.^^4. 
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361. To find a Number whose Logarithm is given. 
1. Find the number whose logarithm is 3.95323. 

PROCESS. 

Given log., 3.95323 

Log. next less, 3.95279 

Difference of logs., 44 

Tabular difference, 49 

44-^49 = .89 + 

Number corresponding to mantissa .95279 is 897. 
Annexing to 897 the rest of number, .89 +, the whole 
number is 8978.9+, since it is expressed by four figures. 

Explanation. — The logarithm nearest the given logarithm, and 
next less, is 3.95279. This, subtracted from the given logarithm, gives 
44 as a remainder. By referring to the average difference column in 
the table, the difference is found to be 49, and 44 divided by 49 gives 
.89 -|-. The number corresponding to the logarithm 3.95279, consists 
of 4 integral figures, the first 3 of which are found from the table to 
be 897. Annexing the part found by dividing the difference of the 
logarithms by the average difference, the number is 8978.9 +. 

2. Find the number whose logarithm is 2.38257. 

3. Find the number whose logarithm is 2.18625. 

4. Find the number whose logarithm is 0.23146. 

5. Find the number whose logarithm is 1.28643. 

6. Find the number whose logarithm is 2.98465. 

7. 'Find the number whose logarithm is 3.18425. 

8. Find the number whose logarithm is 2.86435. 

9. Find the number whose logarithm is 3.24685. 
10. Find the number whose logarithm ic 2.98456. 

362. Multiplication by Logarithms. 

Since logarithms are the exponents of the powers to 
which a constant quantity is to be raised, how may quan- 
tities be multiplied when their logaTil\mia «jt^ Vxiss^xi^ 
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1. Multiply 32.4 by 26. 



FBOCESS. 



Log. of 32.4 = 1.51055 
Log, of 26 = 1.41497 
Sum of logs. = 2.92552 

2.92552 is log. of 842.4. 
Therefore, 32.4 X 26 = 842.4. 



Explanation. — We find 
the logarithm of each of 
the given numbers, and, 
inanmach as the logarithms 
are exponents of a constant 
quantity, the product of 
these numbers will be the 
constant quantity, with an 
exponent equal to the sum of the exponents of this constant quantity. 
The sum of these exponents or logarithms is 2.92552. The number 
corresponding to this logarithm is 842.4, the product of the numbers. 

2. Multiply 2.3 by 3.7. 

3. Multiply 25 by 3.5. 

4. Multiply 216 by 3.5. 

5. Multiply 312 by .24. 

6. Multiply 123 by 3.4. 

7. Multiply 2.24 by 2.6. 

8. Multiply .0023 by .26. 

9. Multiply .0015 by .015. 

363. Division by Logarithms. 

Since in multiplication we add the logarithms, or the 

exponents, of the constant quantity, how may division be 

performed ? 

Explanation. — ^We 
find the logarithm of 
each number, and then 
subtract the logarithm 
of the divisor from that 
of the dividend. The 
number corresponding 
to this difference be- 
tween the logarithms 
will be the quotient. 



1. Divide .05475 by 15. 
process. 

Log. of .05475 IS 2.73839 . 
Log. of 15 is 1.17609 

Difference of logs, is 3.56230 

3.56230 is log. of .00365. 
Therefore, .05475 -t- 15 = .00365. 
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2. Divide 2.45 by 9.8. 

3. Divide 18.312 by 24. 

4. Divide 105.7 by 3.5. 

5. Divide 135.05 by .037. 

6. Divide .04905 by .327. 



7. Divide 34.43 by .011. 

8. Divide 259.2 by .012. 

9. Divide 87.36 by 2.1. 

10. Divide 97.24 by .022. 

11. Divide 13.696 by 32. 



364. Involution by Logarithms. 

Since logarithms are exponents, how may quantities, whose 
logarithms are known, be raised to any power? 

1. What is the second power of 25 ? 

pjyj^jjjgg^ Explanation.— Since 

in involution we multi- 

Log. of 25 is 1.39794 ^^^ jj,^ ^^^^^^ ^^ ^^^ 

^ quantity by the exponent 



Log. of the power is 2.79588 of the power to which it 

2.79588 is log. of 625. " *° '^ '■*^' ^ *°^<^ 

Therefore. (25)* = 625. ^"*^°" *? logarithms we 

^ ^ may find the logarithm 

of the given quantity, and multiply it by the exponent of the power 
to which it is to be raised; the number corresponding to the resulting 
logarithm will be the power sought. 

2. What is the second power of 19? 

3. What is the second power of 35? 

4. What is the second power of 45 ? 

5. What is the second power of 29? 

6. What is the third power of 32? 

7. What is the third power of 25? 

8. What is the third power of 14? 

365. Evolution by Logarithms. 

Since in involution the logarithms, or exponents, are 
multiplied to produce the power, what must be done when 
roots are to he extracted? 
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1. What is the square root of 625? 

FBOCEss. Explanation. — Since in evo- 

,- «.>^.-. r^ ^^^^^ lution we divide the exponent 

Log. of 625 18 2.79588 „f ^^^ ^^^^^^ ^^ ^^^ ^^^^ 

Dividing by 2, 1.39794 corresponding to the root to be 

1.39794 is the log. of 25. extracted, in evolution by loga- 

Therefore, (625)* = 25. "*^ ^® *°** *^ logarithm of 

the given number, and divide it 

by the index of the required root; the number corresponding to 

the resulting logarithm will be the root sought. 

2. What is the square root of 196? 

3. What is the square root of 256? 

4. What is the square root of 4096 ? 

5. What is the square root of 1296? 

6. What is the cube root of 4096 ? 

7. What is the cube root of 13824? 

8. What is the cube root of 74088 ? 



MISCELLANEOUS EXAMPLES. 

366. 1. Add 3a;*y— Ax i/y~+ 5, V^+2xy^ + 4, 
Gyi/IT— Vxy — 7, 4y\/x~— 3y% — 6, and 2 + 5xy^ — 

2. Add 2aj*t/2 -|-2ar*y^— 3a;2, 262ar^i— a + 6a:2, 3a: V-^ 
5ca;4y2 _ 2h'^x-^y^ + 3a, and 2x^ + cy. 

3. Add 46 — 2cy"^ + m to 7cy"^ + 8aa;— 56+ 10aa;-- 
26 + ^^ — 3, and subtract from the result the sura of 
box — 4m + 3, bcy"^ — 3aa; — 6, and 3m — lOcy""* — 2m. 

4. From 17a:y2 ^ 3^2 + lOa subtract Ixy^ + 4a2; + 12a;^ 

2kB. 
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5. Multiply a* + a^ + a^h'^ + ofts + 6* by a — 6. 

6. Multiply 3af^i —2y'»-2 by 2a; — 3y2. 

7. Multiply 3a; ""^ — 2/ by 3a; ""^ + 2/. 

M Wt ft IW IW— ft 

8. Multiply 2a;2^ — 3yT" by 2a;2^ + 3y""2" . 

9. Expand (a;2« + y2"») (a;2« + y2«) 

10. Divide x^ — y* by a; + y. 

11. Divide x^ -\-y'^ by a; + y. 

12. Divide a;** — ^ by a; — y to 6 terms. 

13. Divide —+a;2+^ + ^ by ^+1. 

2 8 4 "^ 2 

14. Factor 4a;2 -f 4a:y + y^. 

15. Factor a;* — y*. 

16. Factor a;^ — 2a; — 35. 

17. Factor a;^ — 6a; — 27. 

18. Factor a;* — y«. 

19. Find the greatest common divisor of x^ — y^, x^ — 
2a^ + y2, and xy — y^. 

20. Find the greatest common divisor of 6a;* -|- lla;^ -j-3 
and 2a;* — 5a;2 — 12. 

21. Find the greatest common divisor of 4a;* — 24a;^ + 
34a;2 + 12a;— 18 and 4a;3 — 18a;2 + 19a; — 3. 

22. Find the greatest common divisor of a;* — 4a;* — 
16a;2 + 7a; + 24 and 2a;8 — 15a;2 + 9a; + 40. 

23. Find the least common multiple of 2a2a;, Sdxyf and 
4a^x^y^. 

24. Find the least common multiple of x^ — y^, a? + y, 
X — y, and xy — y^. 

25. Eeduce ^ — to its lowest terras. 

2a;2 — a; — 6 

26. Reduce — ^^— -— to its lowest terms. 

2;»+2a;2— 3» + 2ft 
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^2 52 26c c* 

27. Reduce ; to its lowest terms. 

a2+2a6 + 62-_c2 

X X , x^ 



28. Simplify— -— + ^,_^ 

29. Simplify i+25-^F^+l«^-^^ 



2 — x 2 + x x' — 4 
30. Simplify J— 1- ^ 



(a — b)(b — c) (b — a)(a — e) 

1 
(c — a) (c — 6) 



31. SimpUfy _i+-5 h ^ ^ 



1+x + x^ 1—x + x^ 1t\-x^+x^ 
32.Simplify(x + l)(x« + ^)(.-i). 

00 Q- vf a + ba — b 2(a» — 6») 
33. Simplify -H — „ . ./ • 



.34. Simplify I j , 1 a; + 1 I "* 




35. Divide/^ LUy/-^L-+-2i-V 

36. Multiply a_j_o T 2 — ; ^y "^ — 

x^ -\- Ixy -\- y^ — z* X — y -\- z 

2a; — 3+i 

37. Simplify ^ . 

2a; — 1 

X 
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38. Divide 2-1^-?^ by ^"J^ . 

Vy Vx Vxy 

39. Eaise x-\-y io the seventh power. 

40. Expand (2a + 36)«. 

41. Expand (a + 6)'°. 

42. Eaise \/x -\-y \o the sixth power. 

43. Find the sum of fx^, f'Sx^, fxf'. 

44. From V^xH + 6a^z + 32/2^ subtract t/12^ 

45. From Sf'SS subtract G^^y 

46. Multiply i/ic — i/y" by \/x-\- Vy. 

47. Multiply Va + i/b hy Va + Vb. 

48. Given 7 — (7 + 7 — (7 + ic) ) = 7, to find the value 

of X, 

49. Given a ^ — =6 , to find the value 

X X 

of X, 

50. Given -^+^^=A = ^ + £+^, to find 

a — X a-{-b x 

the value of x. 

51. Given = , to find the value of x, 

a c b d 

_ ^. 4x + S . 7a; — 29 8a; +19 , . . ^, 

52. Given ■ = — 7- — , to find the 

9 5a?— 12 18 

value of X. 

53. Given (a; + |) (re — |) — (a? + 5) (a; — 3) + f = 0, 
to find the value of x, 

• 54. Given — ^^ — *— ^ H — ^ — — =m-^n, to find the 

x-]-b x-^ a 

value of X. 

x^ 16 

55. Given = 6 — x, to find the value of x. 

a; + 4 
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56. Given (1 + «)« + (1 — aj)« = 242, to find x. 

3 

57. Given i/4 + z = — . to find the value of x. 

l/4 — X 

58. Given i/rc —32 = 16 — \/x, to find the value of x. 



59. Given \/4x + 21 = 2\/x + 1, to find the value of x. 

60. Given — :: = — — , to find the value of as. 



l/a; + 2 



61. Given |/2 + a; -^yx = 



4 



of X. 



l/2 + « 



, to find the value 



62. Given 



. x + z=S I,' 



J+«=9^ 



to find the values of Xy y, and z. 



63. Given 



^a; + ^ + i5 = 22 

2 ^3^^4 

h+ y + ^ = 33 



to find the values 
of «, y, and 2. 



64. Given i 



'7x—2z +3w = 17"| 

4y—2z + v = ll 

5y — 3a? — 2w;= 8 

4y-_3ii;-p2v == 9 
1^32+ 8m; =33 

^+ y -{- oe === d + ac-f-c 
c^* + y + a^z = 3ac > 

oca? -{- 2y -\- acz = a^ -{- 2ae + c* ^ 
f<? tfnd the values of tiie \mkivo^rcL <^3A.\i>k>Lvyi^. 



to find the values 
of the unknown 
quantities. 



65. Given 
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66. Given ^ V , to find the values of x and rj, 

y^ + a^ = 24 

67. Given J^ ^ , to find the values of re and y, 

xy= 6 



X^y -f. a?M2 = 180 I 

68. Given < > , to find the values of x 

x^ + y« = 189/ and 2/. 



69. Given ^ * ^ ^^^^ ^H , to find the values 



Vxy =15 



of X and 3^. 



a;* — y* = 56 
70. Given < 16 /^ > to find the values of x 



z —y 



xy 



and y. 



/J.4 t/4 = 369 I 

71. Given ^ >, to find the values of x 

72. Given -l >, to find the values of x 

x^+2xy = SSJ and y. 



73. Given ^ * + * + 2/ ^ V , to find the values 



xy= 6 



of a; and y. 



74. Given ^ ^ + ^^ ^ I , to find the values of x 

x + xy^=lSJ and y. 



75. Given^ ] ^^^^ ^ ^ I , to find the values of x 
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76. Given ^^ + ^ + ^^ + 2^ ^^ V to find the values 

a;8+y8 = 189 | of « and y. 



77. Given 



aj* + r 



3a; 






., to 



find the values of x 
and y. 



79. Given 



78. Given ^ ^ v "t yy L to find the val- 

a;2+y2^ 100 j uesofa;andy. 

V ifj\ -vif J y , to find the values 

x^y~xy\= 6j of re and y. 

80. What two numbers, which are to each other as 3 to 
4^ have a product which is equal to twelve times their sum? 

81. A person being asked the time of day, replied that 
the time past noon was equal to -J- of the time to midnight. 
What was the time of day? 

82. Find a number which being increased by 4 and the 
sum multiplied by 3, gives the same result as if half the 
number were multiplied by 8 and the product were dimin- 
ished by 8. 

83. Find two numbers in the proportion of 3 to 4 such 
that if 9 be added to each the sums will be as 6 to 7. 

84. The sum of two numbers is 12, and the difierence 
of their squares is 72. What are the numbers? 

85. It is required to divide 99 into five such parts that 
the first may Qxceed the second by 3, may be less than the 
third by 10, greater than the fourth by 9, and less than the 
fifth by 16. 

86. There are two numbers whose product is 6, and 
whose sum added to the sum of their squares is 18. What 

are the numbers? 
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87. What number is that to which if 12 be added, and 
from -^ of the sum 12 be subtracted, the remainder will 
be 12? 

88. A boy paid 20 cents for 200 apples and pears together, 
buying 25 apples for a cent and 25 pears for 3 cents. How 
many of each did he buy ? 

89. A steamboat, whose rate in still water is 10 miles per 
hour, descends a river whose velocity is 4 miles per hour, 
and returns. She was away for 10 hours. How far did 
she go? 

90. Three years ago A's age was ^ of B's, and 9 years 
hence it will be f of it. What is the age of each ? 

91. There is a number whose three digits are the same ; 
and if 4 times the sum of the digits is subtracted from the 
number, the remainder is 297. What is the number? 

92. A woman being asked what she paid for her eggs, 
replied, ** Six dozen cost as many cents as I can buy eggs for 
32 cents." What was the price per dozen? 

93. What fraction is that which will be doubled if the 
numerator is multiplied by 4 and 3 is added to the denom- 
inator; but will be halved if 2 is added to the numerator 
and the denominator is multiplied by 4 ? 

94. The stones which paved a square court-yard would 
just cover a rectangular surface whose length was 6 yards 
longer and whose breadth was 4 yards shorter than the side 
of the square. What was the area of the court? 

95. A gentleman had not room in his stables for 8 of his 
horses, so he built an additional stable one-half the size of 
the other, when he had room for 8 horses more than he had. 
How many horses had he ? 

96. A gentleman purchased two square lots of ground for 
$300. Each of them cost as many cents per square rod as 
there were rods in a side of the ottxei, ^\A >i)cL^ ««ss\. <55l 
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the perimeters of both was 200 rods. What was the cost 
of each? 

97. A gentleman who had a square lot of ground, reserved 
10 square rods out of it, and sold the rest for $432, which 
was as many dollars per square rod as there were rods in 
the side of the original lot. What was the length of its 
side ? 

98. A and B hired a pasture, into which A put 4 horses, 
and B as many as cost him 18 shillings a week. Afterward 
B put in 2 additional horses, and found that he must pay 
20 shillings per week. What was paid for the pasture per 
week? 

99. The sura of two numbers is 40. If the greater is 
multiplied by 2, and the less by 3, the difference of the 
products will be 15. What are the numbers? 

100. A general having lost a battle, found that he had 
only 3600 more than half his army left fit for action, 600 
more than \ of his men being disabled by wounds, and the 
rest, which were \ of the whole army, being killed or taken 
prisoners. How many men had he in the army? 

101. Four places are situated in the order of the letters, 
A, B, C, D. The distance from A to D is 34 miles ; the 
distance from A to B is to the distance from C to D as 2 is 
to 3, and \ of the distance from A to B added to \ the dis- 
tance from C to D is three times the distance from B to C. 
What are the respective distances? 

102. Given x -\- \/3 = — — , to find the values of x, 

l/S—x 

103. Several persons incurred an expense of $12, which 

they were to share equally. If there had been 4 more in the 

company, the expense to each person would have been 50 

cents less than it was. How many persons were there in 

the company? 
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104. It is between 11 and 12 o'clock, and the hour-hand 
and minute-hand make a straight line. What is the time? 

105. A rectangular field, whose sides are to each other 
as 2 to 5, contains 4 acres. What is the length and breadth 
of the field ? 

106. Divide 18 into two such parts that the squares of 
those parts may be to each other as 25 to 16. 

107. What will be the payment which will discharge a 
debt of $2000 in four years, paying principal and interest 
in equal annual installments, interest at 6%? 

108. A rectangular plat of ground has a walk 6 feet wide 
around the outside, which contains \ as much area as the 
plat itself. If the sides are to each other as 3 to 4, what 
is the length and breadth of the plat? 

X -\- V — 24 

109. Given ^ ^ > to find x and y. 

xy : x"^ -\-y^ : : 3 : 10 

110. Given J^^^^O I, to find a: 

yx^—y^ : (x—yy.:61: ij and y. 

111. There are four numbers in arithmetical progression 
such that the sum of the two least is 20, and the sum of 
the two greatest is 44. What are the numbers? 

112. A farmer has two cubical granaries. The side of 
one is 3 yards longer than the side of the other, and the 
difference in their solid contents is 117 cubic yards. What 
is the side of each ? 

113. A merchant expended a sum of money in goods, which 
he sold for $56, and gained a per cent, equal to the number of 
dollars which the goods cost him. How much did they cost him? 

114. The sum of three numbers in geometrical progression 
is 13, and the sum of the extremes multiplied by the mean 
is 30. What are the numbers? 
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[x^-\-xy =12] 

115. Given \ ^, to find x and y. 

\xy-2y^= 1] 

116. There are two rectangular boxes, one containing 20 
cubic feet more than the other. Their bases are squares, 
the sides of each being equal to the depth of the other. If 
the capacities of the boxes are in the ratio of 4 to 5, what 
is the depth of each box ? 

117. What three numbers in geometrical progression are 
there whose sum is 14, and the sum of whose squares 
is 84? 

118. What is the square root of a^x^ + bH^ +c^ + 
2abx^ + 2acx^ +26ca;? 

119. A merchant has three pieces of cloth whose lengths 
are in geometrical progression. The aggregate length of 
the three pieces is 70 yards, and the longest piece is 30 
yards longer than the shortest. What is the length of 
each? 

120. A father divided $2100 among his three sons, so that 
the shares were in geometrical progression, and the second 
had $300 more than the third. What was the share of 
each? 

121. A vintner has two casks of wine, from each of 
which he draws 6 gallons, when he finds the quantities 
left are to each other as 4 to 7. He then puts into the 
less 3 gallons, and into the greater 4 gallons, when the 
quantities they contain are to each other as 7 to 12. How 
many gallons were there in each at first? 

122. Some smugglers discovered a cave which would ex- 
actly hold their cargo, which consisted of 13 bales of cotton 
and 33 casks of wine. While they were unloading, a reve- 
nue cutter hove in sight, when they sailed away with 9 
casks and 5 bales, leaving the cave two thirds full. How 

man J bales, or how many caa\L%, \io\iX!^ \5£v^ <5!k^^ hold? 



MISCELLANEOUS EXAMPLES. 305 

123. A farmer sold a meadow at such a rate that the 
price per acre was to the number of acres as 2 to 3. If he 
had received $270 more for it, the price per acre would 
have been to the number of acres as 3 to 2. How many 
acres did he sell, and at what price per acre ? 

/— 40 

124. Given yx^ =: = 3a;, to find x. 

Vx 

125. The sum of two numbers is to their difference as 4 
to 1, and the sum of their cubes is 152. What are the 
numbers ? 

126. A and B set out from two towns which were 204 
miles apart, and traveled in a direct line until they met. 
A traveled 8 miles per hour; and the number of hours 
before they met was greater by 3 than the number of miles 
B traveled per hour. How far did each travel? 

127. A merchant bought a number of pieces of cloth 
for $225, which he sold at $16 a piece, and gained by 
the sale as much as one piece cost him. How many pieces 
were there? 

128. There are three numbers in arithmetical progression 
whose sum is 15. If 1, 4, and 19 be added to them respect^ 
ively, they will be in geometrical progression. What are 
the numbers? 

129. A and B agreed to reap a field of grain for 90 shil- 
lings. A could reap it in 9 days, and they promised to 
complete it in 5 days. They were obliged, however, to call 
to their assistance C, an inferior workman, who worked the 
last two days, in consequence of which B received 3s. 9d. 
less than he otherwise would have received. In what time 
could B and C reap the field? 

130. Find two quantities such that their sum, their prod- 
uct, and the sum of their squares shall be equal to each 
other. 
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131. Find two quantities such that their product shall 
be equal to the difference of their squares, and the sum 
of their squares shall be equal to the difference of their 
cubes. 

132. A sets out from London to York, and B, at the 
same time, from York to London, both traveling uniformly. 
A reaches York 25 hours and B reaches London 36 hours 
after they have met on the road. In what time did they 
each perform the journey? 

133. From two towns, which were 102 miles apart, two 
persons, A and B, set out to meet each other. A traveled 3 
miles the first day, 5 miles the second day, 7 miles the third 
day, and so on. B traveled 4 miles the first day, 6 the 
next, 8 the next, and so on. In how many days did they 
meet? 

134. Given re* — 2a;8 + re = 30, to find x. 

Eesolve into factors by partially extracting the square root and 
factoring the remainder. 

135. Given a;*— 6x2 + 1 la? = 6, to find x. 

Multiply both members of the equation by x, and resolve into 
factors by extracting the square root partially and factoring the 
remainder. 

136. Given ^ ^^+ y'+ M/^T^'= ^5 ^ ^^^ ^ ^^ 
\4 + y4=337 ^' ^ 



137. Given 



x^ 4-y* = 17 , 

\ , to find X and y. 
x*y-f-xy* = 10 



138. A railway train, after traveling 2 hours, is detained 
by an accident 1 hour. It then proceeds, for the rest of the 
distance, at f of its former rate, and arrives 7"| hours behind 
time. If the accident had occurred 50 miles iiirther on, 
the train would have arrived 6^ hours behind time. What 
was the whole distance txaveVeii Vj \Xvfe l\tv\w? 
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•367. What is the difference between the arithmetical and the 
algebraic solution of a problem? Illustrate by the solution of a 
problem. What is an equation? What is a problem? What is a 
solution of a problem? What is a statement of a problem? 

Define quantity. What are used to express quantity? How is the 
word quantity used in algebra? What are known quantities? How 
are they represented? What are unknown quantities? How are 
they represented? Since the value of neither a nor x is known, what 
is the propriety in calling a a known quantity and x an unknown 
quantity? 

Define algebra. What is the sign of addition? What is it called? 
What is the sign of subtraction? What does it show? What are the 
signs of multiplication? Illustrate the use of each. What is the sign 
of division? In what other way may division be indicated? What is 
the sign of equality? What is formed when it is written between two 
equal expressions? What are the signs of aggregation? Illustrate 
their use. 

What is the sign of involution? What is it called? Illustrate its 
use. When no exponent is written, what is the exponent? What is a 
power of a quantity? Illustrate the powers of numbers and literal 
quantities. How are powers named? What other name is given to 
the second power? To the third power? 

What is a root of a quantity? Illustrate the roots of numbers and 
literal quantities. How are roots named? What other name is 
given to the second root? To the third root? 

What is the sign of evolution? Illustrate its use. What is the 
index of a root? When no index is written at the opening of the 
radical sign, what root is indicated? What is the ambiguous sign? 
What is a coefficient? What are the various kinds of coefficients? 
Illustrate the use of each. When no coefficient is expressed, what is 
the coefficient? 
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What is an algebraic expression? What are the terms of an alge- 
braic expression? What is a positive term? When the first term of 
an expression has no sign written, what sign is it understood to have? 
What is a negative term? What are similar terms? Illustrate 
them. What are dissimilar terms? What is a monomial? Illus- 
trate. What is a polynomial? What is a binomial? What is a 
trinomial? 

Define addition. Define sum. State the principles of addition. 
Illustrate their application. Give the cases in addition. Illustrate 
each by the solution of an appropriate example. Give the rule for 
addition. How may dissimilar terms be added when they have a 
common factor? 

Define subtraction; minuend; subtrahend; difference, or remainder. 
What are the principles of subtraction? Illustrate their appli- 
cation. What are the cases in subtraction? What is the rule 
for subtraction? Show the truth of principles (1) and (2). How 
may dissimilar terms, which have a common factor, be subtracted? 
Give the principles relating to the use of the parenthesis. Hlustrate 
their application. 

What are the members of an equation? Which is the first mem- 
ber? The second? Define transposition. What is an axiom? Give 
five axioms and illustrate their truth. What is the principle relating 
to the transposition of quantities? What is the rule for the solution 
of equations that require transposition? What is meant by verifying 
a result? How may a result be verified? If the same quantity with 
the same sign is found on opposite sides of an equation, what may 
be done? What is the effect upon an equation if the signs of all 
the terms are changed at the same time? 

Define multiplication; multiplicand; multiplier; product; factors of 
the product. What are the signs of multiplication? Illustrate their 
use. What are the principles relating to multiplication? Show the 
truth of principles (2) and (4). What are the cases in multiplica- 
tion? What is the rule for Case I? What is the rule for Case II? 
Solve an example and explain the solution. What is it to expand an 
expression? 

What is the square of the sum of two quantities? Illustrate. 

What is the square of the difference of two quantities? Illustrate. 

What is the product of the Rum au^ OAS^xevwifc q\ \^<2> ^^^xi\.S^.v%&? 
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IlluBtrate. What is the product of two binomial quantities having a 
common term? Illustrate. 

Define division; dividend; divisor; quotient; remainder. Give the 
principles of division. Show the truth of principles (1) and (3). 
Deduce the law of signs in division from the law of signs in multipli- 
cation. What is Case I? Solve an example under Case I. What is 
the rule? When an equal factor is found in both dividend and 
divisor, what may be done with it? What is Case II? Solve an 
example under Case II, explain the solution, and deduce a rule. 

What are the principles relating to quantities having zero for 
an exponent, and to those having negative exponents? Develop the 
principles. Solve an example illustrating each principle. 

Define an exact divisor; factors; a prime quantity; a prime 
factor; factoring. What is Case I in factoring? Solve an example 
under this case. Give the rule. What is Case II in factoring? 
Solve an example under Case II. Give the rule. What is Case III? 
Solve an example. Give an explanation of the process. Give the 
rule. What is Case IV in factoring? Solve an example. Give the 
rule. What is Case V? What is a quadratic trinomial? Solve an 
example under Case V. Give the rule. What is Case VI in factor- 
ing? When is the difference of the same powers of two quantities 
divisible by the difference of the quantities? Solve examples illus- 
trating the principle. What is the order and arrangement of the 
quantities in the quotient? What are the signs of the terms in the 
quotient? What is a demonstration? Demonstrate the principle just 
stated. When is the difference of the same powers of two quantities 
divisible by the sum of the quantities? State the principle and 
demonstrate it. What are the signs of the terms in the quotient? 
What is Case VII? When is the sum of the same powers of two 
quantities divisible by the sum of the quantities? State the princi- 
ple arid demonstrate it. When is the sum of the same powers of 
two quantities divisible by the difference of the quantities? State the 
principle and demonstrate it. Write out the quotient of (x* + y*) -?- 
(x + y); (x» — y») -*-(x — y); (x* — y*) -J- (x + y). 

,What is a common divisor of two or more quantities? What is 
the greatest common divisor? What would be a more appropriate 
term to apply to literal quantities? Why? When are quantities 
prune to each other? What is lYie prmciigiVfc x^\«AIvb% \ft >^<i ^gt«iN«- 
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est common divisor? What is Case I? Solve an example. Give 
the rule. What is Case II in greatest common divisors? Give the 
principles included under Case II. Show the truth of these princi- 
ples hy examples. Solve an example under this case and give an 
explanation of the process. Give the rule. What changes may be 
made upon the quantities whose greatest common divisor is sought 
without affecting tne greatest common divisor? 

What is a multiple of two or more quantities? What is a com- 
mon multiple? What is the least conmion multiple? What would 
be a more appropriate term to apply to literal quantities? What 
is the principle relating to least common multiple? Give the rule 
for finding the least common multiple. Solve an example. 

What is a fraction? What is the unit of a fraction? What is a 
fractional unit? How many quantities are required to express a 
fraction? Why? What is the denominator of a fraction? What is 
the numerator? What are the terms of a fraction? What are frac- 
tional forms? Define an entire quantity; a mixed quantity. What 
is the sign of a fraction? To what does it belong? Illustrate its use 
by an example. 

What is meant by reduction of fractions? What is Case I in re- 
duction? When is a fraction in its lowest terms? What principle 
applies to the reduction of fractions to higher or lower terms? Give 
the rules. What is Case II? Solve an example and give the rule. 
What must be done, in examples under Case 11, when the sign of the 
fraction is — ? What is Case III? Solve and explain an example. 
Give the rule. What is Case TV? What is the principle? Solve an 
example. Give the rule. What is Case V? What are similar frac- 
tions? Dissimilar fractions? When have fractions their least com* 
mon denominator? State the principles relating to the common and 
least common denominators of fractions. Solve an example. Give 
the rule. What should be done with mixed quantities before finding 
their least common denominator? What is meant by clearing an 
equation of fractions? What is the principle? Upon what axiom is 
it based? Solve an example, explain it, and deduce the rule. What 
must be done, in clearing an equation of fractions, if a fraction has 
the minus sign before it? What effect upon a fraction has multiplying 
it by its denominator? Solve an ec^uation containing fractions. 
What 18 the principle relating to aA^vtVoxL o\ \T«*i.\Awc»ri QTY^^^Ctosi 
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rule. What is the principle relating to subtraction of fractions? 
Give the rule. What is the principle relating to multiplication of 
fractions? What is Case I? Solve an example. Give the rule. 
What is Case II? Solve an example. Give an explanation of the 
process. Give the rule. What should be done to shorten the process 
when possible? What is Case I in division of fractions? Solve an 
example. Give the rule. What is Case II? Solve an example. 
Give the rule. How should entire and mixed quantities be treated 
before dividing? What should be done, when possible, to shorten the 
process? Solve an example. Give the rule. What are complex 
fractional forms? How are they simplified? 

Define an equation; members of an equation-^ first member; second 
member; cleafing of fractions; transposing an axiom; a statement 
of a problem ; a solution of a problem. Give the axioms. How is the 
d^ree of an equation determined? Write equations of the first, of 
the second, and of the third degrees. What is an equation of the first 
degree called? Of the second? Of the third? What is a numerical 
equation? A literal equation? Illustrate each by examples. When 
the same expression is found in several terms of an equation, how 
may the solution be shortened? Illustrate. What are the directions 
for solving a problem? How may fractions be avoided in the solution 
of problems? How may problems, in which the ratio of the numbers 
is given, be solved? Illustrate. What is a general problem? By 
assigning numerical values to the literal quantities, how many results 
can be obtained? 

What are simultaneous equations? What are derived equations? 
What are independent equations? What are indeterminate equa- 
tions? What are the principles relating to indeterminate equations 
and simultaneous equations, containing two unknown quantities? 
Whet is elimination? What is Case I in elimination? What is the 
principle? Solve an example. Give the rule. What is Case II in 
elimination? Solve an example. Give the rule. What is Case III 
in elimination? Solve an example. Deduce the rule. When there 
are three or more unknown quantities, how many independent equa- 
tions must there be? Give the principle. Solve an example contain- 
ing three or more unknown quantities, and deduce the rule. Give 
some expedients that may be resorted to in the solution of equations 
containing several unknown quantities. 
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What is Principle 1 relating to zero and infinity? Prove it. What 
is Principle 2? Prove it. What is Principle 3? Prove it. What is 
Principle 4? Prove it. What is Principle 5? Prove it. Express, by 
algebraic formulas, the five principles just given. Solve and inter- 
pret problems involving the principles of zero and infinity. Solve a 
general problem and derive a general rule from the results. 
i What is involution? A power? An exponent? How are powers 
named? What are the principles relating to the signs of the powers 
of positive and of negative quantities? What is Case I in involu- 
tion? Give the rule. How is a fraction raised to any power? What 
is Case II? What is Case III? Give the principle relating to the 
square of a polynomial. What is Case IV? Give the principles re- 
lating to the binomial theorem. Solve an example illustrating the 
application of the principles. 

What is evolution? What is a root? How are roots named? 
What is the radical, or root, sign? What is the index of a root? 
What is the index when none is expressed? For what are fractional 
exponents used? What does the numerator of a fractional exponent 
indicate? What the denominator? Why? What are the principles 
relating to the signs of roots? What is Case I in evolution? Give 
the rule. What is Case II ? Give an explanation of the solution of 
an example and deduce the rule. How is the root of a fraction 
found? What is Case III in evolution? Solve an example under 
this case and deduce the general rule for the extraction of the square 
root. Give the principles relating to the figures required to express 
the square of a number and the orders in the square root of a num- 
ber. What is the principle relating to the square of a number com- 
posed of tens and units? Extract the square root of a number, ex- 
plain the process, and deduce the rule. What is Case IV? Solve an 
example under this case, explain the process, and deduce a rule from 
the solution. Show how the formula for obtaining the complete 
divisor in extracting any root of a quantity may be obtained. What 
are the principles relating to the number of figures required to ex- 
press the cube of any number and the orders in the cube root of a 
number? What is the principle relating to the cube of any number 
composed of tens and units? Solve an example in cube root, explain 
the procesSy and give the rule. How are decimals pointed off into 
periods? How may a rule tor t\ie fexXiwiVvm q\ «k^ xwi\.>3fc Vsrcosiit' 
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What is a radical quantity? How may Uie root be indicated? 
Illustrate. What is the coefficient of a radical? How is the degree 
of a radical determined? What are similar radicals? What is a 
rational quantity? What is a surd or irrational quantity? Illus- 
trate. What is the principle relating to the root of the factors of a 
quantity? What is Case I in reduction of radicals? When is a radi- 
cal in its simplest form? Solve an example under Case I, and give 
the rule. When is a fractional radical in its simplest form? Solve 
an example illustrating the reduction of a fractional radical to its 
simplest form, and give the rule. What is Case II? Give the rule. 
How may the coefficient of a radical be placed under the radical 
sign? What is Case III? Give the rule. What is the principle re- 
lating to addition and subtraction of radicals? Give the rule for ad- 
dition; for subtraction; for multiplication; for division. Give the 
rule for the involution of radicals. Solve an example under evolu- 
tion of radicals, and give the rule. What is meant by rationaliza- 
tion? What is Case I in rationalization? Solve an example and 
give the rule. What is Case II? Solve an example, explain the 
process, and give the rule. What is Case III? Give the rule. What 
is an imaginary quantity? Illustrate. Give the principle relating to 
the form of imaginary quantities. How are imaginary quantities 
added and subtracted? How are imaginary quantities multiplied? 
What is the principle relating to the sign of the product of two 
imaginary quantities? Show that it is correct. 

What is a radical equation? Give the suggestions to guide in the 
solution of radical equations. 

What is a quadratic equation? A pure quadratic equation? 
Ulustrate. By what other name is a pure quadratic equation some- 
times known? What is a root of an equation? What is the prin- 
ciple relating to the roots of a pure quadratic? Solve an example to 
illustrate the truth of the principle. 

What is an affected quadratic equation? Illustrate it. By what 

other name is an affected quadratic equation sometimes known? 

What is the principle relating to the roots of an affected quadratic? 

To what general form may affected quadratics be reduced? What is 

the first rule for the completion of the square? Solve an example by 

this rule and give the reason for the steps. Give the rule for writing 

the valae of the unknown quantity in an affec\fe^ c^\JAx^^^si. 'SX- ^^oa 
27 
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eign of the second power of the unknown quantity is negative, what 
must be done before finding the value of the unknown quantity? 
When may the Hindoo method of completing the square be em- 
ployed? Explain the process. Give the rule. When the coefficient 
of the unknown quantity is an even number, how may the square be 
completed? Explain the process. How may the square be completed 
when the coefficient of the highest power is a perfect square? Solve 
an example and explain the process. 

When is an equation in the quadratic form? What is the general 
form for quadratic equations? Solve an equation in the quadratic 
form having fractional exponents. Solve an equation in the quad- 
ratic form in which the terms are polynomials. What is meant by 
the absolute term? Solve a general quadratic equation, and from the 
solution deduce the principles relating to the formation of quadratic 
equations. 

What is a homogeneous equation? Into what classes may simul- 
taneous quadratic equations, which can be solved by the rules for 
quadratics, be grouped? Solve an example illustrative of each class. 

Define ratio; geometrical ratio; arithmetical ratio. When should 
the first term of a ratio be regarded as the dividend? When may 
either term be regarded as the dividend? What are the terms of a 
ratio? Define the antecedent; the consequent. What is the sign of 
ratio? What is a couplet? What is a simple ratio? How are ratios 
' compounded? What is a duplicate ratio; a triplicate ratio? Illus- 
trate each. Give the principle relating to the changes that may be 
made upon a ratio without changing the ratio of the terms. 

What is a proportion? What is the sign of proportion? Define 
the antecedents of a proportion; the consequents; the extremes; the 
means; a mean proportional. Upon what are the changes that may 
be made upon a proportion based? What is principle (1) in propor- 
tion? Demonstrate it. Illustrate the truth of the principle with 
numbers. What is principle (2)? Demonstrate it. Illustrate its 
truth with numbers. What is principle (3) ? Demonstrate it. What 
is principle (4) ?• Demonstrate and illustrate with numbers. What is 
principle (5)? Demonstrate and illustrate with numbers. What is 
principle (6)? Demonstrate and illustrate with numbers. What is 
principle (7)7 Demonslrat^ axvd illustrate with numbers. What is 
principle (8) ? Demonstrale and \\\\x«.\i«Afc VvOa. Twrn^wsss^ WVaJu vi 
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principle (9)? Demonstrate and illustrate with numbers. What is 
principle (10) ? Demonstrate and illustrate with numbers. What is 
principle (11)? Demonstrate and illustrate with numbers. What is 
principle (12)? Demonstrate and illustrate with numbers. Solve a 
problem illustrating the application of the principles of proportion. 
Show how certain fractional equations may be solved by proportion. 

What is a series? What are the extremes of a series? What are 
the means? What is an ascending series? What is a descending 
series? What is an arithmetical progression? What is the common 
difference? What is Case I? Give the fundamental formula for 
finding the last term. Show how it is deduced. What is Case II? 
Give the fundamental formula for finding the sum. Show how it is 
deduced. How may the formulas for finding any element be ob- 
tained? Give the various ways of representing the unknown terms in 
an arithmetical progression. . What is a geometrical progression? 
What is the ratio? What is Case I? Show how the fundamental 
formula for finding the last term is obtained. What is Case II? 
Show how the fundamental formula for finding the sum of a series 
may be deduced. How may the formulas for finding any element be 
obtained? How may the unknown terms in a geometrical series be 
represented sometimes? 

What is the logarithm of a number? What is a base of logar- 
ithms? What is meant by the common system of logarithms? What 
is meant by the characteristic of a logarithm? The mantissa? What 
are the principles relating to the characteristics of logarithms? Ex- 
plain the construction of the tables of logarithms. How may the log- 
arithm of a number be found? How may a number be found whose 
logarithm is given? How may numbers be multiplied by the use of 
logarithms? How may numbers be divided by the use of logarithms? 
How may numbers be raised to any power by logarithms? How may 
the roots of numbers be extracted by the use of logarithms? 



ANSWEES. 



P»se 8. 

2. Coat, $24; yest, |6. 

3. Henry, $9; James, $27. 

4. 8bu.; 16 bu. 

5. B, $200; A, $600. 

6. Ist, 50; 2d, 100; 3d, 300. 

7. Charles, 70; William, 280. 

8. 130. 

IPmge 9. 

9. Cow, $50; horse, $200. 

10. B, 105; A, 315. 

11. Sister, 120; brother, 360. 

12. LesR, 90; greater, 450. 

13. B, $350; A, $1400. 

14. Wheat, 220 bu. ; corn, 1100 bu. 

15. Eye, 150 bu.; corn, 300 bu.; 
wheat, 900 bu. 

16. A, $80; B, $160; C, $320. 

17. 1st, 13; 2d, 39; 3d, 117. 

18. $7260. 

19. Ist yr., $3450 ; 2d yr., $6900. 



IPmge 10. 

20. Ist, $75; 2d, $225. 

21. A owns 2000 ; B, GOOO ; C, 2000. 

22. 3. 

23. 2 ducks. 

24. Younger daughter, $1000; 
elder, $2000; son, $3000. 

25, 15 alate-pencih. 
(816) 



26. Ist part, 2; 2d, 16; 3d, 6; 
4th, 12. 

27. 15. 

28. 4. 

29. 13. 

30. B, $3100; A, $12400. 

31. Daughter, $1200; son, $3600; 
widow, $9600. 

32. Barley, 4; oats, 12; wheat, 16. 

Pagre 11. 

33. 1st, 12; 2d, 36; 3d, 96. 

34. Cherry, 20; peach, 60; 
apple, 480. 

35. John, 6 cts.; James, 36 r&s. 

36. Fiction, 4500. 

37. Sarah, 10 cts.; Mary, 50 ^ts. 

38. 1st, 62; 2d, 124; 3d, 31. 

39. Ist yr., $1000; 4th yr., $«000. 

40. A, $3000; B, $2000; C, $^noo. 





Page 17. 


1. 5. 


13. 240. 


2. 4. 


14. 36. 


3. 11. 


15. 6. 


4. 15. 


16. 9. 


5. 5. 


17. 8. 


6. 1. 


18. 2^. 


7. 1. 


19. 5. 


8. 9. 


20. 6. 


9. 3. 


21. 12. 


10. 1}. 


22. 13. 


11. 4. 


23. 27A 


12. 70. 


24. 33J. 
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3. 266. 

4. 19ax. 

5. 25x2y. 

6. — 2322y2, 

7. — 13cx». 

8. 30ax. 

9. 26m7i. 



Piifl^ 21. 

10. — 26x2y«. 

11. 19x3y«. 

12. 4a. 

13. a*r. 

14. 6l/^ 

15. — 4(xy)». 

16. (x + y)*. 



Pase S2. 

3. 6a + 46 — 6c. 

4. 7x — 6xy + 2. 

5. 8x + 92 — 2*8. 

Pase 28. 

6. — 2y + 6«. 

7. 2xy + 62— 6y+4«. 

8. 4ac + 4ay. 

9. 166 + 5CC?— 13c 

10. — Sx^y + 6x^ + 2. 

11. — 3a + 8c + 8d. 

12. — 5y + 5w + 2. 

13. 10a»62 — 7c»y» + d\ 

14. 7a6 + %V^+ 25. 

15. 12x» + 3x + 6. 

16. 6{iax^ + ^W + 5|^'y — 

17. 2a6« + Ja» + 3ia6c + IJa^c + 
6« + li62c-fc». 

18. 8(x + y). 

19. 7(a— 6)2 + 9(x-y)*. 

Page 24. 

21. (2a— 36 + 4c + 3d)x. 

22. (2a — 46-f 3c-f 4)x2. 

23. (6 + 5a) (a -f b), 

24. (3a-f 26 + 7)(a + 3). 

25. (5a + 5)l/x + y. 

2. 2. 5. 4. 8. 9. 

3. 4. 6. 4. 9. 2. 

4. 2. 7. 4. 10. 4. 



11. Harvey, 7; Henry, 21; 
James, 42. 

Page 25. 

12. C, $20; B, $40; A, $80. 

13. Samuel, 5; Henry, 15; 
William, 30. 

14. B,$200; C,$400. 

15. 10. 

16. Fiction, 2000; reference, 
20000; historical, 6000. 

17. A, $20000; B, $2000; 
C,$6000; D,$8000. 

18. A, 612; B, 306; C, 204. 

19. Board, $36; wages, $60. 

Page 28. 

3. 9a. 

4. 5xy. 

5. — 2x»y«. 

6. — 3x1/8?. 

7. — 12xV«- 

8. — 3a26»c. 



Page 29. 

9. 4x + 4y. 

10. a— 6. 

11. — 2xy + 2z.. 

12. 2x2t/2— 3«. 

13. —2x2/32— xy. 

14. p^qs + 3pg2«. 

15. 2m^nx—mnz, 

16. 4x2y -f 5y2. 

17. — 2xy2— 32. 

18. — 4pV— W 

19. 14x2y222 — 2y«. 

20. — 5y2* -f 2y*2. 

21. 6pV— 2^- 

22. —9x1/23— 3xyz. 

23. — 4a2xy-|-2ax'. 
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80. 

3. 6a«x. 

4. 8x»y». 

5. 4x + 3y. 

6. Sy—6z, 

7. 4aj:-f-56y. 

8. + 66— 8c. 

9. 2x + 7y + 2z. 

10. 2iy + 62— 3x2+y. 

11. — 6 + 2c. 

12. x + 5y — 72. 

13. 3a*+562+6c2. 

14. 6a»— 6c8— 6d«. 

15. llx* — 7y2. 

16. 13p2-f6g2 — 2r«. 

17. — ax-\-4ay. 

Pave 31. 

18. 8yz + 7xz. 

19. — 6x8y2 ^ 24xy8 + 14xy. 

20. 9x3y3~lly28^ 

21. x^ + bxy + bz^ + w. 

22. 15x3 + 5y8 + 4^8 _ 7,.8 

23. Sz^y + 7x + 4. 

24. 56x» + 3ay2 — 2by + 9. 

25. x^y^ + 5xy — 9x + 5. 

26. 2x^y^ — 9xy^ — 9z*^9. 

27. 4ar» — 6683 -f Srs— p — 7. 

28. 15x6 _ 39x3y* — lly* — 

4z 2*. 

29. — a*— 6x"ir + 43r + 4x2".. 

30. 3x2- — 4x8"3r — 4y"»-i + 
4x2"». 

31. Vxy + bz+^fi^. 

32. 6(a + 6)2 — 4a + 6<;. 

33. 5i/aT^~9]^'xTy-f7l/x+y! 

34. VaT^ — 5#^cT^. 

Page 32. 

36. (a— c)y + (d + 2)x. 
^7. — ^o + ^):r + 4(c + d)y, 
38. (e— b)x -hia-i- 26— c^y. 



39. (a — 6)x + (a + 6)y + 

(c— 1)2. 

40. (5a — c)y+(a + 2c)2 + 
(d— 6)x. 

41. (a— 26)xa + (3a + 2c)y + 

(3 + e)x^y. 



1. 


— 6. 6. 


x + 2y. 


2. 


y. 7. 


2a- 


-y. 


3. 


2a + 6. $. 


« + 4y. 


4. 


2a + 6. 9. 


7x- 


-7y. 


5. 


6. 10. 


6x- 


•y + 22. 


11. 


X — 2^. 






12. 


— xy + 3x'y — 


r2. 




13. 


7x« + 4ya + z^. 






14. 


6a62 + 4<ir,^, 








PMffe 84. 




15. 


3a— 26 + c — 24. 




16. 


— 5x^+7x«+6y. 




17. 


— 5x2y + 4y + 


1. 




18. 


a6 — 26c — 4M- 


-«c 




19. 


6xy+ll2. 








PMffe 37. 




2. 


4. 8. 2. 


14. 4. 


3. 


8. 9. 5. 


15. 


5. 


4. 


12. 10. 3. 


16. 


IJ. 


5. 


7. 11. 4. 


17. 


6. 


6. 


10. 12. 2. 


18. 


4. 


7. 


4. 13. 3. 


•19. 


7. 



Pace 88. 






20. 8. 


25. 8. 


31. 18. 


21. 3. 


27. 46. 


32. 10. 


22. 11. 


28. 18. 


33. 12. 


^Z.% 


29. 43. 


34. 11. 


^.Yl, 


^.W 


^.^^ 
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Puffe S9. 

37. John, 20; James, 30; Henry, 
35. 

38. In 1st, 110; 2d, 130; 3d, 155. 

39. 48. 

40. $1500; $1650; $1800; $1950. 

41. $2000; $2250; $2500; $2750. 

PMffe 44. 

7. • 



3. —24. 

4. —12. 

5. 21a. 

6. — 12«. 

11. 6x»y«. 

12. — 12x»mV. 

13. — 40x»y»2». 

14. 16x*y»a». 

15. — 24a»6»a?*. 

16. 15a«6*a;2ya, 

17. — 12c*d2y. 

18. — 15a*a;«y««. 

19. 24x*y*2«. 

20. —12aH^yUK 

21. — 15a&c V- 

22. 2(x + y). 

23. — 12fa + 6). 

24. 15(y + 2)«. 

25. 4(a — 6)«. 

26. 6(c + d)». 



PMffe 4S. 

27. — 10(x + y + 2)^ 

28. 12««*. • 

29. — 20a«*. 

30. — 15a«x8\+^ 

31. 8a2ic«+«. 

32. — 15a3*x*«. 

33. 20z"+"y'»+« 

34. 3x»y — 6y2. 

35. 2xV — 42*. 

36. 12z^y6z^y\ 



-20x. 

8. 6x«. 

9. 6x». 
10. 8a;»y«. 



37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 

46. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 

17. 

18. 
19. 
20. 
21. 
22. 

23. 
24. 

25. 

26. 



— 6x*y — 4x*y*. 

— I6x*y^2^ — 8x^2*. 
9x*y'2 — 6xy*2*. 
4x*y + 2xy2 + 3xy2. 
6x^y2 4" 22:y2 — 6x^2*. 
18x»y* + 12xy* — 18xy«2-*. 
12a^bcd — 9a^cH — 9a^cd^, 
— 25a*c»x+30a2cx8— 20a26cx. 

— 20aHVd + 12a^be^d^ + 

— 6a»x»y + 4a»6cx« — 8a2x«y. 

Pase 46. 

x2— y2. 

3a2 + lOcMJ 4- 3c». 

12a2 — 18a6 + eb\ 

6y2+y2 — 122«. 

4x2 -f 62;y 4- 2y2. 

9x2 __ 24xy 4- 16y2. 

15a2 — 29ac — 14c^. 

aH^ 4- 2atey 4- ft^y*. 

4o2c2— 962c2. 

662d2 4-62cd — I26«ca. 

6x*y* 4- x^y^z^ — 122*. 

6x8y222 4- 4xy« 4- 3x22« 4- 2y2. 

8a26« 4- 6a62c2 4- 8a6«c» 4- 

662c*. 

25x*y* — 15ax2y« — 10ax*y 4- 

6a2x2. 

a» 4- 3a26 4- 3a62 4- 6». 

x» 4- 6x2 _^ i2x 4- 8. 

a' — 2ay2 4" y'» 

6a«—3a26 — 90624- 66». 



a* — a- 



Pair*) 47. 



a;6 y6 



6x2 — 5xy 4- 2x2- 6y2 4- 
23y2 — 2O22. 

6a* 4- lla^fc 4- a2c2 — 
10a262 _^ 310^2 __ 15^4. 

21x* — 34x«y 4- 34x2y2 4- 
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27. 1 — 5x + llx* — 12a;« + Ox*. 

28. a* + aH^ + x*. 

29. a;«4-3xy— 3a»+2ya — 5y2 + 

30. a*" — 62"». 

31. x»» + 2af»3r + y**. 

32. a^+» + a?y» + af»y* + y*+* 

33. x«'*-'-a* + 2af"+*y*+* + 

34. a2*-2n — 52«»-2». 

35. x* 4- 2xy + y2. 

36. 4x* — 42y + y2. 

37. 9x2 __ 16y2. 

38. 16x2 — 36y2. 

39. 9a2x2 + 6axy + 6axz + Ayz. 

40. 4x2 — 8x2y — 4x2 + Sxyz. 

41. 9a»— 6o6c + 6a26c — 462c2. 

42. a»+a6 + a262+fc8, 

43. a2— 62— 2^ — c2. 

44. a» + 3a26 + 3a62 + 6«. 

45. a*— 2a262_f.64. 

46. X* — 2x2 + 1. 

47. a* — 2a262 + 6*. 

48. l + 2a — 2a«— a*. 

49. X* — 4x«y2 _j_ 6a;4y4 _ 

4x2y« + y*. 

50. a^« — 2a»26* + 2a*6« — 6'«. 

51. a»«6»«— 2a«6'« + 2a*6»« — 6»«. 



Pase 48. 



2. 6. 

3. 4. 

4. 2. 

5. 17, 

6. IJ. 



12. 38. 

13. 4. 

14. 10. 
15. 14. 



7. 2. 

8. 12. 

9. — 1. 

10. 8. 

11. 2i. 



Page 49. 

16. 25. 

17. li. 

18. 6. 

19. 3. 



20. 1. 

21. 17. 
23. 4. 



24. A, 10; B, 10. 

25. Henry, 9; John, 12. 

26. Ist, 20; 2d, 35. 

PMire 50. 

27. C,$5; B,$10; A, $20. 

28. Smaller, 10; larger, 40. 

29. B,$1400; A, $2800. 

30. Amount wanted, 46 lbs.; 
in 1st firkin, 40 lbs.; 

in 2d firkin, 60 lbs. 

Page 51. 

1. c^ + 2ed + d\ 

2. m2 -f 2mn + n^. 

3. r2 + 2r« + 82. 

4. x2 + 4x + 4. 

5. a2-f6a + 9. 

6. 9a2 + 6ax + x2. 

7. 4x2 _|_ i6ay ^ i6y2. 

8. 9a2 + 12tt6 + 462. 

9. X* + 2x2y2 + y*. 

10. 16x2 + 24xy + 9y2. 

11. 9p2 -I- I2pq + 4^2. 

12. 4x* + 20x2y2 + 25y*. 



V 



13. a2 — 

14. y2 - 

15. r2 — 

16. 62 — 

17. x2 — 

18. x2 — 

19. a2 — 

20. 4r2 - 

21. 482 _ 

22. 9ni2 

23. 4v2 - 

24. 4x* - 

25. c2 — 

26. r2 — 

27. m2 



Pafl^e S2. 

2ac -f c2. 
2yz + a2. 
2r8 + 8*. 
26c + cK 
2x+l. 
4xy + 4y2. 
-2ad + d\ 

— 12r8 + 982. 

— 4sq-\-q^. 

— 24mn -\-J.&n\ 

— 4t7«? -(- «72. 

— 8x2y2 + 4y*. 
dK 

q2 



— W 






ANSWEBS. 
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29. x« — 1. 

30. A — x\ 

31. 4x2 — 16. 

32. 4x*— y2. 



33. «*— y*. 

34. x« — y». 

35. 9t;2--4f(;2. 

36. 25x2^2 — 9. 

Paiee S3. 



37. x* + 7x + 12. 

38. x« — 2x— 15. 

39. x2— X— 12. 

40. x* — lOx + 24. 

41. a« + (3 + 6)a + 36. 

42. a^ -]- (m-\- n)a + mn, 

43. 4x2 — 2x — - 20. 

44. 9x2— 6x — 35. 

45. 4y2 — I4y + 12. 

46. 16a2 + (6 + c)4a + 6c. 

47. 25a2 + (26 — 2c)5a — 46c. 

48. 9a2x2 — 9ax — 28. 

49. 4a*x2— 8a2x — 12. 

50. 4x*y« + 22x2y3 + 28. 

Page S7. 

4. 2. 7. 4xy. 

5.-4. 8. —322. 

6. — 3ay. 9. 4xy2. 

Pagre S8. 

10. — 5xyz. 17. 7n. 

11. 2a*6*. 18. 2y2. 

12. 2/. 19. — 2ax2y2. 

13. 2x2. 20. 48. 

14. — 2xaf. 21. — 18x. 

15. — 3w. 22. —24. 

16. — 3ra2. 23. — 9n'y*. 

24. — 5arV^«- 



25. 



26. 



— 7^2 

z^x 

— 5n2 



n» 



m' 



27. x + y. 

28. a(x + y). 

29. — Biz + z). 



30. 20. 

31. 18(x + 2)». 

32. a{z — y). 

33. --(c + d)'. 



34. — 2x2. 

35. ax — 2y. 

36. 3y — 3x. 

37. 2x + y. 

38. 06 — 262. 



39. a6 — c. 

40. 3xy + a. 

41. — 3xy + ax. 

42. — .6xy2+4. 

43. a — 36 + c2. 



44. X — y + xy2^ 

45. X— 2y4- ^• 

X 

46. a— 3x + 32. 

A» I ft 3m2 

47. f» + 2 

mn 

48. c —3d + ^^. 

cd 



49. l + 3x 



50. u 4- 3tjy 



3a2y 
a2x 

Page 59. 

_2y2^ 



51. — 3 + 2(x + y). 

52. — a(6 + c)— 6(6 + c)2. 

53. 3~2(a — c)2. 

54. — (x + 2)2+2(x + 2)». 

Pagre 61. 

6. a — 6. 

7. X + 2. 

8. 3 4- X. 

9. x2 -f y2. 

10. a3 -I- y3. 

11. x2-|-2xy + y2. 

12. r + 8. 

13. x8 + 3x2y + 32;y2 + y«. 

14. c2 + 2cd + (£2. 

15. x^^^xA-1- 
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16. a-{- X. 

17. a-f b — c 

18. a« — 2oy + y^ 

19. x^—ax — h. 

20. 5a2 + 2a6 — 36». 

21. 3x2 — 5y2 + 3«2. 

22. 2a»— 3a+l. 

23. 2o + 36. 

24. 66^ + 12a6 + 27o« — 1. 

25. 5a» + 4a2 + 3a -f 2. 

26. a;2 — j^ _|. y2 — ^ — y^^ g%^ 

27. 6x2 _ 7a. ^ 8, 

28. 8x3 _|. I2az2 — 18aax — 27a«. 

29. a* — 2az + 4x». 

30. x* + xz + 2*. 

31. x3 + x2y + xy2 + y\ 

32. X* — x3y -f- x2y2 — x2/» + y*. 

33. x6— x^-f x*~x«+aJ*— x+1. 

34. x8 + 3x2y + 9xy2 -f- 27y». 

35. 27a« — 18a26 + 12o6a — 86«. 

36. a^-i— ic»-2y-|-af»-»y2, etc. 

PUffe 63. 



1. — aWxO, or —1. 

2. 2a0x, or 2x. 

3. — 2a2x0, or — 2a2. 

4. — 3xy02, or — 3x2. 

5. 6x»(y4-2)o, or 6x». 

6. -— , or x». 7. — ^ 
x-2 ' arV' 



, or x2y». 



8. 



or 



a2x~2y-3' 
9. 12x2y-ii. 

10. — 4a-26-»c«. 



a2 • 



n. 



x^V^ 



12. 



3f^ 



3. c 4- 3. 

4. a — 4. 
6. 2o + 3. 



64. 

6. d--3a. 

7. o + 6. 

8. 2a + 36. 



Pagre 65. 



9. a» + c 
10. 3a + 26. 
IL 7 + 66. 



12. 5a + 26. 

13. 2ca— d 

14. 6 — 3c 



\ 



15. 2m2 — 3m + l. 

16. 9 — 6a + a». 

17. 2m» + 3mn + »». 

18. 3a« — 6 -f 6«. 

19. $110. 

20. Ist, $1000; 2d, $2000; 
3d, $4000 ; 4th, $3500. 

21. 5 beggars; 19 cents. 

22. 6th, 10 years; 5th, 14 years; 
4th, 18 years; 3d, 22 years; 
2d, 26 years; Ist, 30 years. 

23. 7 gallons. 

24. $i. 

Page 64L 

1. 20ax + 20 + 8/x+ 10x». 

2. 2am + 5x + 3i/y"+ « — x*. 

3. 4|/a2— -62 — 6(x + y) —6. 

4. 3|/F— i/^— 32 -i- 22 + y. 

5. (a«— 6«)x»— ay+(©— 3;y»-. 

32«. 

6. --4x»» — 6xV + 6x*y* — 
6y2 + 4a2+4x*-fe2. 

7. x« + 2x*y + x»y» + 2x»y -f- 
4x»y' + 2x»y* — x*y» ->. 
2x2y« — xy**. 

8. x2» -h 4x="y» + 2x^ + 

9. 3 4- 2x-^^2'» — x*y» — 
3x--y2* — 2r-2» + y»» 4 



ANSWEB& 
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10.. 9x»* + 6ar23/«+"» + 3x-22"» — 

11. x» + 5x*y + lOx^y^ + 
lOx^y^ + 5a:y* + y^. 

12. a* — 8a» + 16. 

13. 81a* — 648a2 + 1296. 

14. x* + 4ay -f 4y2. 

15. 4x2 + 20xy + 25y2. 

16. 9x* — 12x^y^ + 4y*. 

17. x**» + 4x2»y2» + 4y*». 

18. r-4* — 4x-2«y-2*» + iy-^^ 

19. 4x« — y2. 

20. 9x2 _ 49y2. 

21. 16x* — 4y*. 

22. a2x2« — y2». 

23. a2ar2«— a2y-2» 

Pave 67. 



24. 
25. 
26. 
27. 
28. 
29. 
30. 

•31. 

32. 

35. 
36. 
37. 
38. 
39. 

40. 
41. 
42. 



..w 



.16 



x-— y 

256x* — 2592x* + 6561. 

2a« + 3a6 + 62. 

x» — 3x2y + 3xy2 — y9, 
2a2» — 4a»»6'»4-262« 

1 



x^y^z* 
x* 



33. 



y2g2 



6-2. 



34. -^ 



a*2» 



,-1 



xjr^ 






X* 4- 4x'y + 6x2y 2 _4_ 4a;y s -j-y*. 
2^* + 4ar V^ + 6ar2y-2 + 

42r^y-* + jr*. 

2o — 36. 

3 + 2a + c. 
2a + 3c + d, 



Pasre 69. 

2. 2, 2, 2, a, a, 6. 

3. 2, 5, X, X, y, y, y. 

4. 3, 5, a, a, a, y, y, a. 

5. 2, 2, 5, a, Xy x, x, y. 

6. 2, 3, 7, a, X, y, y, y. 

7. 2, 2, 3, 3, X, y, y, a, a, z. 

8. 2, 2, 7, Oy a, e, e, x. 

9. 5, 7, c, c, c, X, X, 2, 2. 

Paffe 70. 

2. a2(56 4-6c). 

3. 4x2(2y2 + 322). 

4. 6xyz(l + 2xy). 

5. 9xy2a(x2 + 222). 

6. a2xy2(xy -J- z). 

7. c(a2 + 62 + cd2). 

8. xy(4x + cy+3y2). 

9. a22(ay + x + x^y^z), 

10. 6xy2(6x4-62 + xy2). 

11. aa^iay*^^ + 2*^^ + oyz). 



2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
\.19, 



Page 71. 

(a + 6) (o + 6). 
(x + y)(i + y). 
(6 — c) (6 — c). 
(r + «)(r + »). 
(x +!)(«+ 1). 
(ft + 2)(x + 2). 

(y-i)(y-i). 

(2y-l)(2y-l). 
(Zx + 1) (31 + 1). 
(3m + 3n) (3to + 3n). 
(3 + i)(3 + i). . 
(l_^2)(l_a:>). 

(4n— l)(4n — 1). 
(4 + 2o) (4 + 2o). 
(6 + «»)(6 4-o>). 



')(7 



'). 



(7- 

(9t — a)(9x — a). 
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Pave 7S. 

2. (a+6)(a — 6). 

3. (c + d)(c^d). 

4. (m-\-n)(m — n), 

5. (2«+2y)(2x — 2y). 

6. (3x + y)(3x— y). 

7. (x+3y)(x — 3y). 

8. (4x + 4y)(4a;— 4y). 

9. (i« + iy)(i«— Jy)- 

10. iiEy + 2y2)(a:y — 2j/a). 

11. \m^-\-n^){'ni + n){m'—n). 

12. (a* + 6*) (a2 + 6*) (a + h) 

(a - 6). 

13. (m'» + n'»)(m» — n~). 

14. (3a* + 26««) (Sa** — 262-). 

15. (a« + 6*)(a*+6')(«' + ^) 
(a2 — 6). 

Pave 74. 

2. (x + 2)(a; + l). 

3. (x + 4; (x + 3). 

4. (x — 7)(x+3). 

5. (x — 9)(x + 2). 

6. (X + 4) (X -f 2). 

7. (X + 8) (x + 4). 

8. (x — 13)(x + 3). 

9. (x — 16)(x + 4). 

10. (2x — 3)(2x — 2). 

11. (3x — 6)(3x — 3). 

12. (2x + 6a) (2x + 2a). 

13. (3a -f 66) (3a + 46). 

Piif^ 75. 

1. x' + x«y -f x»y2 + a;4ys 4. 

x»y* + x2y5 + xy« + 2/^ 

2. x8 + x^y + x6y2 + -jSyS _{. 
a;4y4 ^ a;8y5 _{. i2y6+ xy»+ y^ 

3. x8 + x2 + a; + 1. 

4. x^ + 2z^ + ^ + 8. 

5. z' + x*i/^ + x^y^ + y^ > 



Pase 77. 

1. x^ — x8y + x»y* — x*y» + 

xV — ^V +a:y* — y^- 

2. x» — x»y + x»y2 — x«y» + 
a.5y4 _ x^y^ + x«y« — x*y ^ + 

xy* — y®. 

3. x» — x» + x— 1. 

4. x»— 2x2+4x — 8. 

5. x« + a:*y' + «*y* + y*- 

Page 78. 

1. x« — x^y + x*y2 — xV + 
x^y*—Ty^+y^- 

2. x« — x'y + x«y2 — x^y* + 

3. X* — x*+x2— x + 1. 



Pafl^e 79. 



1. a; + y + 



2yJ 



X 



y 



2. x2 + xy + y* + 



X — y 



2y^ 



3. x»+a:*y + a:y*+y' + ^ 

» y 

4. x* + x»y + ajV + ay' + y* + 

2y5 



X — y 



Page 82. 



\ 



3. 6m'nx2. 

4. 4r^8H^. 
6. 7x2y22«. 

6. Sx^yz*. 

7. oxy. 

8. a^xy^* 

9. 262c. 

10. 2xy2. 

11. 2rHH. 
VL. Stt^xy^ 



14. a — 6. 

15. X— 2. 

16. 4x— y. 

17. X + 3. 

18. x + 5. 

19. x + 6. 

20. X + 3. 

21. x + 7. 

22. x + 6. 

23. x + y. 
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Pa^e 86« 



3. «— 7. 

4. x + A, 

5. z— 3. 

6. x + 6, 

7. 3x— 2. 

8. X — 4y. 

9. a; — y. 



13. 5x2 — 1. 

14. X + 3. 

15. X — 7. 

16. x + 3. 

17. o»— 6«. 

18. X + 2. 

19. + 6. 

10. a;2— 2x + l. 20. 3x2+2x + l. 

11. 2x2+4x+2. 21. x2 + 4. 

12. 3x + 9. 22. oa + 4. 



3. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 



28. 



Pave 89. 

40a262c». 
100x8y3«». 

72m2n»y». 

36r»a8g*. 

x' — x^y — xy2_j.y$. 

X® + x^y — xy2 — yS^ 

X* — 2xVH-y*- 

X* + x'y — xy * — y *. 

a2y2(a;> — g2). 
X* — 1. 

12xy2(a;2_y2). 

x(x«"-l). 

x(x* + x' X — 1). 

8(1 — x*). 

x» + 9x2 +26x4-24. 

a»— 4a2 — 17a + 60. 

x»— 11x2 — 4x + 44. 

a;4 _ 6x« — 6x2 + 70x — 75. 

X*— y*. 

X* — xy* + x*y — y*. 

a5 + 2a* — 16a — 32. 

X* — a:y*. 

x»— 3x2— 4x + 12. 

X* — 2ax» + a2x2 — lOx^ + 

20ax2— 10a2x+ 25x2— 50ax-f 

26o2. 

a;5^22r* — 16x— 32. 



Paire 94. 



3. 
4. 
5. 

9. 

10. 
11. 
12. 

15. 



12a 

28 

30x2 

86 

10a + 206 
15 

4ax2 



6. 

7. 
8. 



15x + 35 
30 
6x 
18x+9 

9x 
l&E— 24 



6x + 4xy 

2o2 + ax— 2a6— 6x 
a2— 62 

3ax — ay + 36x — 6y 
o2 + 2a6 + 62 



x' .o 3 



4y 



14. 



52^ 



2z« 
3xyin^ 



Page 95. 



16. 



7n2 
4z' 



2s 
17. -• 



18. 



19. 



20. 



21. 



y 

5x 

7ya 

2ag2 

3y* 

a + 6 
a — 6 

g — 6 
a + 6' 



22. 
23. 
24. 
25. 
26. 
27. 



x—i; 

x + l* 

X — 1 

2y 

x2+ax 
X — a 



x2+y2 

x + 3 
x2 — 4x 

x + 4 
X— 4' 



Paye 96. 



2. 



10x + 4y g 20x— 3y 
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5. 



6. 



8x — 62 



4a; + 4y + 3 



8a+3x + 4 



16x + 3y-4 

^' 8 



8. 



9. 



10. 



11. 



12. 



13. 



14. 



15. 



16. 



17. 



18x— 2y— 3 
6 

10a— 3a;— 4 
2 

24a — 3y — 7 

4 

3cd + 4a-f& 

4acd + 3c — d 
cd 

3aa;2.+ 6a— flf 

^^^^^ ■■ ■■■■■ ■ • 

ax 

5x+20 + 2c— <f 
5 

a«— 2ac + ca 
a 

z»— 9x + 6 
X— 2 

2a2 



18. 



a — X 

o»+2ac— 2c^ 
a — c 



19. ^'-^y'. 

^. -, or 

X — 4 4 — % 



21. 



o* — 4aa; + 4x* 



a — a; 



«„ — 2a6 2a6 

22. r. or 



23. 



a — 6* ~ 6 — a 
m*— 2mn — 2n« 



m — n 



PMire SI7. 



2. a+-- 
a 



8. x2+«4.1 + 



5» 



4. 26 — 

0+6 

6. o+x. 

6. a — X. 

7. x»— x + 1. 

2 



X- 



-1 

26» 
0—6 



9. 2x. 
10. o3 +06+62 + 

ii.i + 5^LhJ. 

ox 

12. 2a— 26. 

13. x+y + l+yi=y. 

14. a2+a6 + 62. 

15. a; + -^^ 

a;+y 



\ 



2. 

3. 
4. 

8. 

9. 
10. 
11. 
12. 



Page 99. 

a*(?-2x-». 6. 6*<ra. 

x^ycrarf-i. 6. x-^y-^a*. 
ari. 7. ari+<r^ 

yar^ — <r^x-^. 
(x-y) (x+y)-i. 

jr* — x-2. 14. — — ^. 

3xV. 



45^ 



\^, 



o*— 6* 



ANSWEES. 



327 



16. - 



17. x^+y^, 

^^' «»— 3x2— 9x+27* 

7(x— y— g) 
• 5(x+y+g) 

Pase 101. 

„ 9x J lOx 

„ 21o , 20a 

3. -ZT »^d --— • 

24 24 

Pase 102. 

4. 1^ and ?^ 

16 16 



_ 4x J 4y 

5. -- and -f-* 

6a 6a 

6. ^ and -— • 
6y2 6y2 

^ 9acz J 4Wy 

7. :r^— and -— r"- 
6x*y8 6x2y8 

^ZI% and ?^^^. 
9.160+206 ,„d9a2 + 12a6. 



12a» 



12a» 



10. ?^=^ and ^^=:^. 

lOa^c lOa^c 

,, I8fl» 1202 20c 

11. — — — > > 



12xV 12xV 12xV 

12 ^^', 2(fay ^ <^ 
* 8x2y2 8x2y2 8x2y3 

Scd oc ^ 12a^2 
' Sa^e^' Za^c^ Za^c^ ' 



14. ^^±^, ?^^:=^y, 



4ac 
2cx2 + 2cy2 
4ae 



4ac 



,- x2 + 3x + 2 x2— 3x+2 
10. : : — » : : — > 



x2 — 1 

x+3 



X2-~1 



X2— 1 



ax^y--hx^y axy+bxy 
' a2— 62 ' a2— 62* 



a2 — 62 



^ x2 4-2xy + y2 ^ x2— 2xy+y 2^ 



x2— y2 



x2— y» 



x2+y2 ^ 
X2— y2* 

,o X*— 2x2+1 x* + 2x24 I 
^^- x^-1 ' x^-1 ' 

x* + l 



X* — 1 



19. 



a — e 



(a — 6) (6 — c) (a — c) 

6— c 
(a — 6) (6 — c) (a — c) 

Pase 104. 

3. 20. 4. 18. 5. 12. 6. 10. 



105. 

7. 14. 14. 24. 21. 12. 

8. 30. 15. 12. 22. 40. 

9. 72. 16. 17J5. 23. 5. 

10. 5. 17. 24. 24. 8. 

11. 24. 18. 48. 26. 20§. 

12. 24. 19. 7. 26. l^. 
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28. 2}. 

29. 5}. 

30. 1. 

31. 11. 

32. 3. 

42. 12. 



33. 2. 37. }J. 

34. 7. 38. 28. 

35. —5}. 39. 6. 

36. 3. 40. 9. 



Pave 107. 

43. 18. 



44. 30. 



45. let, $1,000; 2d, $300; 
3d, $200. 

46. B's,$2000; A's, $1500. 

47. Horse, $180; carriage, $240. 

48. A, $16^; B, $8/^; C, $21ff ; 

Pave 108. 

49. 90. 51. 150. 

50. 630. 52. 24, 76. 

53. 5, 6. 

54. B, 8 yra; A, 12 yra. 

55. 15, 35. 

56. 60. 57. 12, 4. 



Page 110. 



3. 

4. 
5. 

9. 



xz + y^ 



2d^ + 3a 

cd 
Sx^ + 2y 

6X2 

a^ -\- xz 

. • 

a* — az + ax — xz 



6. 
7. 

8. 



2x» -I- 3y 

6ax 
5 + 2aa; 
Saby 

4ax-|- 5a 
3x2y 



10.2±^^ 13.^-+^^-^^- 



1 — x^ 



a;2— y2 



1 — X* 



IZ 






15. 



a 
3x^ 



Page 111. 



2a 



16. 3a— 6 H — 

a« — a26— a62 + 6« 

a2— 6» 
18.I^!^Z2^. 20. 



X*— x» 



X* — Qcy 



1 + 22 + X* 



Parens. 



8.^ 
30 



4. 


35 


5. 


5a 
286 


6. 


X 

18a 


7 


(2 



^ o(15d — 46) 
6xy 

^^ tnn(2y — 3) 
4y2 



8. 



2ax 

13c 
2ad' 



11. 



12. 



13. 



14. 



a — 56 
6 

56 — o 
o» — 6* 

X — 9 
x» — l" 

— 4x 

X2— 1 



Pase 114. 



15. 



6x 



16. 



6a26 + 26» 



a;2_9 a»— 6* 

27a — 86 



17. 3x + 



18. 4x + 



30a 
3x — 3a 



19. 



20. 



7yg— 3xy4-^'y — 3ay» 



x*v* 



6*- 8a26»— 4a6 — 7aa 



a«6» 



\ 



^\. 
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22. - 



z^-{-2ax — Sa^ 



23. 



2x — 3 



4x* — X 



24. 1. 



3. X. 



4. 



Pa^e 116. 

10. 



6o2a:J 



5. zy. 

^ a262 

6. -— - 



7. 



m^n* 



6 

8. crH, 

9. adxy. 



11. 



12. 



13. 



_8aV_ 
3(a+x) * 

2{c + d) 
3a + 6 



02 

14. - 
2 



15. 12c*dMa + 6). 
TO* -|- 2nin + n* 



16. 



TO* + n* 



17. 



Pase 117. 

Ors* _ 3(x* + 2y) 



18. 



Paice 118. 

an a^b^ 

^' hm ^' 2y •' 

3^ axy—ay^ 

^' 2Jby ^' 2x 



8. 



2a+36 
46 



4. 



15x* _ ax 



2a^ 



/. 



}, X — a. 



30 



10. 



Pag^e 119. 

if^ 11. X. 



X2— yS 



28 



12. 1. 

x^ — xy* 



19. 



13. 



14. 



a 
ed 



20. li. 
X — 6 



X*— y* 



15.- 
16.5^. 

X 



17. 



9x2 



16{x + y) 



18. ??. 
c 



21. 



22. 



23. 



24. 



25. 



X— 3 

x*— 7x + 6 
x* 

x* — 2x — 8 
x2— 2x 



g'y^ 



X* — y'* 
72c2 — 2x2 



9c2 



Page 120. 



— a* — x* ^^ ax 
26. — ^^ -' 28. 



27. 



ox 
a* + 6* 



a* — X* 



29. 



a 



a a — b 

30. 1. 

1 — ax* — y -f-ax*y 



31. 



x + x^ 



Pase 122. 



11 



3. 



4. 



5. 



6. 



2yl. 

Slaz 

5g 
17a6c 

46* 



7. 



8. 



9. 



10. 



11. 



2ay' . 
15a*2» 

g 
3c*dx* 

x + « 



5a*6*2 
a — c 
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12. 



a2+4a;+4' 



i3.5(M:y). 14. 2^:^. 



15. 



16. 



17. 



z-y 

3<m+ em 
X* — y* 



a 



2 — «a 



4aa-i-46y 



ay + ag 



aX'{-nx-\-(ui-\~7tz 



3aa; 

. 9a; 
8a 



a-j-x 



6. 


8a» 
3<% 


6. 


2y 


7. 


2cx 

302 


» 


4 



u. 



12. 



13. 



14. 



15. 



16. 



2a + x 



2m« — - 2n2 
3wi + n 

2c + 2<« 
3 

2a 



a — 6 



2(x2— ay+y« 



9. 



10. 



dz 
Sex' 

abc 



17. 2a36 + 2a6». 



18. 



19. 



a^4-^ 
dx 

c + dy 
2xy2 



Pasel25. 



20. 



21. 



X— 2 
ox 



22. 



2(x-6) 
3«a 



^ 3(x-6), 25. o. 
4y 

24.2^^1^. 26. ^^y + ^'. 
8x + l ay2-fa;2 



27. 



28. 



29. 



a — X 



o« + 3o»x + 3aaf2+x» 
6 + 1 



ab' 



5(o — 6) 



30. 



ay 



31 qg^ + ax y— g^y — z^y » 
abc 



\ 



83. 
84. 

37. 

38. 
39. 

41. 

I. 
3. 



cdx + ad 
cdx-\-bc 



35. 9(a— y). 



15ag + 5x gg 4x»y — 4ay> 
' 5a&x — 3a6y 



60 + 3x 
2x 



X — y 

4a» — 8ax + 4x«. 

6acx + 4d .^ 2x2— ya 
' 40. ^ 



6a4!x + 9d 

cbcx^y — 3x' 
a^e^ + 2ac«x 



«— 3y 



X — 3 



2. 



wi — 1 



X + 1 Wl + 1 

x» — 2x2 — 2x + l 
4x2— 7x— 1 

a2 — 5a + 6 



ANSWEBS, 



331 



Paye 127. 



5. 



6. 



7. 



8. 



Sx^ 



x2— 1 

1 

x+2 



10. 



4a;* 



x2+2ay+y2 



11. a2+l + -- 
a* 



12. 



4a 



(aj— y)(y— 2) ax-\-x 

1 
a5c 

X2— y* 



13. X. 



14.^. 
a 



1. 8. 

2. 2f . 

7. 22^. 



Page 129. 

3. 4. 

4. 6. 



8. 



a— 1 



10. 



5. A. 

6. 12. 

l+6a 
4a+26 

ae-j-ahd 
d + ad' 



Page ISO. 

11. 5. .. —3a 



13. 



12. 



15. 



16. 



4 

14. 1^. 



5a + 1356 
24 

a^{c — a) (c + 1) 



17. 12. 20. 9. 23. J. 

18. 4. 21. —7. 24. 9. 

19. 2. 22. 4. 

Pagre 131. 

26. 8. 26. — 2 ^. 

a6(2c-a~6) 
• e{a + b) — (a* + b^) 



28. — 7f 



29. 



a^ 



6 — a 
31. 66. 32. 8. 33. 6. 



34. 4f 

35. 3. 

36. 65. 

37. 22. 



46. 



2o» 
6—1 



Pase 132. 

38. 13. 

39. 7. 

40. —10. 

41. 5. 



47. r 
6 



42. 1. 

43. 9. 

44. 10. 

45. 6. 



Pase 13S. 

48. 1. 

c-f ad +6d 4- 2a— 26 



49. 



26 



60. a» + 2a6+6a. 

51. 50. 

62. 12, greater; 4, less. 

53. $2400. 

54. 47, greater; 23, lesa. 

65. 75. 

Page 134. 

67. 4H. 69. 4^. 

68. 2^. 60. 12. 

61. 72. 

Pase 135. 

62. 2280. 

63. $1500. 

64. 64, A's; 80, B's; 144, Cb; 
104, 1^8. 

65. 150, com; 100, oats; 50, rye. 

66. lOOJf, less; 103/^, greater. 



Pase 136. 



67. $84. 

68. $5000. 

10. %n^. 
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71. 760. 



Pnse 137. 

72. 90. 



74. 42, 30. 

75. 12, A*8 age; 32, B*8 age. 

76. $8000, E's; $7000, G*8. 

77. $460, A»8; $270, B»8. 



P»ire 1S8. 



78. $60. 

79. 51. 

80. 60. 



81. $1400. 

82. $360. 

83. 15, 21. 

84. 18, Ist; 22, 2d; 10, 3d; 
40, 4th. 

Page 189. 

85. $4000. 87. 6. 

86. 10 yds. 88. 720. 

89. $24, A; $36, B; $80, C; 
$175, D. 

90. 100, 150. 

91. 7 ct8., 12 cts. 

92. 12, A; 24, B; 18, C. 

Page 140« 

93. $120, better horse; 
$90, poorer horse. 

94. 13, 40. 96. 27/r. 

Pagre 141. 

97. 43,^ min. 99. 6 o'clock. 

98. 54t<V min. 100. 16^ min. 
101. 30 min., or 9 o'clock. 

Pngre 142. 

103. $20, saddle; $180, horse. 
b 



104. 



1+a 

ab 
1+a 



= $15 B 



=$60 A. 



105. 



l+o 

ab 
1 + a 



= 3, 1st 



= 21, 2d. 



106. -^; 2tt; ^. 

107. ?^±« = 3. 



he 62 

108. 5^-4- «64. 



\ 



1+6 

Pasel46. 

2. «=3; y=2. 

3. «=1; y=l. 

4. «=2; y=l. 

5. x=:2; y=l. 

6. x=2; y=2. 

7. x=lf; y=5|. 

8. «=5; y=6. 

9. x=5; y=4. 

10. x=2|^; y=4TV. 

11. x=5; y=4. 

12. x=4; y=3. 

13. x=r6; y=4. 

14. a;=12; y=10. 

Paffe 147. 

15. x=8; y=9. 

16. ic=5; y=3. 

17. x=5; y=4. 

18. x=5J?; y=15H. 

Pase 148. 

2. a;=2; y=3. 

3. x^4; y=5. 

4. ai=2i; y=7|. 

5. «=8; y=10. 

6. x=2; yt»r3. 
1. x=V,>j^^ 
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8. fl;=5; 


y— 3. 


9. X — 4; y — 5. 


Pagre 149. 


10. a;'=5; 


y— 9. 


11. a;=7; 


y=3. 


12. a; = 4; 


; y-io. 


13. x=3; 


y~2. 


14. x = 6 


;y-3. 


15. x=6\ 


;y=6. 


16. x=15; y=12. 


17. x— 7; y— 5. 


18. aj-6/A; y— —SJf. 

19. x-l^; y-im- 


Pafce 150. 


2. X— 4; y—3. 


3. x=3; y=4. 


PaselSl. 


4. x=16; y=5. 


5. x=l3 


;y=3. 


6. x=i 

7. x=4 


;y=3. 


8. x=9 


; y-6. 


9. x=2 


; y=5. 


10. x=60; y=36. 


11. x=ll; y=6. 


12. x=-6; y=12. 


13. x=rl2f; 2=15f. 

14. x=10; y=5. 


15. x=42; y=35. 


16. x=}; y=t. 

17. x=ii] y=T%V- 

18. x-i; y-f 


2a . 26 

19. X= ; y y— 

m-\-n m — n 


Pa^e 152. 


20. x=40; y=60. 


21. x=6. 


; y-12. 1 



22. x=4JM; y=4«. 

23. x=5J; y=4i. 

24. x=5; y=7. 

25. x=2; y=3. 

26. x=a; y=6. 

Paice 158. 

27. x= — -— > y=— r 

3a 



y= 



3a «+(?--5V • 
36 



-^ 3m. n 

29. x=— , y-^ 

30. x=^; y=~- 

a6 cd 

Page 154. 

4. x = 16; y=8. 

Pagre 155. 

5. x=17; y=12. 

6. x=41; y=7. 

7. $4, men; $2, boys. 

8. TJ^. 

9. $33| $56. 

10. $180, $120. 

11. $250, A; $320, B. 

12. ^. 13. 24. 14. 1, 5. 

Pafre 196. 

15. 12 perRons; $5, each paid. 

16. x=£3; y=r£2. 

17. 53. 

18. $4800, A's; $5000, B's. 

19. 55 at $20, 45 at $30. 

20. 50, father's; 30, son's. 
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22. 65 at $45, 35 at $37. 

23. 72 apples, 60 pears. 

Page 157. 

24. 30 miles per hoar; 90 miles. 

Page 150. 

2. x=3; y=4; 2=5. 

3. x=5; y=6; 2=-8. 

4. x=l; y=2; 2=3. 

5. x=4i; y=4i; 2=4}. 

6. x=20; y=10; 2=5. 

7. a;=2; y=10; 2=14. 

8. a;=6; y=4; 2=2. 

9. x=40; y=30; 2=24; ^=26. 

Page 160. 

10. a;=2; y=3; 2=4; w- 5. 

11. a:=4; y=5; 2=:6; ^=2; t;=:3. 

12. x=\h y=i; 2=i. 

13. x=3; y=6; 2=9. 

Page 161. 

-, a-\-b — c. o— 6-l-c. 

14. x= — - — ) y= — -^ > 

2^2 

6-|-c — a 

z= • 

2 

15. x = 4; y=5; 2=6; tt=8; 
to = 7. 

16. x=:a; y = 6; z=c. 

17. x=3; y = 5; 2 = 6; u=7; 
t=S. 

18. a: = if; y = JJ; 2 = if 

1. 10, 30. 20. 

2. 50. 58, 80. 

3. $300, A; $420, B; $780, C. 

Page 162. 

4. $.10, aagar; $.25, coffee; 
$.75, tea. 



\ 



5. 16, Ist; 24, 2d; 5,3d; 80,4tli. 

6. 14H, A;17e,B;23/r,C. 

7. 361. 

8. ^, smaller; ^, larger. 

9. $40, eldest; ^, second; 
$24, third; $26, fourth. 

Page 16S. 

10. 40 sheep; 8 cows; 6 horses. 

11. a: = 98B; y = 295f|; 
2 = 352f}. 

Page 165. 

3. 00 • 

4. Indeterminate, J. 

Page 166. 

hin—D 

3. -- — -» B»8 age; 4}yrB.; 

a — n 

— ^^ ^1 A's age ; 27 yrs. 

a — n 

4. days. 

6 — a 

Page 168. 

2. 36«*y*. 9. — a»6Mc«. 

3. — 64a«6«. 10. 256a«6«c»«. 

4. — 27a36». 11. 32a;'«y*s**. 

5. 9c*d4. 12. — 125a963c« 

6. 32a»x«yw. 13. a^lr^c^. 

7. 64x'^y«2«. 14. 256a«6'«<r»«. 

8. 256a*6'«(f'«. 15. 512a-'W. 

Pfige 169. 

16. 16zV^2*- 21. ar»V^a'*. 

17. 27arV'^- 22. a^Tf^^i-^, 

18. — 64aVy». 23. a-^2*^»**. 
V^. — 32a-V** 24. a-«y-»"-2-^. 
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26. ± a«"6^°»c-\««d-'o*«. 

27. a*^6®-**<J*^d*-*". 



4a' 
96* 



30. 






31. — 



216x«y' 



35. 



36. 



125a«6» 

■ 1 



32. 



33. 



34. 



4096a^ 
2401x»y*' 



Page 170. 

2. a* + 2a& + 6«. 

3. a» + 2a + 1. 

4. x» + Sx^y + 3ay> + y». 

5. 8 + 12x + 6a;2 + x». 

6. 27 + 27y + 9y« + y». 

7. 4 + 462 + 6*. 

8. o* — 2a«6 + 6«. 

9. a»+2a6 4-2ac+6*+26c + c^ 

10. z* + 8i«y + 24x2y2 + 32xy»+ 

16y*. 

11. n*— 4n»m+ 6n»m> — 4nm» + 



m*. 



12. a» + 3a26 + 3a6» + 6». 

13. x2« + 2xV + y*"- 

14. 8a« + 360*6 + 54a62 + 276». 

15. 27x» — 54xay + 36«y2 — 8y». 

16. n* + 2m*n* + m*. 

17. a*4-5a*6 + 10a86»+10a*6»4- 
5a6* + f>K 

18. x«+6a;»y-fl5xV+20xV+ 
15a:2y* + 6xy^ + y«. 

19. 16a* + 64a«6 + 96a*6» + 
64a6» + 166*. 

20. a^-/-7a'»2: + 21a*x>+35a*x» + 
35a^x* -h 2la'z'^ + 7a«« + x' 



21. 243x5 + 810x*2 + 1080x82* + 
720x2«« + 240a»* + 322». 

22. 16y* 4- 32y»22 + 24ya«* + 
8ya« + zK 

23. a» + 2a6 + 2ac + 2ad+6» + 
26c + 26(i+c» + 2ai + d». 

Page 171. 

2. a3+62+c2+2a6+2ac+26c 

3. x2+y2+«2—2xy + 2a»— 2y2f. 

4. o2 + c2 + d2 _|_ g2 ^ 2a<j + 
2ad-^2ae + 2cd + 2oe + 2de. 

6. 1— 2a + 3o» — 4o» + 3o* — 
2o» + a«. 

6. a2 + 463 + 9c* + (i» + 4a6 + 
6ac+ 2ad + 126c +46d + 6««. 

7. l+4a— 2a«— 10o»+13a*— 
6a» + o«. 

8. 1 + 4x* + y* + x*y2 — 4x — 
2y»+ 2xy-f 4xy«— 4x2y— 2xy». 

9. 4a2 + 62+c*+d2— 4a6 + 
4ac — 4arf — 26c + 26d — 2ai. 

Paffe 175. 

2. x» + 3x*y + 3ay» + y». 

3. a*+4a»6 + 6o262+4a6»+6*. 

4. a»— 5a*c + 10o»c»— 10o2c»+ 
5ac* — c*. 

6. o*— 4a8x + 6a V— 4ax8+ x*. 

6. a«+6o5x+15a*xa+20o3x8+ 
15a*x* + 6ax» + x«. 

7. o»— 9a»c + 36aV— 84a«c»+ 
126a»c*— 126a*c»+ 84a»c« — 
36a2c^ -f- 9ac« — c». 

8. x'— 7x«y + 21x*y2— 35xV+ 
35j3y4 _ 21x2y5 + 7xy« — y». 

9. x'o + lOx'y + 45x«y2 + 
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10. «» + 6i* + 10x» + 10x« + 
5x+l. 

11. x« — 6a;» + 15x* — 20x» + 
15x» — 6x + 1. 

12. 1 + 6a + 10a» + 10o« + 
5o* + o». 

13. 1 — 7a -f 21a2— 35a»+36a*— 
21a* + 7a« — o^ 

14. «*+4a;«ac+6x»a«c«+4xo»c»+ 
a*c*. 

15. X* + 5x*6c + lOx'J^c' 4- 
lOx'ft'c' + 5x5*c* + 6*c». 

17. l«x* — 96a;»y + 216a;«y» — 
216iy» -h 81y*. 

18. 27o» + 54a2c + SQac^ + 8c». 



o* . a^b , a^b^ , 2a6» , 6* 

-f- ■ H • -I- '^' 

6 27 81 



^^•1^+6 



20.16 + ???+^+-?^+i*- 
^ 3 ^ 3 27 81 

21. x» 1 -• 

y y* y' 

22. 16a*a:* + 96a»&c»y + 
216a262a;2y2 _f. 216a6»iEy» + 

816V- 

23. 8a«x8 + 36a*62x2ya + 

64a26*xy* + 276«y«. 

Pase 179. 

2. d=42yz. dr6a62c 

3. 2xy«2^ 36j8»y. 

4. ±4x2y2. ±3a^a;22. 

5. zhl2. ±16. ±18. 

6. 4. 8. 16. 

7. ±6. 12. 

8. ±(a + b). ±(a + l). 

9. d= (a' + ab). ± {mn + m^V 



P»ire ISO. 



2. 
3. 
4. 
5. 
6. 

7. 

8. 
9. 

10. 

11. 



4a6>c*. 
— 2a6»c 
2a*c*a;. 
3a:y*2. 
2a6V. 

— 2a*6ci 

ox^y- 
oay'*'. 



12. 2afyy. 

13. a^xy^z*. 

14. a»x*y». 

4a 



15. 



16. 



17. 



5y« 
2z 

5x 
6aa 



Paffe isa. 

3. X + 2. 7. 3a — 26. 

4. 6 + X. 8. o + 6 — c 

5. 2x+l. 9. 2x»— 3x4-1. 

6. a + J6. 10. 2aa+a— 2. 

11. x» — 2x» -I- 3x. 

12. 4a» — 3ax + 5xa. 

13. a — 6 — c 

14. 3x2 — 2x + 6. 

15. 2x8+3x2— x — 1. 

16. 7x2 — 2x— f. 

Pase 186. 



\ 



3. 53. 




13. 3546. 


4. 63. 




14. 5556. 


5. 66. 




15. 472. 


6. 96. 




16. 3375. 


7. 266. 




17. .874. 


8. 844. 




18. .5566. 


9. 821. 




19. .306. 


10. 886. 




20. .316. 


11. 969. 

12. 2424. 




21. .8411 +. 




Fuse 187. 


22. iii 


25. .86602+. 

26. .94868+. 
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Page 180. 



3. X + 2y. 



7. o H — • 
a 



4.3a + l. 8. o — 4. 

5. 2x — 3. 9. 2a + l. 

6. 3a; + 4. 10, 3x^—2z+l. 

11. 2m«— 3wTf 1. 

12. 1—a + aK 

13. ,„ — 1 — i_. 

m 

14. z — y + 2e. 

Page 190. 

16. 1— 2a. 17. x+1. 18. x+1. 



Page 194. 



3. 42. 

4. 64. 
6. 56. 

6. 89. 

7. 57. 

8. 63. 

9. 177. 

10. 126. 

11. 536. 



2. 3x1/2] 

3. 6a/6: 

4. bxyW^ 

5. lOa^fti/fe: 

6. 12(ix/3ay. 



12. 1.259 +. 

13. 2.0800 +. 

14. .6463+. 
.8617 +. 

15. .8735 +- 

16. .843 +. 

17. 19.51+. 

18. 12. 

107. 

7. 9ai/j^ 

8. eyz\/x', 

9. 15ay8l/2Z 

10. ai/T^:^ 

11. ar^x — y*. 



Page 108. 

12. a^^^'S^^^ 13. a{a + b)Vcu 

14. a(o + 6)i/aa— 62. 

15. (a;2_y2)^- 

16. x(l+y+y2)i 

17. 4flr(^i +y>* 

29 



19. yi/g: 

20.-^1/21; 

21. 4f^ 



22. — v/35a6. 



23- «:;3;^355£^ 



606 



24.-~r7S->. 



26 



25. g^^lSox. 

26. Yi/io. 



Page 100. 

27. ^^3- 

23. ^Jl/a-F=:6F. 

29. i^x(x + y). 



30. 



a*— 6* 



^r+^v/x(a2 + 62). 



3a 



31. -(21xy)* 

32. -f (6y«)*. 

Page aoo. 

2. 1/9^2^4. 

3. i/l6xV. 

4. ^8ae«V- 

5. i/a2 + 2a6 + 6». 

6. ^a» — 3a26 + 3a62— 6»: 

8. l/96»^. 

9. l/4x* + 4a;2ya, 

10. i/2x» + 4x2y + 2ay». 

11. l/9o*— 9a^a. 

12. l/a8— a26 — a62+6». 

13. i/a(x — y). 
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Page 301. 

5. |/o®x®y', '^a;*y*2*. 



6. i7a*xV» y a*xV. 

7. "i^S^, "v^fry. 

8. J/a«x% f/SVi ^a^. 




12. ?/(a + 6)S f^(a + 6)2. 
Page 202. 

2. 15 v/ 2] 4. S^'C 6. 12#'a 

3. II1/3: 5. 661/2. 7. 3Al/S: 

Pase 208. 



13. xyV% 

14. — #"5: 

15. VK 



8. 12v/6; 

9. Ijl/ST 

10. i\V% 

11. 44x2i/V^. 16. Ill/a 

12. 3i/3. 17. 341/2: 

18. 9al/5a; 

19. (2a + 26 — 5c) 1/^ 

20. 2yl/2: 

21. 6xy2j^ 



37 ,^ 
22. — 1/3«. 



3. 12v/lO. 
6. 18zVs. 



205. 

6. 24^ 

7. 24^^. 

8. 30xi/v^^. 



\ 



9. 40ay^ 

10. 1202:3^^ 

11. 121/70. 

12. 30v/21. 

13. 200. 

14. 3a6. 



15. a;2y«/iJ^i 

16. ayi^iV^ 

17. y{,'27a*z5y. 

18. 12yk^^^ 

19. f v/i05. 



Page 206. 

21. 1. 2a 27 — lOv/2: 

22. 46. 24. ^x^ — y. 

25. 1/6"— 3/5"— l/iO"+ 51/3; 

26. X — y. 

27. X — 2v/^+y. 

28. x» + ay + y^. 

29. — 6. 

30. a* + 2a* 6* + 6* 
81. — 6. 

32. a— oM — aM + 6. 

33. o* + 6a« + 16. 

34. 12 +24l/5"+ 301/2"+ 60l/ia 

Page 207* 

3 ^Vz, 7. i/s: 

4. J. 8. 8#^£_ 

5. 2v/^ ^- *^^^- 

6. 2XV/3; 



10. 3 



ay 



^''a^x^y*. 



Paye 208. 



11. 



12. 



a 



Vx^— y». 



X — y 

13. f^l2. 

14. i-(2a»x)* 

a 

15. i/Sxy. 
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18. ai + yi. 

19. ai — yi 

20. 2. 



21. 2 + 31/2; 

22. 4 + Sv^S; 

23. 4 + 3v/6; 



Vnge 209. 

3. 9x ^ 24aV3S;; 

4. 4x#^ ^ 8 324^ 

5. 16a26^96. 9, a + b. 

6. 216xv^S: 

Pag^ 210. 

10. (2a + 32)^^ 

11. 23+4l/i5. 

12. 52 + 161/3; 

13. 49 + 12v/6: 

14. x + 2x^y^ + yt 
la. a* + 2a^y* + y^. 

Pa^e 211. 

2. 4aTf^ 6. J|/3i 

3. 6aar|?^ 7. 4{/2?y. 

4. 3a6v^a:3/z. 8. i^{x -{■ y)». 

5. a^b^y^ax. 

212. 

7. l^a86V. 

8. 1/^ 

9. f^(3a*y)». 

218. 

2. 1/5'+ 1/2; 7. 2Va—ZVy. 

3. 1/9'+ i/e: 8. V^+VZx, 

4.x— 1/3^ 9. x+i/yT 

5. a; + 3/6; 10. x^ + l/^ 

6. >/a"+ l/x. 



Pace 214. 



3. 1/4^. 

4. ^(3a2y)a 

5. l/3z^ 

6. #W?". 



2. 



3. 



4. 



5/6 

— ^■^^— • 

5 

21/7" 

■ ■ ^ » 

7 
4i/a 



6. 


6 
Vlb 


6. 


2a 

Vox 


7 


10 



3i/36 



8. 



Page 215. 

2/2'+ 21/3" 
—1 



9 2x/o-~2a;l/6 
a — ft 



10. 



11. 



12. 



2a;l/a; + 2v/a:y 
2afti/x'+ 2afti/y " 

3i/x^^ + 3i/x+l 

■ » 

— 2 

Pttffe 216. 

2. 3a/^=T. 5. ^aV^^. 

3. 106i/^=T. 6. — 2wia;l/=3 

4. 17axi/^=T: 

Pafire 817. 



2. — 2/5. 

3. — 121/6: 

4. — 36. 



2. 3v^2. 



6. —6a^Vxl 

6. 2. 

7. — 2/^=1. 
3.f 4.|. 



5. 1 — V— V ^.\— >l—^- 
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1. cr-*x«"^«y«"^«. 

2. a»+7a«6+21a»6»+36a*6»+ 
36a»6* + 21a»6» + 7a6« + 6^ 

8. i6a* — 96a»6 + 216a*6« — 
216a6» + 816*. 

* 8 4 "^ 6 27* 



Pase 318. 

* 1024 "^ 768 "^ 288 "^ 



5ggy» Say* 
216 "*" 324 



+ 



243 



8g» 36ggy 54ay», 27y« 
' 125 "^ 175 "^ 245 "^ 343 



7. o*-fna^i6-| 



n(n — ^1) 



tf»-262+ 



n(n — 1) (n — 2) 
2X3 



^l.-«58 + 



n(n-l)(n-2)(ti-3)^ ,_.^. 
2X3X4 

n(n— l)(n— 2)(n--3)(n—4) 
2X3X4X5 

8. a'^a + (n — 2)tf»-«6 + 
jn-.2Kn^3)^,^,_^_ 

(n-2)(n-3)(n^4) 3 

2X3 ""^ 

f»— 2)(n — 3)(n — 4)(n-5) 



9. af +rjr-iy+^^^^V-V+ 

2X3 ^ ^ 

,(,^l)(,-2)(r-3) 

2X3X4 ^^ 

H^-l)(r-2)(r-3)(r-4) 

2X3X4X5 
ar~*y* 

10. l + 4a;»+9y2+2»+4a;+6y+ 
22 + 12xy + 4a» + 6^8. 

11. 3a;i — 4y*+2. 

12. z^—x—1. 

13. m — l/win4-*>. 

14. x^ — xyV2 + yK 

15. 2x + 2l/^ 

16. X, 

17. 2(iyWxy, 

18. 4+4aV^+y + 2o*x + o*y. 

^«- # 



20. 



21. 



22. 



23. 



a — 6 

24 + 17l/2 
1 

2a^ + 2a|/a» — g« — g« 
«> 

2m» — - 2l/m* — 1 



a^«6*. 



2X3X4 



Pase 891. 

4. 4. 8. 27. 12. 9. 16. 5J. 

5. 32. 9. 12. 13. 26. 17. 64. 

\4. 121. la 27. 



O. 6Z, M. 12. 
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Pagre 222. 



19. 

22. 
23. 

24. 
25. 
26. 

27. 
28. 

3. 
4. 
5. 
6. 

7. 

8. 

9. 
10. 
11. 

20. 
21. 

23. 



f. 20. 2. 

a — 1. 

iL 
a 

4. 

4}. 
10. 
2ab 

62-fl 



21. 100. 

a(6-~l)a 



29. 



30. f . 

31. 4. 



46 



32. 



33. 



4^2 



(l+a)« 

4a62 

■ ■ • 

2 



(1 + a) 
Pa§re 225. 

12. ±6. 

13. zfc 8. 

14. ±}. 

15. dr 3v/2: 

16. db 2. 

17. ±ai/2r 

18. ±2. 

19. ± Ji/a 

Page 226. 

zbi/oH^. 



±7. 

±2. 

±6. 

±6. 

±3. 

±4. 

d=5. 

±10. 

±5. 



±}]/5. 

db/(a — 2)2 — 1. 



22. db^/^ 



1. 
2. 
3. 
4. 



±4. 
d=8. 

±a 



5. ±30; 
±50. 

6. Son's, 8; 
father's, 32. 

7. $150. 



PBge 227. 

8. 12 ft.; 18 ft. 14. 8 yd. 

9. 3 and 9. 15. Breadth, 

10. 7 and 8. 36 rods; 

11. 6 and 7, length, 

12. 8 and 12. 40 rods. 

13. 12 and 20. 16. 8 aiid 10. 



4. 5, or ■ 

5. 3, or ■ 

6. 2, or ■ 

7. 1, or • 

8. 1, or - 

9. 1, or - 

10. 1, or - 

11. 15, or 

12. 11, or 

13. 17, or 



Pase 281. 

-9. 14. 30, or —2. 

- 9. 15. 32, or — 2. 

- 10. 16. 2, or — 3J. 

- 11. 17. 3, or — 4J. 

- 21. 18. 3, or — 6i. 

- 19. 19. 2, or — 5. 

- 26. 20. 4^ or — }. 

- 3. 21. 20, or 1. 

- 3. 22. 2, or — 5}. 

- 3. 23. 4, or — 1. 

Pase 284. 

3. 1, or — 2§. 8. 6, or — 4J. 

4. 2, or — 5}. 9. 2, or — 2J. 

5. 4, or — 5i. 10. 8, or — 7J. 

6. 5, or — 4^. 11. 6, or — 4f 

7. l6,or — 4J. 

12. — Ja±j/a» + 36. 

13. 8, or — 2. 17. 5, or 4. . 

14. 14, or — 1. 18. 2, or — 4J. 

15. 1, or — 18. 19. 2J, or — 3. 

16. 12, or — 1. 

20. 6.229 +, or — 2.729 +. 

21. 3.525 +, or — 2.325 +. 

22. 3, or — 2i 

23. 13, or — 4. 

24. 7, or — If 27. 14, or —10. 

25. l^^,or— IJ. 28. 3, or—}. 

26. 2, or —5. 29. 7, or —If. 

Pase 236. 

3. ± 2, or ± l/^=^. 

4. 2, or ^^^. 

5. 2, or ^^=^ 

6. ± 2, or ± t/=^ 

7. ± ii/g; or ± i/^^. 
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9. 16, or 266. 11. 1, or — 64. 
10. 4, or f'm. 12. 625, or 266. 



->R 



± 2a^*' + ^^ 



P»ve 8S7. 

16. d= 2, or ± V^^. 

16. ± 1, or ± i/^=^. 

17. 3, or — 6. 

18. zfc 6, or ± 2. 

19. 4,— 3,or}±J V^ITis. 



20. 4, or —1. 

21. 4, or 20. 

22. 4, 2, or~}±i/l7: 

23. 3, 2, or —3 zb V^. 

24. 3, — l,orl=fc}i/=10. 

25. 9, —2, or JilV'm: 

26. 3, —4}, or — idbjl/ 

27. db 4, or zb J l/i6. 

28. 4, or 69. 



— 55. 



P»ge 

2. 7 and 3. 

3. 7 and 20. 

4. 28 rods and 
40 rods. 

6. 20 sheep. 
6. 40 in a row; 
60 rows. 



839. 

7. 10 and 12. 

8. 11 persons. 

9. 6 days. 

10. 8ct.perdoz. 

11. $20. 

12. 20 persons. 

13. 3 inches. 



2-iO. 

14. $30. 

15. A, $1.14039 + per rod; 
B> $.89039 + per rod. 
A dug 43.84 rods; 

B dog 66.16 rods. 
16. 6 rods. 
17. 12 yards and 24 yards. 



18. 9 gallons. 

19. One, 9 mi.; 20. Silver, 2; 
other, 10 mi. copper, 26. 

Paye 242. 

2. a;« — 7x = —12. 

3. x* + 3x = 10. . 

4. x2 — 10x = — 21. 
6. x^ + lOx = —24. 

6. x« + « = 6. 

7. a;a + 9a; = —20. 

8. ««— 4x = 12. 

9. x» + lOx = — 21. 

10. a;a + (6 — a)a; = ab. 

11. a;a + (c — 6)x = he. 

12. xa — ZzVh = — 10. 

13. xa— 4a; = 3. 



\ 



6. 


X — 

y = 


= 6s 
2. 


> 




7. 


z 


= 2, 


or 


3; 




y= 


:3, 


or 


2. 




» 




Page 84«. 


8. 


x = 


:6, 


or 


li; 




y= 


:3, 


or 


10. 


9. 


x = 


:6, 


or 


-U; 




y= 


= 1, 


or 


— 4. 


10. 


x = 


3, 


or 


-6; 




y= 


= 2, 


or 


6. 


11. 


x = 


5, 


or 


6; 




y= 


4, 


or 


3J. 


12. 


x = 


5, 


or 


10; 




y= 


10 


, or 6. 


13. 


X 


± 


6, 


or ± 4 /^^ ^ 




y^ 


± 


4, 


or ±3|/— 2. 


\\, 


x= 


:^, 


at 


-2\ 




v= 


=^ 


», Qt — ^, 
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15. a; = 4, or 3; 
y = 3, or 4. 

1ft a; = 4, or — 3 ; 
y = 3, or — 4. 

17. 2 = 3, or 1 ; 
y=l, or 3. 

18. a; = 3, or 1 ; 20. a; = d= 6*; 
y = 1, or 3. y = zfc 6. 

19. x=3, or —1; 21. x=d=2; 
y=l,or— 3. y=i:3. 

22. x=db7,or ±5/2; 
y = zh3,or ±2/2; 

23. a; = 8, or 17}; 

y = 6, or — 13J. 

24 X = 18, or 12} ; 
y = 3, or —2}. 

25. x = 2, or —46; 
y = 3, or 15. 

26. X = 4, or 2 ; 
y = 2, or 4. 

27. X = 6, or 4 ; 
y = 4, or 6. 

28. x = zb2, or ±}l/2; 
y=ib3, or dbtl/2r 

29. X = 64, or 8 ; 
y = 8, or 64. 

30. x = 4, or— 2; 
y=2, or— 4, 

31. x = 2, or 1; 
y = 1, or 2. 

Paye 847. 

32. X = 3, or — 2 ; 
y = 2, or —3. 

33. X = 2, or 3 ; 
y = 3, or 2. 



34. x = 9, or 4; 
y = 4, or 9. 

'35. x = 6, or —102; 
y = 5, or 59. 

36. X = 3, or 1 ; 
y = 1, or 3. 

37. « = 3, or9; 38. x = 4, or3; 
y = 9, or 3. y = 3, or 4. 



1. 2 and 6. 

2. 10 and 2. 

3. 4 and 9. 



4. 9 and 11. 

5. 36 and 64. 

6. 4 and 2. 



Pa^e 848. 

7. 8 and 6. 

8. 8 and 6. 



a 



9. Y±}i/26 — a» and 



a 



hFJi/26 — o». 



10. 6 and 4. 12. A's rate, 36; 

11. 48. B's rate, 24. 

13. Linen, 16 yards; 
cotton, 48 yards. 

14.* 24 rods long; 
18 rods wide. 

15. 49 yards; 
$3 per yard. 

16. Fore wheel, 12 feet; 
hind wheel, 15 feet. 

Pa^e 849. 

17. }(3 ± VW) and 
1(1 ± 1^5). 

18. A's, $192; 
B's, $224. 

19. Length, 31 rods^ 
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20. 8 men; 12 women. 
Men, $3; women, $2. 

21. Gold, 5; silver, 4. 

22. 18 and 3. 

23. 20 miles. 



2. 4}. 

3. IJ. 

4. 2J. 
6. ±6. 
6. IJ. 



262. 

7. 4. 

8. $12 and $28. 

9. 12 and 18. 
10. 12 and 20. 



11. 200 bushels of wheat; 
300 bushels of oats. 



Page 264. 



14. 5 and 3. 

15. 5 and 2. 

16. 8 and 6. 



17. 8 and 4. 

18. 4 and 2. 

19. 4 and 3. 



3. 6. 

A »^* 

4. — - 

a 



Page 266. 

9. 4. 



5. f . 
6. 



2ab 



10. 



11. 



62+1 

7. ± J i/s: 

8. 4. • 



12. db 



2v/6* 
a(h — c) 

2a 



a + 1 



Page 270. 



2. 55. 

3. 47. 

4. 6. 

r. —68. 



8. 30a. 

9. 36a;. 

10. 0. 

11. 2n — 1. 

12. $1.7^. 

13. 214i ieet. 



2. 144. 

3. 108. 



Pafi^ 272. 

4. 124. 

5. 52i. 



6. 80a. 

7. 9a + 96 + 36c 

8. n^x. 



9.'— 12. 
10. 330. 



2. 30. 

3. 10. 

4. 8. 

5. 3, 5, 7. 

6. 1, 3, 5. 

7. 3, 6, 9. 



11. 78. 

12. $3360. 

Pase 275. 

8. 2, 5, 8. 

9. 3, 5, 7. 

10. 1, 2, 3, 4. 

11. 3, 5, 7, 9. 

12. 2, 4, 6, 8. 



Page 276. 

13. 2,5,8,11,14. 15. 1,4,7,10. 

14. 1, 3, 5, 7, 9. 16. 234. 

Page 277. 

2. 160. 4. 2187. 

3. 512. 5. 512. 

Pagre 278. 



6. 128a». 

7. 768a8«8. 

8. 2«-i. 

9. 3 X 4«-^ 



11. $2187. 

12. $32000. 



Pa§re 279. 

2. 2047. 4. 16380. 

3. 9841. 5. 265719. 

Page 280. 



6. 2046a. 

7. 59048x2. 

8. 2(2« — 1). 



11. 1364. 

12. 1022. 

13. 4. 

14. 12. 
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16. 



17. 



a;2 — 1 



18. $510. 

19. $1048575. 



2. 7. 

3. 1. 

4. }. 

5. 5. 

6. 1, 3, 9. 

7. 1, 2, 4. 



Pafi^ 283. 

8. 1, 3, 9, 27. 

9. 1, 2, 4, 8. 

10. 2, 4, 8. 

11. 4, 6, 9, 13}. 

12. 2, 6, 18. 
18. $629.38 +. 



2. 2.50243. 
•.3. 2.45484. 

4. 2.68664. 

5. 2.52504. 

6. 1.52634. 

7. 0.42813. 

8. 1.58433. 



Page 290. 

9. 3.68404. 

10. 3.58500. 

11. 3.44483. 

12. 3.50093. 

13. 3.27301. 

14. 0.37014. 

15. 0.22636. 



2. 241.31. 

3. 153.55. 

4. 1.7040. 

5. .19339. 

6. .09652. 



291. 

7. 1528.6. 

8. 731.72. 

9. .001765. 
10. 965.06. 



Pa^e 292. 



2. 8.51. 

3. 87.5. 

4. 756. 

5. 74.87 +. 



6. 418.2. 

7. 5.824. 

8. .000598. 

9. .0000225. 



Pave 298. 



2. .25. 

3. .763. 

4. 30.2. 

5. 3650. 
a .15. 



7. 3130. 

8. 21600. 

9. 41.6. 

10. 4420. 

11. .428. 



2. 361. 

3. 1225. 

4. 2025. 

5. 841. 



2. 14. 
^8. 16. 
'4. 64. 

5. 36. 



6. 32767 +, 

7. 15625. 

8. 2744. 



Pafi^ 294. 

6. 16. 

7. 24. 

8. 42. 



1. lOxiy — 2. 

2. (5 — 5c)a:*y> + 22r*y* + 
3x2 + 2a + cy + 2x». 

3. 10«y"* + 12m+16aa; — 36. 

4. lOxya—az+lOa— (12— 26)x. 

Pa^e 29S* 

5. a» — 6*. 

6. 6af»--4a3r">— 9af^V + ^- 

7. 9ari — ^* 

m 

8. 4a!* — 9y«-». 

9. «** + 2x2"y«"* + y*« 

10. x' — z2y -j. xy* — 3^, 

11. «« — x^y + x*y2 __ x^y* + 

12. af»-l + a!»-2y _|_ 2fi-9yi + 

13. a;a + f. 

14. (22! + y)(22: + y). 

15. (x^+y')(x + y)(x--y). 

16. (x — 7)(x + 5). 

17. (x — 9)(a; + 3). 

18. («*+y*)(a:«+y»)(x+y)(a^). 

19. X — y. 22. x2 — 5x— 8. 

20. 2x» + 3. 23. 12a«x V- 
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25. 



x>-5 
2x + 3 



26. 



a; — 2 
x + 4 



Pave 296. 



27. 



28. 



29. 



a — 6 — c 

a 4- 6 — c 

3x« 
x»— 1* 

1 



33. 



8oa6« 



o* — 6* 
34. z. 



35. 



x*4-y* 



« + 2 

30. 0. 

31. 0. 



32. z* — ^• 



37. x — l. 



Pa^e 297. 

38. Vy—Vxi 

39. x^+7x«y + 21xV + 35xV4- 
35x»y4 4- 21x»3/» + 7xy« + y^ 

40. 32a» + 240a*6 + 720a862 + 
1080a263 4- 810a6* + 2436\ 

41. a'o + lOa^A + 45a«62 _[_ 
120a^68 4-210a«6*4-252a5664. 

210a*6«+ 120a36^ + Aba^h^+ 
10a6» 4- 6'o. 

42. x« 4- 3x2y 4- 3xy* + y'. 

43. (x4-y)2v^ 

44. (x — y)V'a?. 

45. lo^i: 

46. X — y. 

47. a 4- 2/S'4- 6. 

48. 7. 



2n 



a — 6 
50. a2 — 6>. 
0(2 



52. 6. 

53. 12. 

_ . hn — am 

54. • 



m 



n 



51. 



6c 



55. 5. 



56. d= 

57. iVT 

58. 81. 

59. 25. 



Pa^e 298. 

^ or ± l/=^. 

60. 4. 

61. §. 



62. x = 3, y = 4, « = 5. 

63. x = llA, y = — 7i « = 74.*. 
64.x = 2, y = 4, « = 3, w — 3, 

« = 1. 

(X c 

65. x = — , y=zae^ « = — 



Pa^e 299. 

66. x = =fc2,y = ±4. 

67. x = 2,or 3; 
y = 3, or 2. 

68. X = 4, or 5 ; 
y = 5, or 4. 

69. x = 9, or 25; 
y = 25, or 9. 

70. X = 4, or — 2 ; • 
y = 2, or —4. 

71. x=db5,y = d=4. 

72. x = ±3, y = ±:4. 

73. x = 2, or 3; 
y = 3, or 2. 

74. x = 2, or 16; 
y = 2, or }. 

75. X = 4, or 2 ; 
y = 2, or 4. 

Page 800. 

76. X = 5, or 4 ; 
y = 4, or 5. 

77. X = 4, or 1 ; 
y = 8. 



xysirjEii& 



Ut 



78. x=S, or 6; 
3r = 6,or8. 

79. 3>or —2; 
%0T —3. 

80. 21 and 2d. 

81. 20 minutes past 5. 

82. 20. 

83. 9 and 12. 

84. 9 and 3. 

85. 17, 14, 27, 8, 33. 

86. 2 and 3. 

Pase SOI. 

87. 276. 

88. 50 apples, 150 pears. 

89. 42 miles. 

90. A's age, 21 ; B's age, 39. 

91. 333. ^ ^^ , 
•92. 8 cents. 95. 40 iSrl 

t/O. 



96. $180 and $120. 

Paye 802. 

97. 8 rods. 

98. 30 shillings. 

99. 27 and 13. 100. 24000 men. 

101. 12, 4, and 18 miles. 

102. 1 — 1/2; 

103. 8 persons. 

Pa^e 808. 

104. 27^ minutes past 11. 

105. 40 rods and 16 rods. 

106. 10 and 8. 

107. $577.18 +. 

108. I>ength, 118.48 -j- feet; 

Breadth, 88.86 + feet. 

109. z = 18, or 6; 
y = 6, or 18. 



Ua x = «. or — W; 
y = lfi, or--dX 

111. 7, IS, 19, :». 

112. 2 jards and 5 vaidik 

113. $ia 

114. 1, 8» 9. 



115. x = ±3, y=±l, 

116. 5 feet and 4 fieeU 

117. 2, 4, 8, 

118. &c + ax»+<x 

119. 10, 20, 40. 

120. $1600, $400, $100. 

121. 38 gallons and 62 ffallonn. 

122. 24 bales, or 72 caf^kn. 

Pagfk 805. 

123. 18 acres; $12 per acre. 

124. 4. 

125. 5 and 3. 

126. A, 96 ; B, 108. 

127. 15 pieces. 

128. 2, 5, 8. 

129. B, 16 days; C, 18dnyn. 
180. i(3d=/--3) and 

i(3=Fl/— 3). 

Pi»fr«» 800. 

131. dr J/5 and \(Ii \: ^U). 

132. A, 55 hourH; I), 60 houm. 

133. 6 days. 

134. 3, or — 2. 

135. 1, 2, 3. 

136. X ♦ 3, or \ 4 
y f.l, or A 3. 

137. a?-- * 2, or i I 
y ♦ I, ttr \ 2. 
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/ 




^-S 


rN 


>^ 


# 


<f 


^ 



ION 






346 



ELEMENTS OF ALGEBRA. 



25. 



X— 5 
2x + 3 



26. 



x + 4 



Page 296. 



27. 



28. 



29. 



6 — c 



+ 6 — c 
3a;« 

1 



33. 



8a262 



a* — 6* 
34. z. 



a; + 2 

30. 0. 

31. 0. 

32. x^ - 



35. 



36. 






37. X — 1. 



Page 297. 

38. Vy — Vx. 

39. x^+7x«y+21xV+35xV4- 
35x»y4 + 21x23/5 + 7x3/« + y^ 

40. 32a» + 240a46 + 120a^h^ + 
1080a26« + 810a6* + 24365. 

41. a'o + lOa^A + ^ba^b^ + 
120a^634-210a«6*+252a565+ 
210a*6«+ 120o36^ + 45a268+ 
10a6» + 6'o. 

42. x» + 3x2y + 3x2/2 _{_ y8, 

43. (x+3/)2f^ 

44. (x — j/)V'32. 

45. 10^4 

46. X — 2/. 

47. a + 2/55"+ 6. 

48. 7. 



2n 



a — 6 
60. a2 — 6*. 

ad 



61. 



be 



52. 6. 

53. 12. 

_ . hfn, — dfii 

54. • 

m — u 

55. 5. 



Page 298. 

56. d= ^ or ± i/=^. 

57. ±:VT. 60. 4. 

68. 81. 61. J. 

59. 25. 

62. x = 3, y = 4, 2 = 5. 

63. x = llA, y = -7i 2 = 74*. 

64. x = 2, 2^ = 4, 2 = 3, w — 3, 
» = !. 

65. x = — , y=zaCf z = — 



a 



66. X: 

67. X: 

y= 

68. x: 

y- 

69. x: 

y^ 

70. X 

y 

71. X 

72. X 

73. X 

y 

74. X 

y 

75. X 

y 



Pa^e 299. 

2,y=d=4. 

2, or 3 ; 

3, or 2. 

: 4, or 5 ; 
: 5, or 4. 

:9, or 25; 
: 25, or 9. 

:4, or 
:2, or 



2; 



-4. 

db5,2/ = ±4. 
zb3,3/ = ±4. 

2, or 3; 

3, or 2. 

2, or 16 ; 
2, or }. 

4, or 2; 
2, or 4. 



Page 800. 

76. X = 5, or 4 ; 
y = 4, or 5. 
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78. a; = 8, or 6; 
y = 6, or 8. 

79. 3, or —2; 
2, or —3. 

80. 21 and 28. 

81. 20 minutes past 5. 

82. 20. 

83. 9 and 12. 

84. 9 and 3. 

85. 17, 14, 27, 8, 33. 

86. 2 and 3. 

Page 301. 

87. 276. 

88. 50 apples, 150 pears. 

89. 42 miles. 

90. A*s age, 21 ; B's age, 39. 

• 09 f^' , 94. 144 sq. yd. 

92. 8 cents. ^^ ^ ^^^ 



96. $180 and $120. 



803. 

97. 8 rods. 

98. 30 shillings. 

99. 27 and 13. 100. 24000 men. 

101. 12, 4, and 18 miles. 

102. 1 — 1/2; 

103. 8 persons. 

Pa^e 808. 

104. 27^ minutes past 11. 

105. 40 rods and 16 rods. 

106. 10 and 8. 

107. $577.18+. 

108. Length, 118.48+ feet; 

Breadth, 88.86 + feet. 

109. X = 18, or 6 ; 
y = 6, or 18. 



110. a; = 20, or —16; 
y = 16, or —20. 

111. 7, 13, 19, 25. 

112. 2 yards and 5 yards. 

113. $40. 

114. 1, 3, 9. 

Page 304. 

115. x=±3, y = ihl. 

116. 5 feet and 4 feet. 

117. 2, 4, 8. 

118. hx + ax^+c 

119. 10, 20, 40. 

120. $1600, $400, $100. 

121. 38 gallons and 62 gallons. 

122. 24 bales, or 72 casks. 

Page 308. 

123. 18 acres; $12 per acre. 

124. 4. 

125. 5 and 3. 

126. A, 96 ; B, 108. 

127. 15 pieces. 

128. 2, 5, 8. 

129. B, 16 days ; C, 18 days. 

130. }(3 ± /=^) and 
J(3 ^ V^^), 

Pagre 306. 

131. =fc } 1/5" and }(5 ± Vb), 

132. A, 55 hours; B, 66 hours. 

133. 6 days. 

134. 3, or — 2. 

135. 1, 2, 3. 

136. x==b3, or ±4 
y = ± 4, or ±3. 

137. a; = ±2, or ±1 

y = ± 1, or ±2. 



3 
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